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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 31 |. This is test number [ 149 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (31) | 0.00 (0)
Maple 96.77 (30) | 3.23(1)
Mathematica | 83.87 (26 ) | 16.13 (5 )
Mupad | 45.16 (14) | 54.84 (17)
Maxima | 45.16 (14) | 54.84 (17)
Fricas 35.48 (11) | 64.52 (20)
Sympy 3548 (11) | 64.52 (20)
Giac 19.35 (6) | 80.65 (25 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 77.42 3.23 3.23 16.13
Maple 48.39 19.35 29.03 3.23
Maxima, 45.16 0.00 0.00 54.84
Fricas 22.58 12.90 0.00 64.52
Giac 19.35 0.00 0.00 80.65
Sympy 16.13 6.45 12.90 64.52
Mupad N/A 38.71 0.00 54.84

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .
The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 5 80.00 % 20.00 % 0.00 %
Maple 1 100.00 % 0.00 % 0.00 %
Fricas 20 80.00 % 15.00 % 5.00 %
Giac 25 92.00 % 8.00 % 0.00 %
Maxima 17 82.35 % 11.76 % 5.88 %
Sympy 20 60.00 % 40.00 % 0.00 %
Mupad 17 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.35 351.45 0.94 270.00 1.00
Mathematica | 10.39 487.81 1.17 276.00 1.11
Maple 2.49 2341.33 4.45 351.50 1.37
Maxima 0.45 217.07 1.02 220.00 1.02
Fricas 1.14 625.00 2.96 190.00 1.32
Sympy 6.66 1411.64 7.88 345.00 1.82
Giac 2.10 176.67 0.68 217.00 0.92
Mupad 1.34 460.57 1.62 238.00 1.43

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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1.4 list of integrals that has no closed form
antiderivative

(126,27
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {25

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022



18



Chapter 2

detailed summary tables of results

Local contents
2.1 List of integrals sorted by grade for each CAS

2.2 Detailed conclusion table per each integral for all CAS systems . .. .. ...
2.3 Detailed conclusion table specific for Rubi results . . . ... ... ... ....

19



20

2.1 List of integrals sorted by grade for each

CAS
Local contents
2.1.1 Rubi . . . . . e e 211
2.1.2 Mathematica . . . . . . . . . . . e 211
2.1.3 Maple . . . . e 211
2.1.4 Maxima . . . . . .. e e e e e 211
2.1.5 FriCAS . . . . e 211
216 SYMDY - « « « o i e e e e e e e e e e e e e 22]
2.1.7 Glac . . . . . e 22

2.1.8 Mupad . . ...



21

2.1.1 Rubi

gd@plﬂlﬂlﬂ
28,29} 30, 31

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { (125} 516,759 0 1 3 45 16,1721, 22 24, 26,27} 25,2151 )
B grade: { 25 }

C grade: {23 }

F grade: { }

2.1.3 Maple

A grade: { (1B E6.18 2123 2426 27, 2961 )
B grade: { B0/ T3S}

C grade: { [12,[I5[16}[17} 18 [19}[20,23}30] }

F grade: {[25] }

2.1.4 Maxima

A grode: { LB BABNBELE ELEOESEIET )
B grade: { }

C grade: { }

F grade: { [B}[0} (10, [11} [12} 13} [14} 5} 16} [L7} 8} 19} 220} 23} 25} 27}30] }

2.1.5 FriCAS

A grade: { [1,21[3,4}[6,[26,27 }
B grade: { [7}8,21}[22] }
C grade: { }

F grade: { [)0)(00) 1) [2)[3} 14 5 16) 7 5 19,20} 23,24, 2528, 29, B0 BT )



2.1.6

A grade
B grade
C grade
F grade

2.1.7

A grade
B grade
C grade
F grade

2.1.8

A grade
B grade
C grade
F grade

Sympy
- { Bl 21 28] 29] }
IR}
{BMBR2 }
+ { [6}[9} [0} L1} [£2} [L3} 14} [L5} 16}, (L7} [L8} L9} 20} 23} 24} 25 26,27} (30} 31] }

Giac

(PR BE S

{}

{}

{2 BB 6} 7 /8 9 (10} L1} (L2} [L3) 14} (L5} [16} [1 7 [L8} [L9} [20} [23} 24} [25}[30} 1] }

Mupad
A }
{ L2 B4 6721 22} 24,28, 29} 31] }
{}
+ { B 18} [0} (L0} [L1} 12} [£3} [14} [15} 16} [L7} [18} [19} 20} [23} 2530 }

22
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

fined as —antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A B F B
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 184 184 255 241 248 257 345 0 273
N.S. 1 1.00 1.39 1.31 1.35 1.40 1.88 0.00 1.48

time (sec) N/A 0.100 0.323 0.251 0467 1.383 0.441 0.000 1.049

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 144 144 218 179 184 190 262 0 197
N.S. 1 1.00 1.51 1.24 1.28 1.32 1.82 0.00 1.37
time (sec) N/A 0.085 0.300 0.116 0.48  1.494 0.348 0.000 0.802

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 103 103 163 123 126 132 160 0 127
N.S. 1 1.00 1.58 1.19 1.22 1.28 1.55 0.00 1.23

time (sec) N/A 0.063 0.225 0.112 0.474 1.540 0.269 0.000 0.353
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 76 76 7 78 73 73 87 0 67
N.S. 1 1.00 1.01 1.03 0.96 0.96 1.14 0.00 0.88
time (sec) N/A 0.044 0.007 0.045 0.478 1.187 0.162 0.000 0.410
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 138 138 245 178 0 0 0 0 -1
N.S. 1 1.00 1.78 1.29 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.070 0.143  0.056 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 98 98 111 130 106 114 682 0 112
N.S. 1 1.00 1.13 1.33 1.08 1.16 6.96 0.00 1.14
time (sec) N/A 0.037 0.133 0.102 0.471 1.136  1.485 0.000 3.460
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B C F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 146 146 192 188 206 299 2866 0 591
N.S. 1 1.00 1.32 1.29 1.41 2.05 19.63  0.00 4.05
time (sec) N/A 0.086 0.220 0.143 0480 1.358 3.419 0.000 4.428
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 206 206 254 286 354 620 9202 0 -1
N.S. 1 1.00 1.23 1.39 1.72 3.01 44.67 0.00 -0.00
time (sec) N/A 0.130 0.427 0.196 0.491 1.991  7.258 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 376 376 472 880 0 0 0 0 -1
N.S. 1 1.00 1.26 2.34 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.394 0.524 0.356 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 270 270 312 700 0 0 0 0 -1
N.S. 1 1.00 1.16 2.59 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.264 0.352 0.232 0.000  0.000 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 171 171 172 340 0 0 0 0 -1
N.S. 1 1.00 1.01 1.99 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.204 0.137 0.124 0.000  0.000 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F C F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 223 223 0 1324 0 0 0 0 -1
N.S. 1 1.00  0.00 5.94 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.033 78.300 2.899 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 341 341 300 740 0 0 0 0 -1
N.S. 1 1.00 0.88 2.17 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.258 1.956  2.340 0.000  0.000 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-1) F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 496 496 479 965 0 0 0 0 -1
N.S. 1 1.00 0.97 1.95 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.393 4.051 5.139 0.000  0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 652 652 855 3456 0 0 0 0 -1
N.S. 1 1.00 1.31 5.30 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.822 1.211 22.015 0.000 0.000 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 411 411 621 2921 0 0 0 0 -1
N.S. 1 1.00 1.51 7.11 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.524 0.718 7.533 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 264 264 342 7195 0 0 0 0 -1
N.S. 1 1.00 1.30 27.25 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.384 0.321 1.451 0.000  0.000 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A F C F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 320 320 0 2664 0 0 0 0 -1
N.S. 1 1.00 0.00 8.32 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.039 137.065 2.777 0.000 0.000  0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F C F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 499 499 0 3050 0 0 0 0 -1
N.S. 1 1.00  0.00 6.11 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.364 85.555 2.879 0.000  0.000 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F C F(-1) F F(-1) F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 936 936 0 41275 0 0 0 0 -1
N.S. 1 1.00 0.00 44.10 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.770 45.789 14.874  0.000 0.000  0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 250 250 252 363 323 4652 403 308 419
N.S. 1 1.00 1.01 1.45 1.29 18.61 1.61 1.23 1.68
time (sec) N/A 0.197 2.008 0.437 0.479 1.435 11.146 1.149 3.366
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 192 192 153 168 170 538 1266 184 203
N.S. 1 1.00 0.80 0.88 0.89 2.80 6.59 0.96 1.06
time (sec) N/A 0.120 0.070 0.092 0464 1.051 7.522 0.594 2.534
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 501 501 326 138 0 0 0 0 -1
N.S. 1 1.00 0.65 0.28 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.649 22379 0.119 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F(-1) F(-1) F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 328 328 321 433 286 0 0 0 883
N.S. 1 1.00 0.98 1.32 0.87 0.00 0.00 0.00 2.69
time (sec) N/A 0.349 0473 0.182 0.483  0.000 0.000 0.000 0.661
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 1325 1325 5420 0 0 0 0 0 -1
N.S. 1 1.00 4.09 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.624 30.640 0.095 0.000  0.000 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.019 47.024 0.027 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.019 44.473 0.221 0.000  0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A F(-1) A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 315 315 297 518 280 0 151 318 988
N.S. 1 1.00 0.94 1.64 0.89 0.00 0.48 1.01 3.14
time (sec) N/A 0.496 102.002 9.230 0.567  0.000 28.537 9.908 0.517
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F(-2) A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 285 285 310 315 234 0 104 250 485
N.S. 1 1.00 1.09 1.11 0.82 0.00 0.36 0.88 1.70
time (sec) N/A 0.404 0.064 0.246 0.474  0.000 12.693 0.952 0.436
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F(-1) C F F F(-1) F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 739 739 0 172 0 0 0 0 -1
N.S. 1 1.00 0.00 0.23 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.930 180.003 0.108 0.000 0.000  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F(-1) F(-1) F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 906 906 536 1220 449 0 0 0 2105
N.S. 1 1.00  0.59 1.35 0.50 0.00 0.00 0.00 2.32
time (sec) N/A 0.936 10.004 0.398 0.490  0.000 0.000 0.000 0.776




30

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [9] had the largest ratio of [18]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 6 5 1.00 16 0.312
2 A 6 5 1.00 16 0.312
3 A 6 ) 1.00 16 0.312
4 A 6 5 1.00 14 0.357
5! A 4 4 1.00 16 0.250
6 A 6 6 1.00 16 0.375
7 A 7 6 1.00 16 0.375
3 A 7 6 1.00 16 0.375
9 A 19 14 1.00 18 0.778
10 A 15 12 1.00 18 0.667
11 A 12 9 1.00 16 0.562
12 A 1 1 1.00 18 0.056
13 A 13 9 1.00 18 0.500
14 A 19 15 1.00 18 0.833
15 A 29 15 1.00 18 0.833
16 A 20 13 1.00 18 0.722
17, A 14 10 1.00 16 0.625
18 A 1 1 1.00 18 0.056
19 A 10 8 1.00 18 0.444
20 A 23 12 1.00 18 0.667
21] A 17 13 1.00 18 0.722
22 A 16 12 1.00 16 0.750
23] A 19 8 1.00 18 0.444
24 A 18 13 1.00 18 0.722
25) A 7 26 1.00 18 1.444
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
26 A 0 0 0.00 0 0.000
27 A 0 0 0.00 0 0.000
28 A 24 15 1.00 18 0.833
29 A 22 12 1.00 16 0.750
30 A 25 8 1.00 18 0.444
31 A 34 15 1.00 18 0.833
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3.1 [(d + ex)*(a + bArcTan(cz)) dz

Optimal. Leaf size=184
_bde(2c?d® — e*)x be*(10c°d* — €®) 2 bde’z® be'z? bd(c'd* — 10c’d’e? + 5e*) ArcTan(cr) N (d+ ex

3 10c3 3¢ 20c 5cte

[Out] -bxd*xe*(2*c~2*xd"2-e72)*x/c~3-1/10%b*xe”~ 2% (10*c~2*xd"2-e"2) *x~2/c~3-1/3*b*d*e”
3*%x~3/c-1/20%bxe~4*xx~4/c-1/5%b*d* (c"4*d"4-10*c~2*xd~2*xe~2+5*xe~4) *arctan (c*x)
/c”4/e+1/5%(exx+d) “5* (a+b*arctan(c*x))/e-1/10*bx (5xc~4*d~4-10*%c~2*d"2*e"2+e
~4)*1n(c~2*x~2+1)/c”5

Rubi [A]
time = 0.10, antiderivative size = 184, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.312,

steps used = 6, number of rules used = 5, integrand size = 16,
Rules used = {4972, 716, 649, 209, 266}

(d + ex)®(a + bArcTan(cz)) _ bdArcTan(cz) (c*d* — 10c*d?e? + 5e?) _ be?z?(10c%d? — e?) _ bdex(2cd? — €2) B b(5c*d* — 10c%d%e? + e*) log (2z? + 1) _ bde®z®  belz!

5e 5cte 10c3 3 10c® 3c 20c

Antiderivative was successfully verified.
[In] Int[(d + e*x)~4*(a + b¥ArcTan[c*x]),x]

[Out] -((b*d*e*(2*xc™2*d"2 - e72)*x)/c”3) - (b*e™2*(10*c”™2*d"2 - e72)*x"2)/(10*c"3
) — (b*d*e~3*x73)/(3*c) - (b*e"4*x74)/(20%c) - (b*d*(c™4*d~4 - 10*c™2xd”2*e

~2 + 5%e”4)*ArcTan[c*x])/(5*xc~4*e) + ((d + e*xx) 5*%(a + bxArcTan[c*x]))/(5*e

) — (b*(5%xc™4*%d"4 - 10%c™2xd"2*e”2 + e~4)*Log[l + c~2xx~2])/(10*c”5)

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0I)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 716

Int[((d)) + (e_.)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*xx~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
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cxd™2 + axe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2]1)

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(e*x(q + 1))), x] - Dist[bx(
c/(ex(q + 1)), Int[(d + exx)~(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, qt, x] && NeQ[q, -1]

Rubi steps

/(d + ez)* (a + btan~'(cz)) dz = (d+ex)°(a+btan—(cz) _ (b) ] (111:0623225 dz

oe oe
5de? (2c2d% —e?) e3(10c2d?—e2)z de*
_ (d+ex)’(a+btan~'(cz)) (be) | ( oA + A + 2%
B 5e
_bde(2’d® —e*)z be*(10*d* —€®) 2  bde’s®  be's? N (d+ ex)
B c3 103 3¢ 20c
_bde(2*d® —€®)z be’(10c°d* — €*)a®  bde’s®  be'z* N (d+ ex)
B c3 103 3¢ 20c
_bde(?czd2 -z B be?(10c2d? — e?) x? B bde3x3 B betzt B bd(c*d* -
B c3 103 3¢ 20c
Mathematica [A]
time = 0.32, size = 255, normalized size = 1.39

(d+ ex)?(a + bArcTan(cz) — "(fl"lz(’ﬁ’z(lﬂ'”’f’f)*f‘i(l’lﬂvﬁ+6M7rz+2nde7#+3P313]J-E(*H‘r‘zdzfz(\/?d+r)+e‘(5\/jd+s)+r“d‘(\/ﬁa-&)) lng(lf\/jz) 75(«14‘(\/jdfse)fmrm(\/?44),1%5«/?44).4) mg(wx/jz))

5e

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~4*(a + b*ArcTan[c*x]),x]

[Out] ((d + exx)~5*(a + b*ArcTan[c*x]) - (b*(c™2xe 2xx*(-6%e”2x(10*d + e*x) + c~2
*(120%d"3 + 60*d"2*exx + 20*d*xe”2*x"2 + 3*%e"3*x73)) + 6% (-10*c™2*d"2%e~2x(S
qrt[-c"2]*d + e) + e"4x*(5xSqrt[-c”2]*d + e) + c~4*d"4*(Sqrt[-c~2]*d + 5%e))
xLog[1l - Sqrt[-c”2]*x] - 6%(c~4*d~4*(Sqrt[-c~2]*d - 5%e) - 10*c~2*d~2*(Sqrt
[-c™2]*d - e)xe”2 + (5*Sqrt[-c~2]*d - e)*e~4)x*Logl[l + Sqrt[-c~2]*x]))/(12*c
~5))/(5xe)

Maple [A]
time = 0.25, size = 241, normalized size = 1.31
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method result

(cez+cd)5a 4 3 2 2 2 3 3 4 bce4arctan(cm)z5
ﬁe——}-barctan(cz)d cx+2bce arctan(cx)d®z?+2bc e? arctan(cx)d?z® +bc e arctan(cx)d z* + ———F————2

derivativedivides Se

5
(Ceﬁwm +barctan(cx)d*cx+2bce arctan(cz)d3x2+2bc e? arctan(cx)d?x3+be e arctan(cz)d x

4+ be et arctan(ca:)z5 _9
5

default bete

4

a—

i(ex+c

risch 10 20e 2

ieba? In(ica+1) + id In(c’a?+1) + iebd®z* In (—icz + 1) + ibd's In(ica+1) + ””52

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) “4*(at+b*arctan(c*x)),x,method=_RETURNVERBOSE)

[Out] 1/c*x(1/5%(c*xexx+c*d) ~“5*%a/c”4/e+b*arctan(c*x)*d 4*xcxx+2*xbxckexarctan (c*xx)*d™

3*x"2+2*b*c*e 2*xarctan (c*x) *d~2*x~3+b*cxe”~3*arctan (c*xx) *d*x~4+1/5*xb*c*e”4*a
rctan (c*x) *x~5-2*bxe*xd~3*x-bxe”~2*d"2*x"2-1/3*b*e~3*d*x"3-1/20*b*e”~4*x~4+b/c
~2xe~3*d*x+1/10%b/c”2%e"4*xx"2-1/2%b*x1n(c”"2*x"2+1) *d"4+b/c"2*xe"2*1n (c"2*xx"2+
1)*d~2-1/10%b/c"4*e”~4*1n(c~2*x"2+1)+2%b/c*e*arctan(c*x)*d~3-b/c~3*%e"3*arcta
n(c*xx)*d)

Maxima [A]

time = 0.47, size = 248, normalized size = 1.35

st (cx) ) ) e o (eparctan (er) — log (€0 + D)t (Uw o (e2) = ,.(L

Laatet + adete’ + 20806 + 2ad's%e + ad'e +2 (H arctan (cz) — ¢ (% - 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d) ~4*(atb*arctan(c*x)),x, algorithm="maxima")

[Out] 1/5%a*xx"5%e”4 + axd*x~4*e”3 + 2*%a*xd™2*x"3*%e”2 + 2%a*d~3*x"2%e + a*d~4*x + 2

*(x"2*arctan(c*x) - c*(x/c”2 - arctan(c*x)/c”3))*bxd"3*e + 1/2x(2*c*x*arcta
n(c*x) - log(c™2xx"2 + 1))*bxd~4/c + (2*x"3*arctan(c*x) - c*(x"2/c"2 - log(
Cc72%x72 + 1)/c”4))*b*xd"2%e"2 + 1/3*%(3*x"4*arctan(c*x) - cx((c™2*xx"3 - 3*x)/
c™4 + 3*xarctan(c*x)/c”5))*bxd*e”3 + 1/20%(4*x"b*arctan(c*x) - c*x((c™2*xx"4 -
2%x72)/c”4 + 2%log(c™2%x"2 + 1)/c”6))*b*xe”4

Fricas [A]
time = 1.38, size = 257, normalized size = 1.40

60ac’diz + 12 (bePade! + 10bc’d®ae? + 5 be’d'z + 5 (bPda? — bed)e® + 10 (bd®a? + be*d®)e) arctan (cz) + 3 (4ac’a® — bela + 2bc*a?)et + 20 (3ac’da? — betda® + 3bc’dx)e® + 60 (2ac’d?z® — be'd?a?)e? + 120 (ac’d®z? — betd®z)e — 6 (5 betd! — 10 bPd®e? + bet) log (c*2? + 1)
60c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d) ~4*(atb*arctan(c*x)),x, algorithm="fricas")

[Out] 1/60%*(60*%axc”5xd~4*x + 12%(b*c~5*x"5%e”4 + 10%b*c~5*xd"2*xx"3*e”~2 + 5*xbxc~5%d

~4xx + 5% (bxc”5*%d*x"4 - bxc*d)*e~3 + 10%(b*c~5*d"3*%x~2 + b*c~3*%d~3)*e)*arct
an(c*x) + 3% (4*xaxc”5*x~5 - b*c~4*x"4 + 2%bxc"2*x"2)*e"4 + 20%(3*a*c”~5xd*x"4
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- b*c"4*d*x"3 + 3xb*c”"2*kd*x)*e"3 + 60*(2*axc”5*d"2*x"3 - b*c"4*xd"2%x"2)*xe”
2 + 120%(axc”5*d"3*x"2 - b*c"4xd"3*x)*e — 6% (5¥bkc"4xd"4 - 10%b*c~2xd"2%e”2
+ b*e"4)*log(c™2*x~2 + 1)) /c”5
Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 345 vs.
2(170) = 340.
time = 0.44, size = 345, normalized size = 1.88

betsatan(er) P8 (FPE)  pper b bt pelst 4 2entan
e T

{mm + 2adea® + 2ad?e*a® + ade’s* + 42 4 bd'z atan (cr) + 2bd’ea atan (cz) + 2bd%e’s® atan (cx) + bde’z* atan (cz) +

a(dlo + 2ea’ + 2065 + dePa + )
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**4*(atb*atan(c*x)),x)

[Out] Piecewise((axdx*x4*xx + 2xaxdk*k3ke*xx**2 + 2ka*rd**x2kexk2xx**3 + akxdkre**3*xxx*x4

+ akxexxdxxxx5/5 + bkd**4*x*katan(ckx) + 2xbkxdx*3kexx**2*atan(ckx) + 2kbkxd*x*2
xexx2kxkk3xkatan (cxx) + bkdxex*x3kxxkdxatan(cxx) + brexxdsx*k*5xatan(c*x)/5 -

bxd**x4x1log(x**2 + cx*(-2))/(2%c) - 2xbxd**3xe*xx/c — bxd**2xex*2xx*x*2/c — b*
d*e**3xx*x*x3/(3*%c) — bkex*4d*x*xx4/(20*%c) + 2xbxd**3*exatan(c*x)/c**2 + bkxd**2
xex*kx2xlog (x**2 + c**(-2))/cx*3 + bxd*e*x3*x/c**3 + bkex*dxxx*2/(10*xc**3) -

bxd*e**3*atan (c*x)/c**x4 — bkex*4dxlog(x**2 + c**x(-2))/(10*c**5), Ne(c, 0)),
(a*x (dxx4*x + 2%d*k3ke*x*k*k2 + kd**x2kek*x2xx**3 + dkexx3*xx*k*kd + ex*xdxx**x5/5),
True))

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~4*(a+b*arctan(c*x)),x, algorithm="giac")
[Out] sageO*x

Mupad [B]
time = 1.05, size = 273, normalized size = 1.48

P bes? elzbatan(c) 2bdlex  bdedz  2bdeat bde® atan(cz) bde*s® N b In(Pa*+1) bde*a?
D 4 padtets - L0 L YT g ratan(er) + 2ad ea? b adedot 4 LEZMANCD)  2bPex  bdr | 2bdeatan(en) 'i,’“’(“) - “;“(“) +2bd ea?atan(cz) + bde* z* atan(c) — = 3’(1 +2Mc-z*mn<c1)+7“£, s ),7c z
5 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatan(c*x))*(d + e*x)~4,x)

[Out] (axe”4*x75)/5 + axd~4*x - (b*d~4*xlog(c”2*x"2 + 1))/(2%c) - (bxe~4*log(c™2+*x
2 + 1))/(10%c”5) + 2%axd"2xe”2*x"3 - (b*e"4*x74)/(20*%c) + (bxe~4*x~2)/(10x*

c”3) + b*d"4xx*atan(c*x) + 2*xa*d"3*e*x"2 + a*xd*e"3*x"4 + (b*e~4*x"5*atan(c*

x))/5 - (2%b*d~3*exx)/c + (bxd*e~3%x)/c~3 + (2%bxd~3*e*atan(c*x))/c~2 - (b*
dxe~3*atan(c*x))/c”4 + 2*b*d"3*e*xx"2*atan(c*x) + b*d*e”3*x"4*atan(cxx) - (b
*xdxe~3%x73)/(3%c) + 2%b*d"2xe"2+x"3*atan(c*x) + (b*d 2xe"2xlog(c™2*x"2 + 1)

)/c”3 - (b*xd"2%e"2%x"2)/c
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3.2 [(d + ex)*(a + bArcTan(cz)) dz

Optimal. Leaf size=144

_be(6c’d® —e*)x bde*z® be*zx®  b(c'd' — 6c*d*e® + e*) ArcTan(cxz) N (d + ex)*(a + bArcTan(cz)) bdl

4¢3 2c 12¢ 4cte 4e

[Out] -1/4xb*e*x(6*xc~2*xd~2-e”2)*x/c”3-1/2*%bxd*e”2*xx"2/c-1/12%b*xe~3*x~3/c-1/4*xb*(c~
4xd"4-6xc”2xd"2*xe"2+e"4) *arctan(c*x) /c"4/e+1/4* (e*x+d) ~4* (a+b*arctan(c*x))/
e-1/2%b*xd* (c*d-e) * (cxd+e)*1n(c~2*x"2+1)/c”3

Rubi [A]
time = 0.09, antiderivative size = 144, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.312,

steps used = 6, number of rules used = 5, integrand size = 16,
Rules used = {4972, 716, 649, 209, 266}

(d+ex)*(a + bArcTan(cz))  bArcTan(cz) (c*d* — 6c°d%e® +¢*)  bex(6c°d® —€?)
e dcte 4c3 2¢3 2c 12¢

bd(cd —e)(cd + ) log (*z® +1)  bde*s®  be®z®

Antiderivative was successfully verified.
[In] Int[(d + e*x)~3%(a + b¥ArcTan[c*x]),x]

[Out] -1/4*(b*xex(6*xc~2*d"2 - e~2)*x)/c”3 - (bxd*e~2*x~2)/(2%c) - (bxe~3%x~3)/(12x%
c) - (b*(c”4xd"4 - 6%c~2xd"2%e"2 + e~4)*ArcTan[c*x])/(4*c"4*e) + ((d + e*x)

“4x(a + bxArcTan[c*x]))/(4*e) - (bxd*(cxd - e)*(cxd + e)xLogl[l + c™2%x~2])/
(2%c™3)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0]1)

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x”2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 716

Int[((d)) + (e_.)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*xx~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
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cxd™2 + axe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2]1)

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(e*x(q + 1))), x] - Dist[bx(
c/(ex(q + 1)), Int[(d + exx)~(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, qt, x] && NeQ[q, -1]

Rubi steps

(d+ex)* (a+btan~"(cz)) (be) [ (;1:;;)2 dz

/(d + ez)® (a + btan~'(cz)) dz =

4e 4e
_ (d+ex)* (a+btan"'(cz)) (be) [ ( S R 2
B de 4e
__be(6c’d® —e*)x  bde*x®  be’x’ N (d+ex)* (a+btan~(cz)) b
4¢3 2c 12¢ 4e
__be(6c’d® —e*)x  bde*x®  be’x’ N (d+ex)* (a+btan~'(cz)) @
4¢3 2c 12¢ 4e
_ be(6Pd® —e*)x bde*ax®  bedz®  b(c'd* — 6c%d’e? + e) tan!(cx)
T 4¢3 2 12 4cte

Mathematica [A]
time = 0.30, size = 218, normalized size = 1.51

(d-+ e2)¥(a + bArcTan(cez)) — ( 2/ =% 2a(-3e2 42 (1842 6de+e2a2)) 3 <c444+e3 (4\/?4«.)4&4%(2\/?.1;31)2::(17mm)u(c‘duwd? (2\/——C2‘d73e)e+e3(74\/?d+e)) log(l+mz)>

4e

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~3*(a + b*ArcTan[c*x]),x]

[Out] ((d + exx)~4x(a + b*ArcTan[c*x]) - (bxcx(2xSqrt[-c~2]*e ~2*xx*(-3%e”2 + c~2x(
18*d~2 + 6*d*exx + e”2*%x"2)) - 3%(c"4*d"4 + e"3*(4xSqrt[-c”2]*d + e) - 2xc”
2xd"2xe* (2xSqrt[-c~2]*d + 3x*e))*Logl[l - Sqrt[-c™2]*x] + 3*x(c™4*d~4 + 2%c™2x
d~2*(2xSqrt [-c"2]*d - 3*e)*e + e~ 3*(-4*Sqrt[-c"2]*d + e))*Logl[l + Sqrt[-c~2
1xx]))/(6%x(-c"2)"(5/2)))/ (4*e)

Maple [A]
time = 0.12, size = 179, normalized size = 1.24

’ method \ result
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(ceztcd)t 3. 3bcearctan(cz)d?z? 2 3, beeBarctan(ce)e?  3bed?z  beldz?  bedad
derivativedivides Ceicge a-l—barctan(c;z:)d “+W+boe arctan(cz)d z3+ ce ac4a cx)z® 32 z_be 2:” _ 81; ]
c
(cez+cd)4a 3 M 2 3 bee3 arctan(cm)x4_3be d2m_b52da:2_be3a:3
default i3 +barctan(cx)d’cx+ 5 +bce? arctan(cz)d 3+ = £ < i
c
. ibd*In(c2z2+1 3ebd? arctan(cz ie2bd x3 In(—icx+1 i(ez+d)*bIn(icz+1 ibd3x In(—icz+1 i€f
risch 1(66 : 2c2 ) 4 2( ) A )Se( )+ (2 L4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) 3*(at+b*arctan(c*x)),x,method=_RETURNVERBOSE)

[Out] 1/c*x(1/4*(cxexx+c*d) “4*a/c”3/e+b*arctan(c*x)*d~3*cxx+3/2*b*cxexarctan (cxx)*
d"2*x"2+bxcke " 2*arctan (c*x) *d*x~3+1/4*b*c*xe”3*arctan (cxx) *x~4-3/2*xbxexd”2*x
-1/2xbxe”2*d*x"2-1/12*%b*e~3*x"3+1/4%b/c"2*xe”3*x-1/2xb*x1n(c~2*x~2+1) *d~3+1/2
*b/c”2*%e”2*1n(c"2*x"2+1) *d+3/2*b/c*exarctan (c*x)*d~2-1/4%b/c~3*e"3*arctan(c

*x))

Maxima [A]
time = 0.49, size = 184, normalized size = 1.28

— log (a2 o 2 22 25
%nr"ea +adade + ga,ﬂm?e tad's + g (ﬁ arctan (cz) — ,:(612 - arcton (“‘)) ) b 4 Berarctan (co) - j"g Gahb)) % (2 % arctan (cz) — {C% - W) ) bde? + % (3 o arctan (cz) — ((”Liﬁz + Sa%‘“(“)» be?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(at+b*arctan(c*x)),x, algorithm="maxima")

[Out] 1/4*a*x"4*e~3 + axd*x~3*e”2 + 3/2*%a*d~2*x"2*%e + a*d~3*x + 3/2*(x"2*arctan(c
xx) - c*(x/c”2 - arctan(c*x)/c”3))*bxd"2*e + 1/2x(2xcxx*arctan(c*x) - log(c
“2xx72 + 1))*b*d~3/c + 1/2%(2xx"3*arctan(c*x) - c*x(x"2/c”2 - log(c™2*x"2 +
1)/c”4))*xbxd*e”2 + 1/12*%(3*x"4*arctan(c*x) - c*x((c™2*%x"3 - 3*x)/c”4 + 3*arc
tan(c*x)/c”5)) *b*e”~3

Fricas [A]

time = 1.49, size = 190, normalized size = 1.32

12ac'd®s + 3 (4bc*dr’e® + 4bc'd®x + (be*s* — b)e® + 6 (be*d®a® + bc*d?)e) arctan (cx) + (3ac’z® — be’a® + 3bex)e® + 6 (2ac*dr® — bcPdz?)e? + 18 (ac*d?z? — be*d*z)e — 6 (bc*d® — bede?) log (c*z? + 1)
12¢4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctan(c*x)),x, algorithm="fricas")

[Out] 1/12*%(12%a*c”4*d"3*x + 3*(4*xb*c~4*xd*xx"3*e”2 + 4xbkc™4*d"3*x + (b*c™4*xx"4 -
b)*e”3 + 6x(bkc"4*d"2*xx"2 + b*c"2xd"2)*e)*arctan(c*x) + (3*axc”4*x"4 - b*xc”
3*%x~3 + 3*b*c*x)*e”3 + 6% (2*xaxc”4*d*x"3 - bkc"3*d*x"2)*e”2 + 18x(axc"4*d"2*

X72 - b*c™3*d"2%x)*e - 6% (b*c”3*%d"3 - bkckd*e~2)*log(c”2*x"2 + 1))/c”4

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 262 vs.
2(129) = 258.
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time = 0.35, size = 262, normalized size = 1.82

. 5 B log (2241 2 bde? log (o +% 3
3, 1 3ad’ea® 2.3 | aclat 3 3bd?ex? atan (cz) 2,3 setatatan (cr) _ U108 (34 E)  mpper  bdte? _ besd . Sbileatan (cr) 27+ Z) | bele _ beatan(cz)
ad®z + 2T 4 ade?x® + 2 4 bdz atan (cz) + 5 + bde?z® atan (cz) + T 3 o o o+ o + 5 + b o forc #0

a(dga: + 3'12.;’7 +de?z® + %") otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**3*(a+b*atan(c*x)),x)

[Out] Piecewise((axd**3*x + 3xaxdk*2*e*xx**2/2 + akxdkxex*x2xx**3 + axex*kx3*x**4/4 + b

*dxx3kxkatan (cxx) + 3*bkxdxx2ke*xx**2xatan(c*x)/2 + bkdke**2xx*x*x3*katan(cxx) +
bxex*3*x**4xatan(c*x) /4 - bxd**3*log(x**2 + c**(-2))/(2%c) - 3xbxdx*2*e*x/

(2%c) - bxdkex*2xx*x2/(2%c) - bkex*3xx*x3/(12%c) + 3xbkdx*2xe*xatan(c*x)/ (2%

c*x2) + bxdke*x*x2*log(x**2 + cx*(-2))/(2xc**3) + bkex*3xx/(4*cx*3) — bkex*3x*
atan(c*x)/(4xcx*x4), Ne(c, 0)), (a*x(d**3*xx + 3xdx*x2kexx**x2/2 + dke**2kx**3 +
exx3xx**4/4) , True))

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) 3*(atb*arctan(c*x)),x, algorithm="giac")
[Out] sageO*x

Mupad [B]
time = 0.80, size = 197, normalized size = 1.37

St bdB (@t 1) beld
9O | EMEAY VT s tan(ea)

5 be’z  belatan(cz) belz'atan(cz) 3bd’ex  3bd’eatan(cx) | 3bd®ez’atan(cz)
/ —_— - + - +
1 2¢ 12¢ A 2

3ad’ea? 5 : 2 3 bde’ In(c*a®+1) bde’a®
+——taddd+ oo ic 1 o 3 +bde’x amx:(u)JrT—T

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))*(d + e*x)~3,x)

[Out] (axe”3*x"4)/4 + axd~3*x - (b*d"3*log(c”™2*x"2 + 1))/(2*c) - (b*xe~3*x"3)/(12%
c) + b*d"3*x*atan(c*x) + (3*a*xd™2*exx"2)/2 + axdxe”2*x"3 + (b*e”~3*x)/(4*c”3

) - (b*e~3*atan(c*x))/(4*xc~4) + (bxe~3*x"4*atan(c*x))/4 - (3*b*d~2*exx)/ (2%

c) + (3*b*d"2xexatan(c*x))/(2*c”2) + (3*xbxd~2*exx"2*atan(c*x))/2 + b*d*e~2x*
x"3xatan(c*x) + (bxd*e~2*log(c~2*x"2 + 1))/(2xc~3) - (bxd*e~2*x"2)/(2*c)
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3.3 [(d + ex)*(a + bArcTan(cz)) dz

Optimal. Leaf size=103

_bdex  be’z® bd <d2 - %) ArcTan(cz) N (d + ex)?(a + bArcTan(cz)) b(3c’d” — €?)log (1 + c*z?)
c 6c 3e 3e 6¢c3

[Out] -bxd*e*x/c-1/6%bxe~2%x"2/c-1/3*b*d*(d~2-3*%e~2/c”2)*arctan(c*x)/e+1/3* (exx+d
) "3%(at+b*arctan(c*x))/e-1/6xb*(3xc~2%d"2-e"2) *1n(c"2*x~2+1) /c"3

Rubi [A]
time = 0.06, antiderivative size = 103, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.312,

steps used = 6, number of rules used = 5, integrand size = 16,
Rules used = {4972, 716, 649, 209, 266}

3e?

(d+ ex)®(a + bArcTan(cr)) bdArcTan(cz) (d2 - 72) _ b(3c*d® — €?)log (Pa® +1)  bdex  be’z’
3e 3e 6¢c3 c 6c

Antiderivative was successfully verified.
[In] Int[(d + e*x)~2*(a + b¥ArcTan[c*x]),x]

[Out] -((bxd*exx)/c) - (b*e”2%xx"2)/(6*c) — (b*d*(d"2 - (3*e"2)/c”2)*ArcTan[c*x])/
(3%e) + ((d + e*xx)~3*(a + bkArcTan[c*x]))/(3xe) - (b*(3*c™2xd"2 - e~2)*Logl
1 + c™2%x"2])/(6%c~3)

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[(-a)*c]

Rule 716

Int[((d)) + (e_.)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*xx~2, x], x] /; FreeQ[{a, c, d, e}, x] & NeQ[
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cxd™2 + axe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2]1)

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(e*x(q + 1))), x] - Dist[bx(
c/(ex(q + 1)), Int[(d + exx)~(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, qt, x] && NeQ[q, -1]

Rubi steps

(d+ex)’ (a+btan™'(cx)) (be) [ (;1:;;)2 dz

/(d + ez)? (a + btan~'(cz)) dz =

3e 3e
e2 e3z c2d®—3de?+e(3c2d?—e?)x
_(d+ ex)® (a+btan~'(cz)) (be) | (3‘32 Te T 2(1+c%a?) >
3e
2 3 e2+e c2 2 _e2)q
bdex  be’s* (d+ex)®(a+btan"'(cz)) b = licziz Te)
= - +
c 6c 3e 3ce
__bdex  be*a? N (d+ex)®(a+btan~(cz)) 1 b cd®  3e /
B c 6c 3e 3 e c

_bdex  be’x? bd<d2 - 3%?) tan™"(cz) N (d+ ex)® (a+ btan'(cz))
c 6c 3e 3e

Mathematica [A]
time = 0.23, size = 163, normalized size = 1.58

) b(c2e2z(6d+ez)+(—e2<3\/jd+e)+c2d2<\/?d+3e)) 1og(1—\/jz>—<c2d2<\/jd—3e)+e2(—3\/jd+e)> log(l-%—\/jz))

(d+ ex)3(a + bArcTan(cz)) — 3

3e
Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~2x(a + b*ArcTan[c*x]),x]

[Out] ((d + e*x)~3*(a + b*ArcTan[c*x]) - (b*(c™2%e™2xx*(6xd + e*x) + (-(e”2%(3%Sq
rt[-c”2]*d + e)) + c”2*%d"2*(Sqrt[-c~2]*d + 3*e))*Log[l - Sqrt[-c~2]*x] - (c
~2xd"2*(Sqrt[-c"2]*d - 3xe) + e~2%(-3*Sqrt[-c"2]*d + e))*Logl[l + Sqrt[-c~2]
*x]))/(2%c”3))/ (3%e)

Maple [A]

time = 0.11, size = 123, normalized size = 1.19

’ method ‘ result
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2 3
bce” arctan(cz)z _ _b _
5 —bedx

5212 bln(02z2+1)d2 be2 ln(62x2+1)

3
(cezted)Ta 4y arctan(cz)d?cz+bee arctan(cx)d 22+ 5 5 + o2

derivativedivides et .

222 bln(02z2+1)d2 be? ln(02x2+1)

(cez+cd)3a 2 2, bc &2 arctan(cz)z?’ _ _b _
default e +barctan(cz)d?cz+bee arctan(cz)d z°+————5——— —bedz 5 5 + o
c
. i(ez+d)3bIn(icz+1 iebd 22 In(—icz+1 ibd?z In(—icz+1 bd?In(c2z2+1 ebd arctan(cx ibd3
risch _ilertdbintient1) | (ciertl) | ddaln(ciertl) | bPIn(Ee4) | cbdartanes)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2*x(at+b*arctan(c*x)),x,method=_RETURNVERBOSE)

[Out] 1/c*x(1/3*%(c*exx+c*d) ~3*%a/c”2/e+b*arctan(c*x)*d”~2xc*x+bkcxe*xarctan (ckxx) *d*xx™
2+1/3*b*cxe~2xarctan (c*x) *x~3-b*e*xd*x-1/6*bxe~2xx~2-1/2%b*1n(c”~2%x"2+1) *d~2
+1/6%b/c~2*%e”~2x1n(c~2*x"2+1)+b/c*ke*xarctan (c*x) *d)

Maxima [A]
time = 0.47, size = 126, normalized size = 1.22
a? log(c’a® +1)

_ 2,2 2
T a.rctalli (cz) > ) bde + (2 cz arctan (cz) — log (c?z? + 1))bd’ + é (2 2 arctan (cz) — c(— - ))b62

1
3 az’e? + adz’e + ad’z + (z2 arctan (cz) — C(? - 3 2c ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(at+b*arctan(c*x)),x, algorithm="maxima")

[Out] 1/3*a*x"3*%e”2 + axd*x"2%e + a*d™2*x + (x"2*arctan(c*x) - c*x(x/c”2 - arctan(
c*x)/c”3))*bxd*xe + 1/2x(2xcxx*arctan(c*x) - log(c™2*x"2 + 1))*b*d"2/c + 1/6
*x(2xx"3xarctan(c*x) - c*(x"2/c”2 - log(c™2*x"2 + 1)/c™4))*bxe~2

Fricas [A]
time = 1.54, size = 132, normalized size = 1.28
) + (2ac®z® — bcz?)e? + 6 (ac®dz® — bc?dx)e — (3bc?d? — be?) log (Px? + 1)

6ac’d®z + 2 (bc3zPe® + 3bc3d?x + 3 (bc3dz® + bed)e) arctan (cz
6c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(a+b*arctan(c*x)),x, algorithm="fricas")

[Out] 1/6*%(6*xaxc™3*d"2*x + 2*(b*c~3*x"3*%e”2 + 3*xb*xc~3*%d"2*x + 3*(b*c~3*d*x"2 + bx*
ckxd)*e)*arctan(ckxx) + (2*%a*xc”™3%x~3 - bxc™2*%x"2)*e”2 + 6%(axc”3kd*x"2 - bxc”
2xd*xx)*e - (3*bxc”2*d"2 - b*e”2)*log(c™2*x~2 + 1))/c”3

Sympy [A]
time = 0.27, size = 160, normalized size = 1.55

2.3 2.3 bd? log (22 +-% 2.2 be? log (224
ad®z + adex® + *22° | bd®z atan (cz) + bdez® atan (cz) + P Renler) gc &) _ bdeo _ befal | bdeaton(er) | 6(63 ) forc#0

a (dzz + dex® + %) otherwise

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d)**2*(at+b*atan(c*x)),x)

[Out] Piecewise((axd**2xx + akd*exx**2 + a*e**x2*x*x3/3 + bxdx*2xx*xatan(c*x) + bx*d
xexx*x2xatan(c*x) + b¥e*xx2*x*x3*atan(c*x)/3 - bxdx*2xlog(x**2 + c*x(-2))/(2
*C) — bxd¥e*x/c - b¥xe**2xx**2/(6%c) + bxdxe*atan(c*x)/c**2 + bkex*2*log(x**
2 + c*x(-2))/(6%c**x3), Ne(c, 0)), (ax(d**2*kx + dke*x**2 + ex*2*x**3/3), Tru

e))
Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(a+b*arctan(c*x)),x, algorithm="giac")
[Out] sageOx*x

Mupad [B]
time = 0.35, size = 127, normalized size = 1.23

2.3 In(2z®+1 2 (2 z?+ 1 2,2 2.3
ae’x +ad2szd2 n (c®z* + )+be n(c’z’+1) be’w +adez2+bd2zatan(cz)+be z a;an(cz) 7bdez+bdeat52m(cz)
c C

2
3 %¢ 63 e +bdez®atan(cz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))*(d + e*x)~2,x)

[Out] (axe”2*x73)/3 + axd~2*x - (b*d"2xlog(c~2*x"2 + 1))/(2%c) + (bxe~2*log(c™2+*x
"2 + 1))/(6%c”3) - (b*e"2xx"2)/(6%c) + a*d*exx"2 + bxd"2*xx*atan(c*x) + (b*e
~2%x"3*atan(c*x))/3 - (bxd*exx)/c + (bxd*exatan(c*x))/c”2 + bxdxexx 2*atan(

c*x)
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3.4 [(d+ ex)(a + bArcTan(cx)) dz

Optimal. Leaf size=76

_ber b<d2 - z_2> ArcTan(cz) N (d + ex)*(a + bArcTan(cz))  bdlog (1 + c*z?)
2c 2e 2e 2c

[Out] -1/2*bxe*xx/c-1/2*b*(d"2-e"2/c~2)*arctan(c*x)/e+1/2* (exx+d) ~2*(at+b*arctan(cx*
x))/e-1/2%b*xd*x1n(c”~2*xx"2+1) /c

Rubi [A]
time = 0.04, antiderivative size = 76, normalized size of antiderivative = 1.00, number of

number of rules _ 0.357,

steps used = 6, number of rules used = 5, integrand size = 14, = :
integrand size

Rules used = {4972, 716, 649, 209, 266}

2

(d + ex)?(a + bArcTan(cz)) bArcTan(cz) <d2 - %2) _bdlog(c*z® +1)  bex

2e 2e 2c 2%

Antiderivative was successfully verified.
[In] Int[(d + e*x)*(a + bxArcTan[c*x]),x]

[Out] -1/2x(bxexx)/c - (b*(d"2 - e~2/c”2)*ArcTan[c*x])/(2*%e) + ((d + exx)"2x(a +
bxArcTan[c*x]))/(2%e) - (bxd*Logl[l + c~2*x~2])/(2*c)

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distl[e, Int[x/(a + c*xx~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 716

Int[((d)) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)™m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
c*d™2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])
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Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symboll

:> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Dist[bx*(
c/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c"2*x"2), x], x] /; FreeQl{a, b,
c, d, e, qf, x] && NeQ[q, -1]

Rubi steps
— (d+ex)?
/(d +ex) (a+ btan~(cz)) dz = (d+e2)’ (a+btan~(ca)) _ (be) [ T du
2e 2e

. (d-|—e:z;)2 (a+btan_1(cx)) ~ (bc)f (‘2—2 + W) dr

2e %
bex N (d+ ex)? (a+ btan—l(cx)) b e 2d Ad—c’ 436 der 42-25 dez g

2 2e 2ce
_ bex  (d+ex)?(a+btan"(cx)) T (b(cd — €)(
T 2 + 2e = (bed) / 1+ c?2? dz =
bex b(d2 - _> tan™" (cz) (d+ex)? (a+btan"(cx)) bdlog (1 -
= _ + _
2c 2e 2e 2c

Mathematica [A]
time = 0.01, size = 77, normalized size = 1.01

bdlog (1 + 2z?)
2c

bex 1 , beArcTan(cz)

dr — == 4+ =
aax 20+2aex+ 9¢2

+ bdzArcTan(cx) + %bezQArcTan(cx) -

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*(a + b*ArcTan[c*x]),x]
[Out] axd*x - (b*exx)/(2xc) + (a*exx"2)/2 + (b*exArcTan[c*x])/(2%c”2) + bxd*x*Arc
Tan[c*x] + (bxe*x~2*%ArcTan[c*x])/2 - (b*d*Log[l + c~2*x~2])/(2%c)

Maple [A]
time = 0.04, size = 78, normalized size = 1.03

method result
(dc z+%662z2) bearctan(cz)e z2 b bdl“(62z2+1) be arctan(cz)
: : sos ——l—b arctan(cz)dcr+ _bex +
derivativedivides c (c2) 2 2 2 50

2 1,.2.2 2.2
aldcz+5ec’z 2 bdln(cz“+1
( 2 ) +barctan(cz)dez+ be ar“a;(“)e z”_ Lezz — ( > ) 4 be arcgin(m)

default c -




ib(e z2+2dz) In(icz+1) ibe 22 In(—icz+1) ibdz In(—icz+1) ae x2
B 4 + 4 + 2 + 2 + adz — T 2¢ T 2¢

risch

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(a+b*arctan(c*x)),x,method=_ RETURNVERBOSE)

[Out] 1/cx(a/cx(d*c”2*xx+1/2%exc”2*xx"2)+b*arctan (c*xx) *d*xcxx+1/2xb*cxarctan (c*xx) *ex*
X"2-1/2*%bxe*xx-1/2%b*xd*1n(c~2*%x~2+1)+1/2*%b/c*e*arctan(c*x))

Maxima [A]

time = 0.48, size = 73, normalized size = 0.96

1 1 2 _1 2.2 11
5 aa’e+ads + o <m2 arctan (cz) — c<‘”2 _ a’-’cta{;(“)))be . (2czarctan (cac)2 og (%22 + 1))bd
C C c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x)),x, algorithm="maxima")
[Out] 1/2*%axx"2%e + axd*x + 1/2*(x"2*arctan(c*x) - c*(x/c”2 - arctan(c*x)/c”~3))*b
xe + 1/2*%(2*c*kx*arctan(c*x) - log(c™2*x~2 + 1))*bxd/c

Fricas [A]
time = 1.19, size = 73, normalized size = 0.96

2ac’dz — bedlog (2% + 1) + (2bc?dx + (bc®x? + b)e) arctan (cx) + (ac’z® — bex)e
2c?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctan(c*x)),x, algorithm="fricas")
[Out] 1/2*%(2*a*c”2xd*x - bxcxd*log(c™2*x"2 + 1) + (2%b*c™2xd*x + (b*c™2*x"2 + b)x*
e)*arctan(c*x) + (a*c™2*x"2 - b*c*x)*e)/c”2

Sympy [A]
time = 0.16, size = 87, normalized size = 1.14

ex? atan (cx bdlog (2*+ exr e atan (cx
adz + % + bdx atan (cz) + b a't; () _ <26 ?2) — "2—0 4 beatan () at;cz( ) forc#0

a (dx + %) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*atan(c*x)),x)
[Out] Piecewise((a*d*x + akxexx**2/2 + bkdxx*atan(c*x) + bxexx*x*2*atan(c*x)/2 - bx*
dxlog(x**2 + c**x(-2))/(2*%c) - b*xexx/(2*c) + bxexatan(c*x)/(2xcx*2), Ne(c, 0

)), (a*x(d*x + e*xx**2/2), True))



50

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x+d)*(a+b*arctan(c*x)),x, algorithm="giac")

[Out] sageOx*x
Mupad [B]
time = 0.41, size = 67, normalized size = 0.88

2 bex beatan(cz) bes’atan(cz) bdln(c®z®+1)

aex
adz + 5 + bdzatan(cz) — 5 + 5 a2 + 2 P

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))*(d + e*x),x)
[Out] axd*x + (axe*x"2)/2 + bxd*x*atan(c*x) - (bxexx)/(2xc) + (bxexatan(c*x))/(2x%
c™2) + (b*e*x"2*atan(c*x))/2 - (b*d*log(c™2*x"2 + 1))/(2%c)



o1

a+rbArcTan(cx
3.5 [ i () dy

Optimal. Leaf size=138

_ (a+ bArcTan(cz)) log (=) N (a + bArcTan(cz)) log (%) +ibPolyLog (2,1-2) _z'bPoly]
e e 2e

[Out] -(atb*arctan(c#*x))*1n(2/(1-I*c*x))/e+(atb*arctan(c*x))*1n(2*c*(exx+d)/(c*xd+
Ixe)/(1-Ixc*x))/e+1/2xI*b*polylog(2,1-2/(1-I*c*x))/e-1/2*xIxbxpolylog(2,1-2%
cx(exx+d) / (cxd+Ixe)/(1-I*cxx)) /e

Rubi [A]
time = 0.07, antiderivative size = 138, normalized size of antiderivative = 1.00, number of

number of rules _ (95
integrand size ’

steps used = 4, number of rules used = 4, integrand size = 16,
Rules used = {4966, 2449, 2352, 2497}

2¢(d+-ex 3T s 2¢(d+-ex
(a + bArcTan(cz)) log (%) B log (1=2-) (a + bArcTan(cz)) _ ibLip (1 - W) N ibLiy (1 — 2)

1—icz

e e 2e 2e

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTan[c*x])/(d + exx),x]

[Out] -(((a + bxArcTan[c*x])*Log[2/(1 - I*c*x)])/e) + ((a + bxArcTan[c*x])*Log[(2
xcx(d + exx))/((cxd + I*xe)*(1 - Ixc*x))])/e + ((I/2)*b*PolyLogl[2, 1 - 2/(1

- Ixcxx)])/e - ((I/2)*b*PolyLogl[2, 1 - (2*c*(d + exx))/((cxd + Ixe)*(1 - Ix
cxx))])/e

Rule 2352

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQ[e~2*f + d~2*g, 0]

Rule 2497

Int[Log[u_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)]1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 4966
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Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si
mp[(-(a + bxArcTan[c*x]))*(Log[2/(1 - I*c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 - I*xcxx)]/(1 + c™2*x"2), x], x] - Dist[b*(c/e), Int[Log[2*cx((d + e
*xx)/((cxd + Ixe)*(1 - Ixc*x)))]1/(1 + c™2*x~2), x], x] + Simp[(a + b*ArcTan[
c*x]) *(Log[2*cx((d + exx)/((cxd + Ixe)*(1 - Ixcxx)))]1/e), x]1) /; FreeQl{a,

b, ¢, d, e}, x] && NeQ[c™2*%d"2 + e~2, 0]

Rubi steps
_ 1 2 (a + btan—'(cz))1 _ 2c(dter) 1Og<f
/ a+ btan=!(cz) (a+btan~'(cz))log () (@ an “\Ccx)) 108 \ cdrie)(1—icz) (be) [ — yw
dx = — + +
d+ex e e e
(a + btan*(cz))log (=) (a + btan™'(cz)) log (%) ibLi, (1 -
= — p —|— p —_
- 2c(d+ex e
_ (a + btan*(cz))log (=) N (a +btan™'(cz)) log (MTQ@) N ibLiz (1 — ;
e e 2e

Mathematica [A]
time = 0.14, size = 245, normalized size = 1.78

ArcTun(r)) + 35~ s = 2AncTun(c)) = (AreTun() + AreTan(en) 4 (7 2AreTaner) o (1 + = *8() 4 2(ArTun() + AreTunlc) o (1 2 ((5) 4552} _ (5 garTunte) g ( i) = 2{AreTantf) + ArcTanes) b (25 (ArcTun(s) + ArcTun(c))) - PolsLog(2,—e-*4-4) = iy Log (3, (3) i) ) )

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTan[c*x])/(d + e*x),x]

[Out] (a*Logld + e*x] + b*ArcTan[c*x]*(Logl[l + c~2*x~2]/2 + Log[Sin[ArcTan[(c*d)/
e] + ArcTan[c*x]1]) + (bx((-1/4%I)*(Pi - 2*ArcTan[c*x])~2 - I*(ArcTan[(c*d)
/€] + ArcTan[c*x])~2 + (Pi - 2*ArcTan[c*x])*Log[1 + E~((-2*I)*ArcTan[c*x])]

+ 2% (ArcTan[(c*d)/e] + ArcTan[c*x])*Log[l - E~((2*I)*(ArcTan[(c*d)/e] + Ar
cTan[c*x]))] - (Pi - 2*ArcTan[c*x])*Log[2/Sqrt[1 + c~2*%x~2]] - 2%(ArcTan[(c
*d)/e] + ArcTan[c#*x])*Log[2*Sin[ArcTan[(c*d)/e] + ArcTan[c*x]]] - I*PolyLog
[2, -E~((-2*I)*ArcTan[c*x])] - IxPolyLogl[2, E~((2*I)*(ArcTan[(c*d)/e] + Arc
Tan[c*x]1))1))/2)/e

Maple [A]
time = 0.06, size = 178, normalized size = 1.29

method result

) ibc In(cex+cd) ln(%) ibc In(cex+cd) ln(%) ibc dilog(%) ibe dil
+ 2e — 2e + 2e —

C

acln(cex+cd) + beln(cex+cd) arctan(cz
derivativedivides c °
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d) ln(w) _ ibcIn(cex+cd) ln( cextie ) i ibc dilog( —cez+ie) _E

acln(cex+cd) + beln(cex+cd) arctan(cx) + ibcln(cez+c cdtie —cd+tie cdtie
e e 2e 2e 2e
default ;
. —icd+(—icz+l)e— . . —icd+(—iczt+1l)e—e 1 q. ied+(
risch ib dﬂog(%) n ibln(—icz+1) IH<T) | aln(ied—(—iez+l)ete) @b dﬂog(iq

2e 2e e 2e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctan(c*x))/(e*x+d),x,method=_RETURNVERBOSE)

[Out] 1/c*x(a*xc*x1n(c*exx+c*d)/e+b*ckln(ckexx+cxd)/exarctan(c*x)+1/2*I*bkcxln(cxe*xx
+c*xd) /e*x1n((I*e-c*e*xx)/(cxd+I*e))-1/2+I*bxc*1ln(cxe*x+c*d) /ex1ln((I*e+ckexx)/
(Ixe-c*d))+1/2xI*b*c/exdilog((I*xe-c*e*xx)/(c*xd+I*e))-1/2*I*b*c/exdilog((I*e+
cxexx) /(I*xe-c*xd)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x))/(e*x+d),x, algorithm="maxima")
[Out] a*e~(-1)*log(x*e + d) + 2*bxintegrate(l/2*arctan(c*x)/(xxe + d), x)
Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x))/(e*x+d),x, algorithm="fricas")
[Out] integral((b*arctan(c*x) + a)/(xxe + d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/a+batan (cx) i
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atan(c*x))/(e*xx+d),x)
[Out] Integral((a + b*atan(c*x))/(d + e*x), x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate



Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*arctan(c*x))/(exx+d),x, algorithm="giac")

[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ a + batan(cx) s
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))/(d + e*x),x)

[Out] int((a + b*atan(c*x))/(d + e*x), x)

o4
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3.6 f a—i—bx&(fl'_(l_lgv‘)%n(cx) dx

Optimal. Leaf size=98

bc’dArcTan(cz) a+bArcTan(cz) & belog(d+ex)  belog (1 + c*a?)
e (c2d? + €?) e(d+ ex) 2d? + e? 2 (c?d? + €?)

[Out] b*c~2*d*arctan(c*x)/e/(c”2*d"2+e"2)+(-a-bxarctan(c*x))/e/ (e*xx+d)+b*c*1n (e*x

+d) /(c"2*%d"2+e"2)-1/2*%b*cx1n(c”2*xx"2+1) /(c~2*%d"2+e~2)

Rubi [A]
time = 0.04, antiderivative size = 98, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.375,

steps used = 6, number of rules used = 6, integrand size = 16,
Rules used = {4972, 720, 31, 649, 209, 266}

_a+bArcTan(cz) | bc’dArcTan(cz) belog(c®a® +1) | belog(d + ex)
e(d + ex) e (c2d? + e?) 2(cd? + €?) c2d? + €2

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTan[c*x])/(d + e*x)~2,x]

[Out] (bxc~2xd*xArcTan[c*x])/(ex(c"2*d"2 + e72)) - (a + bxArcTan[c*x])/(ex(d
)) + (bxcxLogld + exx])/(c”2%d"2 + e72) - (b*cxLogl[l + c™2xx~2])/(2*(c~2*d"
2 +e72))

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int [((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

+ exx
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Rule 720

Int[1/C((d) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*e”2), Int[1/(d + e*x), x], x] + Dist[1/(c*xd"2 + a*e~2), Int[(c*d -
cxexx)/(a + cxx~2), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*d"2 + axe"2,
0]

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(e*x(q + 1))), x] - Dist[bx(
c/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, qt, x] && NeQ[q, -1]

Rubi steps
/ a+ btan~!(cx) o _0F btan—!(cr) N (bc) m dz
(d + ex)? e(d + ex) e
_ _atbtanex) | (be) [ R do | (bee) [ g do
e(d + ex) e(c2d? + e?) c2d? + e?
__a+btan” Y(cz) = bclog(d + ex) B (bc®) [ e 4T (bc*d) [ H_c;zﬁ dz
e(d + ex) c2d? + e? c2d? + e? e (c2d? + e?)
_ bc’dtan”'(cx) a+btan'(cx)  belog(d+ex) belog(l+ cPa?)
e(cd? + e?) e(d + ex) c2d? + e? 2(cd? +e?)

Mathematica [A]
time = 0.13, size = 111, normalized size = 1.13

_ atvArcTan(es) | ((«/? d—e) log(l—m z>—(\/7 d+e) log(l+m m) +2elog(d+em))

d+ex 2(c2d?+e2)
e

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTan[cx*x])/(d + e*x)~2,x]

[Out] (-((a + b*ArcTan[c*x])/(d + exx)) + (b*c*x((Sqrt[-c"2]*d - e)*Logl[l - Sqrt[-
c"2]*x] - (Sqrt[-c"2]*d + e)*Logl[l + Sqrt[-c~2]*x] + 2xexLogld + exx]))/(2x%
(c™2%d"2 + e72))) /e

Maple [A]

time = 0.10, size = 130, normalized size = 1.33
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method result
_ ac? _b 2 arctan(cz) bc?In (szerl) bc3d arctan(cz) | b 2 In(cex+cd)
derivativedivides ey e G dh:Q) (27+) e
B e
default e e S
c
risch 11721:((;;;:-_-;)1) + —ibc2d? In(—icz+1)—ibe? In(—icz+1)+2 In(—ex—d)bc e2z+2 In(—ex—d)bede—2a c2d%? —2a €2 —In ( (-

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctan(c*x))/(exx+d) ~2,x,method=_RETURNVERBOSE)

[Out] 1/c*x(-a*c~2/(c*e*x+c*d)/e-b*xc~2/(cxexx+c*d)/e*arctan(c*x)-1/2*xbxc~2/(c~2*d"
2+e"2)*1n(c”2*%x"2+1)+b*c"3/e/ (c"2*d"2+e"2) *d*arctan (c*x) +b*xc~2/(c~2*%d"2+e~2
)*1n(cxexx+cxd))

Maxima [A]
time = 0.47, size = 106, normalized size = 1.08

1 ((2 cdarctan (cz) log(c’z® +1) 2 log(we+d) ) . 2 arctan (cx) ) ; a
2

c2d?e + €3 c2d? + e2 c2d? + e2 ze? + de  ze2 +de
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x))/(e*xx+d)~2,x, algorithm="maxima")

[Out] 1/2*%((2xc*d*arctan(c*x)/(c"2*d"2*e + e73) - log(c™2*x"2 + 1)/(c”2*%d"2 + e~2
) + 2xlog(x*e + d)/(c™2%d"2 + e72))*c - 2*arctan(c*x)/(x*e”2 + d*e))*b - a/
(x*e”™2 + dxe)

Fricas [A]
time = 1.14, size = 114, normalized size = 1.16

2actd? — 2 (bc*dze — be?) arctan (cx) + 2 ae® + (bexe? + bede) log (c?z? + 1) — 2 (bexze? + bede) log (we + d)
2 (2d?ze? + c2de + ze* + ded)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x))/(e*x+d)~2,x, algorithm="fricas")

[Out] -1/2%(2*axc”2xd"2 - 2% (bxc~2*d*x*e — b*e~2)*arctan(c*x) + 2%a*e”2 + (bxckx*
€72 + bxckxd*e)*log(c™2*x™2 + 1) - 2*(b*cxx*e™2 + bxckdxe)*log(xxe + d))/(c”
2xd"2xx*e”2 + c"2*%d"3%e + x*e”4 + d*e”3)

Sympy [C] Result contains complex when optimal does not.
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time = 1.49, size = 682, normalized size = 6.96

—Zm fore=0
2ad ibdatanh (%)
2er2ic®z T 2Perdicic
datanh (%) ibd i
e T wPerzids T

ibd ibe %) — _ie
+ ameszde: fore=-7

2ad
2Pe+2de’z 2

-] (az + bz atan (cz) — w) ford = —ex

fore=%

fore=0

aztbzatan (
Pt

(cx)—
e
2ac?d

T

2 .
2 +2de7 1 2e7s 55y Otherwise

2EPer2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atan(c*x))/(e*x+d)**2,x)

[Out] Piecewise((-a/(d*e + ex*2xx), Eq(c, 0)), (-2xa*xd/(2*d**x2xe + 2kdxex*2*xx) +
I*b*d*atanh(e*x/d) / (2xd**2*e + 2*kd*e*x*2xx) + Ixb*d/(2*d**2*e + 2*d*xe**2%x)
- Ixbxe*x*atanh(e*x/d)/(2xd**2xe + 2*d*ex*2*x), Eq(c, -I*xe/d)), (-2xaxd/(2*
d*x2*%e + 2*d*e*x*2xx) - Ixb*d*atanh(e*x/d)/(2xd**2xe + 2kd*ex*2*x) - Ixb*d/(
2xd*x2%e + 2kdxe*x2%x) + Ixbkexx*atanh(exx/d)/(2xd**2xe + 2*d*ex*2xx), Eq(c
, Ixe/d)), (zoo*(a*xx + bxx*atan(c*x) - bxlog(x*x2 + cxx(-2))/(2xc)), Eq(d,
-e*x)), ((a*x + bxx*atan(c*x) - bxlog(x**2 + c*x(-2))/(2%c))/d**2, Eq(e, 0)
), (—2%axc**2%d**2/ (2kckk2kd*x*k3ke + 2kcHk*2kd**2kekk2kx + 2kdkex*x3 + 2kex*4*
X) — 2%kaxex*2/(2kck*2kd**x3ke + 2kCk*kkdk*kkex*kkx + 2kdke**3 + kex*k4d*xx) +
2xb*ck*x2kxd*e*xx*atan (c*x) / (2*kc*k*x2kxd**x3ke + 2kck*kQkd*x*kQke*x*2*xx + 2kd*e**3 + 2
kex*k4xx) — bxckdkexlog(x**2 + c*x*(-2))/(2%c**2xd**3xe + 2kck*2kd**2ke*x*2*x
+ 2xd*e*x3 + 2kex*4d*xx) + 2¥bkxcxdkxexlog(d/e + x)/(2kxcx*2xdx*3ke + 2kck*2*d**
2kex*k2kx + 2%d*ke**3 + 2kex*k4*xx) — bkcxex*x2xx*log(x**2 + cx*(-2))/(2xcx*2xdx
*x3ke + kCk*kkdk*kkex*¥2kx + 2kd*e*x3 + kex*kd*xx) + 2xbxcxe*x2xx*log(d/e + x
)/ (2%c*k*x2kxd**x3ke + 2kck*k2kd*x*k2ke*x*2kx + 22kdke*x*3 + 2kexk4kxx) - 2xbke**x2xata
n(ckxx)/ (2xckx2*xd**3ke + 2xCk*x2kd**k2ke*xx2*xx + 2kdxe**x3 + 2ke*x*4*xx), True))

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x))/(e*x+d)~2,x, algorithm="giac")

[Out] sageO*x

Mupad [B]

time = 3.46, size = 112, normalized size = 1.14

a2 (bc In(d+ex)— % t+ac’z+ bczxatan(cx)> —de <batan(cw) —bcxIn(d+ex)+ M) +ae’z
d(d>+e?) (d+ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))/(d + e*x)~2,x)
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[Out] (d~2*(bxc*log(d + e*x) - (bxcxlog(c™2*x~2 + 1))/2 + a*c™2*x + b*c~2*x*atan(
c*x)) - dxe*(b*atan(c*x) - b*ckxxlog(d + exx) + (b*ckxxlog(c™2*x"2 + 1))/2)
+ axe”2+%x)/(d*(e”2 + c”2*%d"2)*(d + e*x))
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3.7 f a—i—bx&(fl'_(l_lgv‘)%n(cx) dx

Optimal. Leaf size=146

B be +b02(cd —e)(cd + e)ArcTan(cz) a+ bArcTan(cz)  bc’dlog(d +ex) bc’dlog (14
2 (22 + €2) (d + ex) 2e (c2d? + €2)? 2e(d + ex)? (2d? + €2)? 2 (c2d? +

[Out] -1/2*bxc/(c"2*%d"2+e"2)/(e*x+d)+1/2*%bxc” 2% (c*d-e)* (c*d+e)*arctan(c*x)/e/(c"2
*d"2+e"2) "2+1/2*%(-a-b*arctan(c*xx)) /e/ (exx+d) “2+b*c~3*d*1n(e*x+d) / (c"2*d"2+e
~2)"2-1/2%bxc”3*%d*1n(c"2*x"2+1) / (c"2*%d"2+e"2) "2

Rubi [A]
time = 0.09, antiderivative size = 146, normalized size of antiderivative = 1.00, number of

number of rules _ 0.375,
integrand size

steps used = 7, number of rules used = 6, integrand size = 16,
Rules used = {4972, 724, 815, 649, 209, 266}

_a+bArcTan(cz) | bc®ArcTan(cz)(cd — e)(cd + e) be bctdlog (x?+1)  bcddlog(d + ex)

2e(d + ex)? 2e (c2d? + e?)? 2(c2d? +€?) (d + ex) 2 (2d? + e?)? (c2d? + e2)?

Antiderivative was successfully verified.
[In] Int[(a + bxArcTan[c*x])/(d + e*xx)~3,x]

[Out] -1/2*%(b*c)/((c™2*d"2 + e72)*(d + exx)) + (b*c™2x(c*d - e)*(cxd + e)*ArcTan|[
c*xx])/(2%ex(c”2*d"2 + €72)"2) - (a + b*ArcTan[c*x])/(2xex(d + e*x)"2) + (bx*
c~3*d*Logld + e*x])/(c"2*d"2 + e72)72 - (b*c~3*d*Log[l + c~2*x~2])/(2*(c™2%

d~2 + e72)72)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a

, 0] |l GtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[(-a)*c]

Rule 724
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Int[((d)) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[ex((d
+ exx)"(m + 1)/((m + 1)*(c*d"2 + a*xe”2))), x] + Dist[c/(c*d"2 + a*e”2), In
t[(d + exx)"(m + 1)*((d - e*xx)/(a + c*x~2)), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[cxd~2 + a*e™2, 0] && LtQ[m, -1]

Rule 815

Int [(((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*(x_)))/((a_) + (c_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*((f + g*x)/(a + c*x~2)), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[m]

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(ex(q + 1))), x] - Dist [bx(
c/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, q}, x] && NeQ[q, -1]

Rubi steps
/ a+ btan!(cx) o _oF btan—!(cr) N (be) m dzx
(d+ ex)3 2e(d + ex)? 2e
_ be _a+btan” Y(cx) + (o) [ —(d+e$(ffcaxz) dx
2(c2d? + €2) (d + ex) 2e(d + ex)? 2e (2d? + €2)
_ be _a+t btan—!(cz) + (bc®) [ ((c2d2 Qed;)(d-i-em) + (c%(tl? _:2)z12icd
— 2(c2d? +€2) (d + ex) 2e(d + ex)? 2e (c2d? + €2)
_ be _a+btan"!(czx)  bcPdlog(d + ex) (o) [ %
2(c2d? + €2?) (d + ex) 2e(d + ex)? (2d? + €2)? 2e (c2d? + e?
_ be _a+btan"'(cx)  bc’dlog(d+ex) (bc*d) [ 1oz d
— 2(c2d? +€2) (d + ex) 2e(d + ex)? (d? + e2)° (d? + e2)°
B be bc*(cd — e)(cd + €) tan™(cx) _a+t btan"!(cx) bcla
~ 2(2d? +€2) (d + ex) %e (2d? + €2)? 2e(d + ex)? (c

Mathematica [A]
time = 0.22, size = 192, normalized size = 1.32

be(d+ez) (k(éﬁﬂ?%(&d(\/j d—k)—m )(d+ ) lo g(lf ) (F (\/? d+26))(d+ez) 1og<1+\/j 1) —4cde(d+tex) log(d+ez)>
2dte

2(a + bArcTan(cz)) + 5

de(d + ex)?

Antiderivative was successfully verified.
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[In] Integrate[(a + b*ArcTan[c*x])/(d + e*x)~3,x]

[Out] -1/4%(2x(a + b*ArcTan[c*x]) + (bxcx(d + e*x)*(2*xex(c”2xd"2 + e72) - (c™2*dx
(Sqrt[-c~2]*d - 2xe) - Sqrt[-c"2]*e”2)*(d + e*x)*Logl[l - Sqrt[-c~2]*x] - (S
qrt[-c"2]*e”2 - c~2*d*(Sqrt[-c~2]*d + 2xe))*(d + e*x)*Logl[l + Sqrt[-c~2]*x]

- 4xc”2xd*e*x(d + exx)*Logld + e*x]))/(c™2+%d"2 + e72)72)/(e*x(d + e*x)"2)

Maple [A]
time = 0.14, size = 188, normalized size = 1.29

method result
_ ac3 —— b3 arctan(;z) bcd aurctam(car;)z;2 _ betdin (C212 4'21) b e arctan(c;) _ ( b c;} bctd ln(cez+;d)
2(cex+cd)“e  2(cex+tcd)“e 2e(c2d2+62) 2(52d2+e2) 2(c2d2+62) 2(c2d2+e2) (cex+cd) (02d2+e2)
derivativedivides
C
_ ac3 . _bc3 arctan(gz) bcd arctan(cz)g2 _ bc4d1n(c2x2+21) _bc3e arctan(c;) _ ( bc§’ bc4d1n(cem+;d)
2(cex+cd)“e 2(cex+-cd)“e 2e(czd2+e2) 2(c2d2+52) 2(02d2+52) 2(c2d2+4e2)(cex+cd) (02d2+52)
default
Cc
risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x))/(e*x+d) 3,x,method= RETURNVERBOSE)

[Out] 1/c*(-1/2*%a*c”3/(c*xexx+cxd) “2/e-1/2xb*xc~3/ (ckexx+c*d) ~2/e*xarctan(c*x)+1/2%b
*c~5/e/(c™2xd"2+e”2) "2*xarctan(c*xx) *d~2-1/2%bxc~4/ (c"2*%d"2+e"2) “2xd*1n(c~2*x
~2+1)-1/2%bxc"3%e/ (c"2*d"2+e~2) "2*arctan(c*x)-1/2*bxc~3/(c~2*d"2+e"2) / (c*xex*
x+cxd) +bxc~4*d/ (c™2*%d"2+e"2) "2*x1n(ckexx+cxd) )

Maxima [A]
time = 0.48, size = 206, normalized size = 1.41

arctan (cz) ) . a

22e® + 2dze? + d?e)

1 Adlog (e +1)  2c%dlog(ze+d) (' — Pe?) arctan (cz) + 1 .
2 \\ctd* +232d%e? + et ctdi+23dPe?+ et (Adle+22d% +€P)c  AdP + (d?e + €3)z + de? z2e3 + 2dwe? + d?e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x))/(e*x+d)"3,x, algorithm="maxima")

[Out] -1/2%((c"2*d*x1log(c”™2*x"2 + 1)/(c™4*d"4 + 2xc™2+%d"2*e”2 + e74) - 2*c~2xdxlog
(xxe + d)/(c™4xd"4 + 2xc™2xd"2*%e”"2 + e74) - (c™4*%d”2 - c~2%e"2)*arctan(c*x)
/((c™4*d"4xe + 2%c™2+d"2xe”3 + e"5)*c) + 1/(c72xd"3 + (c™2*%d"2%e + e73)*x +
d*e~2))*c + arctan(c*x)/(x"2%e~3 + 2xd*x*e”2 + d~2%e))*b - 1/2%a/(x"2xe"3

+ 2%d*x*e”2 + d"2%e)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 299 vs.

2(137) = 274.
time = 1.36, size = 299, normalized size = 2.05

ac'd' + bdPe + bede® — (2bc dre — 2bcdae® — (bPa? + b)e’ + (be'da? — 3bd?)e?) arctan (cx) + (bex + a)e! + (bd%z + 2ad®)e? + (bda’e + 2bPdae? + bePdPe) log (Pa? + 1) — 2 (bPdae® + 2bc*dPae? + bdPe) log (ze + d)
22 Adae? + cidbe + A Pdzet + 2% + 2dued + (2P + P)ed + (Gdia? + 2 AN D)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*arctan(c*x))/(exx+d)~3,x, algorithm="fricas")

[Out] -1/2*%(a*c”4*d"4 + b*c~3*d"3*e + bkckxd*xe”3 - (2*xbxc~4*d"3*x*e — 2*b*c 2*xd*x*
e”3 - (b*c™2%x"2 + b)*e”4 + (b*c™4*d"2*x"2 - 3*b*c~2xd"2)*e"2)*arctan(c*x)

+ (bxcxx + a)*e”4 + (b*c™3*d"2%x + 2*xaxc™2xd"2)*e”2 + (b*c 3*kd*x"2*e~3 + 2%
b*xc~3*%d"2*x*e”2 + bxc~3*d"3%e)*log(c”2*x"2 + 1) - 2% (b*c~3xd*x"2%e”3 + 2x%bx
c~3*%d"2xx*e”2 + bxc~3*%d"3*e)*log(xxe + d))/(2*c"4xd"b*x*e"2 + c"4*d"6%e + 4
*C~2xd"3*x*e”4 + x"2%e”7 + 2kd*x*e”6 + (2*%cT2*%d"2*xx"2 + d"2)*e”5 + (cT4*xd"4

*x"2 + 2%c~2%d"4)*e"3)

Sympy [C] Result contains complex when optimal does not.
time = 3.42, size = 2866, normalized size = 19.63

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atan(c*x))/(exx+d)**3,x)

[Out] Piecewise((a*x/d**3, Eq(c, 0) & Eq(e, 0)), (-4xa*d*x2/(8xd**x4xe + 16xd**3xe
*%kQkx + 8kdkx*kkex*k3kx*x*2) + 3kIxbkxd**2xatanh (e*x/d)/(8*d**d*xe + 16%d**3ke%k*
2%x + 8kd**2ke*xJkx*k*2) + 2kI*bkd*x*2/(8xd**4d*ke + 16%d**3ke*x*x2xx + Skd**kex
*x3*x**2) - 2*Ixbxdkexx*atanh(exx/d)/(8*d**4xe + 16*d**3*ke*x*2xx + Bxd**2kex*
3xx*x2) + Ixbxdkexx/(8*dx*4dxe + 16*d**3ke*x*2xx + 8xd*x2kex*3xx**x2) — Ixbkex
*x2xx*x2xatanh (exx/d) / (8xd*x*4*e + 16kd**3kex*2*kx + 8Bxd**2xe*x*3xx**2), Eq(c,
-Ixe/d)), (—4xaxdxx2/(8*d**4*e + 16*%d**x3ke*x*k2xx + 8Skd*x*xQke*x*x3*xx**2) - 3*xI*b
xd*x2*atanh (exx/d) / (8kdx*dxe + 16xd**x3kex*2xx + 8kxd*k*kex*k3xx**2) — 2xI*bxd
*x2/ (8kd*x*k4*ke + 16%d**x3kex*k2kxx + 8kxd*x*ke*x*3*kx**x2) + 2*kI[*xbkxd*e*x*atanh (e*xx/
d) / (8kd*x*4*e + 16%d**x3kex*x2*kxx + Skxd*x*2ke*x*3*kx**x2) — I*xbkxdxexx/(8kd*x*4*xe + 1
Bxdx*k3kex*k2kx + 8Skd*k*xke*kx3kx*k*x2) + Ixbkekxkx*k*x2katanh(exx/d)/(8*d**4*e +
16*d**3kex*2kx + 8xd**2xe*x*3xx**x2), Eq(c, Ixe/d)), ((a*x + bxx*atan(c*x) -
bxlog(x**2 + cx*(-2))/(2xc))/d*x3, Eq(e, 0)), (-a/(2*d**2%e + 4xd*e**x2xx +
2xe*xx3*x*x*2) , Eq(c, 0)), (-akcx*xdxd**4/(2kck*x4*xd*x*Bke + 4xckx4d*xd*k*bkexx2*x
+ 2kckkhkdxkhkex*k3kxk*kD + AxCkkDkdkk4kex*x3 + Skckkkdkk3kekkdkx + 4kck*kkd*
*QkexkDkx*k*k2 + 2kd*k*k2kex*5 + 4kdkekkBkx + 2kex*kTkX*k*2) — kakck*kkd*k*kQkex*2
/ (2%cx*xdxd*k6kxe + Akckkdkxdkk5kex*kDkx + kckkhdkdkkdkekk3kx*k*k2 + 4kckkkd**k4x
e*x*x3 + 8kxckkkdx*k3kekk4*xxXx + 4kCkkkd*kkkexk5kxk*2 + kd*k*kQke**x5 + 4xdke**xG*
X + 2kexkTkx**x2) — axexkxd/(2kckxdxd*xkx6ke + 4Axckkdkdkk5kexkQkx + 2kckk4qkd*x*x4
*e¥xk3kx*k*k2 + Akck*kkdx*k4kex*3 + BkCkkDkAk*k3kekk4*xxX + 4kCkkkd*kkDkekk5kx*kkD
+ 2xd*x*2kex*k5 + 4dxdke*kx6kx + 2kex*kT*x*x*2) + 2¥xbkcx*k4dkxd*x*k3kexx*katan(ckx)/ (2%
cx¥x4xdx*6xe + 4kckxdkdkx5kekxkx + Dkckkhkdx*khkex*k3kx*k*kD + 4xCx*kQkdx*k4kex*3
+ 8xCx*Qxdx*3kex*k4*xxX + 4kckxkd*kxkekx5kx*kxD + kd**kDke**k5 + Adxdxex*6xx +
2ke*kxTxx*k%*2) + bkckkdkd*x*x2xex*x2kxx*kx*2katan (c*x) / (2kck*x4qxd**x6kxe + 4Axck*kdkd*x*5
ke¥xk2kx + 2kCkk4qkdkk4kex*k3kxk*k + Akckk2kdkkdkek*k3 + 8Skckkkd*kk3kekkdkxx + 4
*CkkQkd*k2kexk5kxk*kD + 2kdk*Dke*x5 + 4kxdke* *kBkX + ke kxTxx*%*2) — bkckk3Ikd*x
3xexlog(x**x2 + c**(-2))/(2kckx*d*xd**6*ke + 4dxck*4dxd*x*Exex*2xx + 2kck*d*kd*r*d*e
*x3kx*k*xD + Akck*kkd¥*k4kex*k3 + 8kxCx*Dkdx*k3kex*k4*xx + 4kckxkd*kxkekxk5kx*kxD +
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2kd**2kex*5 + 4xdke* x6xx + kex*kTxx**2) + 2kbkcx*k3xdx*3xexlog(d/e + x)/(2*c
*xk4qkd*xkGke + 4Akckkdkdkxk5kekkDkx + kCkkdkdkkdkexk3kxk*kD + 4kckkDkdkk4kex*k3

+ 8kCk*kd*kk3kekkd*x + 4kCkkkd**kDkekk5kx*k*x2 + kd**k2kxex*5 + 4kdkex*k6kx + 2
*exkT*x*%x2) — bkck*3kd**x3ke/ (2kckx*k4kd*x*6ke + 4kck*k4kd*k5kex*k2kxx + kckkdkd*
*kAkekk3kxkk2 + 4kckkQkdkkdkek k3 + 8kckkQkdkkJkekk4kx + 4kCkk2kdkk2kekkHkYk*k
2 + 2xd**2xex*5 + 4Akdkex*¥Bkx + 2%xe*¥kT*x**2) — 2xbkck*3kd*¥*k2kxe**x2xx*1og (x**2
+ cx*%(=2))/(2%cx*4*d*x*6%ke + 4kckkdkdkk5kexk2xx + 2kckkdkd*kdke*x*x3kx**x2 + 4
*Ckkkd*kk4kex*k3 + Skck*kDkdkk3kekk4xx + 4kCkkxd*x*kDkek*k5kx*k*xD + kd*k*xkex*5

+ 4xd¥e*xx6*x + 2kex*kTxx**2) + 4xbkck*k3kdx*k2kxex*k2xxxlog(d/e + x)/(2kck*d*xd**
6%e + 4kckk4kxd*xk5kex*k2kx + 2kckkbkdkkLkekkIkx*k*kD + Akckkkdk*k4kekk3 + 8kckx
2kdx*k3xekxdkx + 4dkckxk2xd**x2Qkexk5kx*k*x2 + 2xd**x2ke*x*k5 + 4kdxe* *x6*kx + 2kex*k7T*xXx
*¥%x2) — bkckk3kdkk2kexk2xx/ (2kck*kdkdk*kBke + 4kckkdkdkkSkekk2kx + 2kckkdkd*x*4
*ekk3kx*k*xD + 4xckkQkdk*k4kekk3 + 8kckkkdkk3kexkdkx + 4kckkDkdkkDkekk5kxk*kD

+ 2kd**k2ke*x5 + 4kdkex*k6xx + 2¥kex*¥T*xX**2) — bkck*3kdkex*3*xx*k*2kLog(x**2 + c
*¥x(=2)) / (2%xcx*x4xd*x*6ke + 4kck*kqdkd*kx5ke*x*x2xx + kckkdkdkkdkex*k3kx*kkxD + 4kCckx
2xdxx4xexx3 + SkxCkkkdk*kJkekkdkx + 4kckkkdkkQkekkbHkxkk2 + 2kdkkQkekkb5 + 4%k
dxex*6xx + 2%ke**kT*x**2) + 2%bkck*3*kd*kex*3*xx*x*2*xlog(d/e + x)/(2xcx*4xd**6xe

+ 4kckk4kd*kkEkexk2kx + kckkdkdkk4kekk3kx*k*xD + 4kckkkdkk4kek*k3 + 8kckkQkd*
*3kekk4q*kx + 4kCk*kd**kQkexk5kxk*k2 + 22kdk*kke*k*k5 + 4dkdkek*kBkX + ke kTkx*%*2)
- 3xbxck*2kdx*x2kex*k2kxatan (cxx) / (2kck*qdxd*x*x6ke + 4dxckkdkdk*5ke*kQ*xx + kckk
Axd*xk4kekk3kxk*k2 + 4kxckk2kdkxk4kex*x3 + Skckkx2kdkk3kexkdkxx + 4kckkkd*k*k2kek*kH
*x*k*kQ + 2kdk*k2kex*k5 + 4dxdkekkBkx + kex*kT*kx*k*k2) — 2kbkck*k2kd*ke*x*3kx*atan (c*
x) /(2% ck*4xd*x*Bke + 4kckkdkd*kkbkekx*kDkx + kCkk4qkdkkqdkexk3kxk*k2D + 4Akckk2kdk*
4xe*x*x3 + 8kCk*xQkd*k3kexkdkx + 4xckkDkdk*Dkekk5xx*k*k2 + 2xd*x*kke*x*5 + 4kdkekk
B*x + 2kexkT*xx*%x2) — bkck*kekxkdxx**x2xatan (c*xx)/(2xckx*k4xd*x*B*ke + 4kckk4qkxd*x*
Bxexx2xx + 2%Ckkxdxdkkdkekxk3kxkk2 + 4dkckkQkdkkdkek*k3 + 8kckkQkd*k*k3kekk4dkxx +
AkckkQkd*kQkekk5kx*k*x2 + kd*k*kkex*k5 + 4dxdkexkBkx + 2kexkT*kx*%*2) — bkckdkex*
3/ (2kcx*4*xd**6ke + 4Axckkdxdkk5kexk2kxx + 2kckkdkdkkdkexk3kx*k*x2 + 4kck*kkd**4
*e*%x3 + 8kckkkdkk3kexkdkx + 4kck*kDkdkkDkekk5xxk*k2 + 2kd*x*Qke**x5 + 4kd*ke**x6
*X + 2kexkTkx*x2) — bkxckexkdkxx/(2kckx4dxkd*kGke + 4xckkdkdxk5kexkQkxx + 2kc*k*4
kdkkdkekkIkxkk2 + 4dkckkkdkkdkek k3 + SkckkQkd*kk3kekkdkx + 4kCkk2kd*kk2kekkH*x
X*%2 + 2kd*x*k2kex*k5 + 4dxdkekxkBkx + 2kex*kT*kx**2) — bkexkdkatan(c*x)/(2*kck*x4*xd
*kBke + 4Akckkdkdkk5kexkDkx + kCkkhkdkkdkekk3kxkkD + 4kckkQkdkk4ke*x*x3 + 8k
*xkQkd*kk3kekk4dkx + 4kCkkDkdkkDkekk5xxk*k2 + 2kd*x*kQke*x*x5 + 4kdke*x*kBkx + 2ke*xx7
*x**2) , True))

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x))/(e*x+d)"3,x, algorithm="giac")
[Out] sageO*x
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Mupad [B]
time = 4.43, size = 591, normalized size = 4.05

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))/(d + e*x)~3,x)

[Out] ((xx(a*xe™2 + a*c™2*%d"2 + (bxckxd*xe)/2))/(d*(e”2 + c~2%d"2)) - (b*atan(c*x))/
(2xe) + (x"2%((a*e”3)/2 + (bxcxd*e~2)/2 + (a*c™2*%d"2*e)/2))/(d"2*x(e"2 + c~2
*d"2)) + (x"4*((axc™2%e~3)/2 + (axc™4*xd~2%e)/2 + (b*c~3*d*e~2)/2))/(d~2*(e"
2 + ¢c72%d"2)) + (x"3*x(a*xc”4*d"2 + axc”2*e”2 + (b*xc~3*d*e)/2))/(d*(e”2 + ¢c~2
*d~2)) - (b*c™2xx"2*atan(c*x))/(2%e))/(d"2 + e72*%x"2 + 2*d*exx + c~2*%d"2*x~
2 + cT2%e"2*%x74 + 2%c”2*d*e*x”3) + (b*c”3*dxlog(d + exx))/(e”4 + c"4*d"4 +
2%c”™2%d"2%e”2) - (b*c”3*d*log(c™2*x"2 + 1))/(2%(e”4 + c™4*d™4 + 2xc™2xd"2*e
~2)) + (atan((c™2*x)/(c”2)7(1/2))*(c"2) " (7/2)*(2*e~4 + c~4*d"4 + 8*c~2*d~2*
e”2)*x(3*c”6*%d"4 + 4*xc"2%e"4 + 26%c”4*d"2xe”2) *(3*%bxe~10 + 27*bxc”10*d"10 +
T*bxc~2%d"2*e~8 - 26*b*xc~4*d"4*e”6 - 34*xbxc~6xd"6xe~4 + 23*b*c”~8*d"8*e”2))/
(2%c* (81%c™26%d"20%e — 24*xc~6xe~21 - 380*c”8*d"2%e”~19 - 2054*c~10*%d"4*e~17
- 3650*%c”12*%d"6*e”"15 + 4857*c”~14*d"8*e”13 + 28142*%c~16*d"10*xe~11 + 43705%c™
18*xd~12*%xe”9 + 32306*c~20*d"14*e”7 + 11515*%c™22*d"16*%e”5 + 1662*%c~24*d"18*e”
3))
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3.8 f a—i—bAI'CTaIl(cx) dr

(d+ex)*
Optimal. Leaf size=206
B be B 2bc3d bctd(c2d? — 3e?) ArcTan(cz) _a+ bArcTan(cz) bc3(3c?
6 (c?d? + €?) (d+ex)? 3(c2d? + €2)* (d + ex) 3e (c2d? + €2)° 3e(d + ex)? '

[Out] -1/6*b*c/(c”2xd"2+e"2)/(exx+d) ~2-2/3*bxc”~3*d/ (c~2*xd"2+e"2) ~2/ (e*xx+d)+1/3*bx*
c”4xd* (c"2xd~2-3*%e~2) *arctan(c*xx)/e/(c”2*d"2+e"2) “3+1/3*(-a-b*arctan(c*xx))/

e/ (e*xx+d) "3+1/3*bxc”3* (3*c™2*xd"2-e"2) *1n (e*xx+d) / (c"2*d"2+e"~2) "3-1/6*b*c~3*(
3kc"2*%d"2-e"2) ¥1n(c"2*x"2+1) / (c"2%d"2+e"2) "3

Rubi [A]
time = 0.13, antiderivative size = 206, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.375,

steps used = 7, number of rules used = 6, integrand size = 16,
Rules used = {4972, 724, 815, 649, 209, 266}

_a+bArcTan(cz) + be!dArcTan(cx) (Cd® - 3¢®) be _ b (3cPd® — €*)log (Pa® +1) 2bc*d bc®(3c2d? — e?) log(d + ex)
3e(d + ex)? 3e (c2d? + 82)3 6 (c2d? + €2) (d + ex)? 6 (c2d? + 62)3 3(c2d? + 62)2 (d+ ex) 3(c2d? + 62)3

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTan[c*x])/(d + e*x)~4,x]

[Out] -1/6%(bxc)/((c™2xd™2 + e"2)*(d + e*x)"2) - (2¥b*c™3*d)/(3*(c™2*d"2 + e72)"2
x(d + exx)) + (b*c”™4*xd*x(c™2xd"2 - 3*e~2)*ArcTan[c*x])/(3xe*x(c™2%d"2 + e72)"

3) - (a + b*ArcTan[c*x])/(3xe*x(d + e*x)~3) + (bxc~3*(3*xc”2*d"2 - e~2)*Logld

+ exx])/(3%(c”2xd"2 + €72)73) - (b*c™3%(3*%c™2xd"2 - e"2)*Log[l + c"2*x~2])
/(6*%(c™2xd"2 + e72)73)

Rule 209

Int[((a) + (b_.)*(x.)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 21*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0])

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[(-a)x*c]
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Rule 724

Int[((d)) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[ex((d
+ exx)"(m + 1)/((m + 1)*(c*d"2 + a*e”2))), x] + Dist[c/(c*d"2 + a*e”2), In
t[(d + exx)"(m + 1)*((d - exx)/(a + c*xx"2)), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[c*xd™2 + axe”2, 0] && LtQ[m, -1]

Rule 815

Int [(((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*(x_)))/((a_) + (c_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*((f + g*x)/(a + c*x~2)), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[m]

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(ex(q + 1))), x] - Dist[bx(
c/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, q}, x] && NeQ[q, -1]

Rubi steps
/ a+ btan=!(cz) e O + btan—!(cz) L (be) [ (d+em)3%l+c2x2) dz
(d+ex)* 3e(d +ex)?3 3e
L be _a+ btan~!(cx) (bc*) [ —(d+ew3l2_(iﬁ_czz2) dx
6 (c2d? + €2) (d + ex)? 3e(d +ex)3 3e(c*d? + €2)
02 e2(—3c2d2+4
. be _a+ btan~!(cz) N (bc®) J <(02d2+ig)(d+ex)2 - (c2d(2+e2)2(d
6 (c2d? + €2) (d + ex)? 3e(d + ex)? 3e (c%c
_ be B 2bc3d _a+btan"(cx) N b3 (3c2d? -
6 (02d2 + 62) (d + 6.’L‘)2 3 (c2d2 + 62)2 (d + ex) 3€(d + 6.’1))3 3 (c
. be B 2bc3d _a+btan"(cz) 4 bc®(3c2d? -
T 6(Ad2+e?) (d+ex)?  3(c2d?+e2)? (d+ ex) 3e(d + ex)? 3 (c
. be B 2bc3d bctd(c*d® — 3¢?) tan~" (cx)
6 (c2d? +e?) (d+ex)? 3 (c2d?+ €2)* (d + ex) 3e (2d? + e2)°

Mathematica [A]
time = 0.43, size = 254, normalized size = 1.23

be(d+ez) (ﬁ(c2d2+f2)2+4czde(c?d2+ﬁ2)(d+21)7<‘z (czd?<\/ —c2 .1732) +e? (73\/ —c? d+u>) (d+ez)? log (17 V=c? I) —c? (e? (z\/ —c? d+e) —2d? (\/ —c? d+3c>) (d+ez)? log(l+\/ —c? 1) —2c2e(3c2d?—e?) (d-+ex)? leg(d+cz))
(Ed+e?)
6e(d + ex)?

2(a + bArcTan(cz)) +
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Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTan[cx*x])/(d + e*x)~4,x]

[Out] -1/6%(2%(a + bxArcTan[c*x]) + (b*cx(d + e*xx)*(ex(c™2*%d"2 + e€72)72 + 4xc~2xd

xex(c72xd"2 + e72)*(d + exx) - c”2x(c”2xd"2*(Sqrt[-c"2]*d - 3xe) + e”2*(-3x%
Sqrt[-c"2]*d + e))*(d + e*x)"2xLogl[l - Sqrt[-c”2]*x] - c~2*%(e”2x(3*Sqrt[-c~
2]*%d + e) - c72xd"2*(Sqrt[-c”2]*d + 3*e))*(d + e*x) 2*Logl[l + Sqrt[-c~2]x*x]
- 2%xc™2*xe*(3*c"2%d"2 - e72)*(d + e*x) 2+Logl[d + e*x]))/(c"2%d"2 + e72)73)/
(ex(d + exx)~3)

Maple [A]
time = 0.20, size = 286, normalized size = 1.39

method result
_ act 5 _bc4 arctan(gm) _bCG ln(02z2+12’d2 +bc4e2 1n(c222-?tl) bel arctan(cm)g3 _bc5e arctan(cn;)d_ ( bc)4
X X L. 3(cex+cd)’e  3(cex+cd)e 2(c2d2+62) 6(c2d2+62) 3e(c2d2+e2) (02d2+e2) 6(c2d2+e2) (cex
derivativedivides .
_ act 5 _bc4 arctan(gz) _bCG ln(c2z2+12’d2 bete? ln(Cszgl) be? arc':a.n(cz)g3 _ bc5earctan(cg)d_ ( bc)4
3(cex+cd)’e  3(cex+cd)e 2(C2d2+62) 6(C2d2+62) 3€(C2d2+62) (c2d2+e2) 6(c2d2+e2)(cex
default
c
risch Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x))/(e*x+d) 4,x,method= RETURNVERBOSE)

[Out] 1/c*(-1/3*%a*c”4/(c*xexx+cxd) ~3/e-1/3xbxc~4/ (ckxexx+c*d) ~3/e*xarctan(c*x)-1/2%b

*Cc~6/(c"2+%d"2+e72) "3*1n(c™2*x"2+1) *d~2+1/6*b*c~4*e"2/ (c"2*xd"2+e~2) “3*1n(c~2
*x"2+1)+1/3%bxc”7/e/ (c"2*xd"2+e"2) “3*arctan (c*x)*d~3-b*c~5*e/(c"2*d"2+e"2) "3
*arctan(c*x)*d-1/6*b*c~4/(c"2*d"2+e~2) / (cke*x+c*d) “2+b*c”6/ (c~2*xd"2+e~2) ~3*
1n(c*exx+cxd) *d"2-1/3*b*xc 4*e"2/ (c"2*xd"2+e”2) “3*1n (cxe*x+c*xd) -2/3*bxc”5*d/ (
c~2xd"2+e"2) "2/ (cke*x+cxd))

Maxima [A]

time = 0.49, size = 354, normalized size = 1.72

1 (3c'd® — c*e?) log (Pa? + 1) 2(3c'd — Pe?) log (ze + d) i 4cidwe + 5% + ¢ 2(cd® — 3 c'de?) arctan (cz) 4 2 arctan (cz) b a
= (e - . - — - - 5
6 AdS +3cidie? + 3%t + €8 AP+ 3ctdie? + 3PdPet + €8 Ad + 22dte? + (cAdie? + 2c2dPet + €5)a? + dPet + 2 (c'dPe + 22dPe? + ded)z (PdPe + 3ctdie’ + 3cPdPed + €T)c el + 3da?e’ + 3dze? + dPe 3 (a¥e! + 3da?e’ + 3dwe? + d’e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x))/(exx+d)~4,x, algorithm="maxima")

[Out] -1/6%(c*x((3*%c™4*d"2 - c"2*e"2)*log(c™2*x"2 + 1)/(c"6*d"6 + 3*c"4xd"4*e"2 +

3xc"2xd"2%e"4 + e76) - 2%x(3*xc”4*d"2 - c"2*e"2)*log(x*e + d)/(c”6*d"6 + 3*c”
4xd"4%e"2 + 3xcT2*%d"2*e"4 + e76) + (4xc”2*kd*xxe + 5*c"2xd"2 + e72)/(c"4*d”6
+ 2%c"2xd"4*e”2 + (cT4*d"4*e”2 + 2kcT2xd"2%e"4 + e76)*x"2 + d"2*%e”4 + 2x(c
“4xd"5%e + 2xc”2*d"3*e”3 + d*e”5)*x) - 2*(c"6*%d"3 - 3*c"4*d*e”2)*arctan(c*x
)/ ((c”6%d"6*xe + 3*c~4*xd"4*xe”3 + 3*xc~2*xd"2%e”5 + e”7)*c)) + 2*xarctan(c*x)/(x
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“3%e"4 + 3xd*x"2%e”3 + 3xd"2%x*e”2 + d~3*e))*b - 1/3%a/(x"3%e”4 + 3*xd*xx"2%*e
~3 + 3*%d"2*x*e”2 + d~3x*e)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 620 vs.
2(188) = 376.
time = 1.99, size = 620, normalized size = 3.01

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x))/(e*xx+d)~4,x, algorithm="fricas")

[Out] -1/6%(2*a*c”6*xd"6 + 5xbxc~5*d"5*e - 2% (3*b*c~6xd"5*x*e - 3*bkxc~4*d*x"3*e”5
- b*xe"6 - 3*(3*xb*xc"4*d"2*x"2 + b*c"2*%d"2)*e"4 + (b*c~6*d"3*%x"3 - 9*b*c”4xd”
3*x)*e”3 + 3*(b*xc"6xd"4*x"2 - 2%b*c”4*d"4)*e"2)*arctan(c*x) + (b*c*x + 2%a)
*@"6 + (4%bxc”3*d*x"2 + bxckxd)*e”5 + 2x(5xb*c”3*xd"2*x + 3*axc”2*d"2)*e"4 +
2% (2xbxc”~5*%d"3*x"2 + 3*b*c”3*d"3)*e”3 + 3*(3*b*c”5xd"4*x + 2*axc"4*d"4)*e”"2
+ (9%bxc~5xd~4*x*e”2 + 3*b*c~5*d"5*%e - b*c~3*x"3*%e”6 - 3*bk*c~3kd*x"2*e”5 +
3% (b*xc~5*d"2*%x"3 - b*c"3*d"2*x)*e”"4 + (9*b*xc~5*d"3*%x"2 - b*c~3*d"3)*e"3)*1
0og(c™2*%x"2 + 1) - 2%(9%b*c~5*d"4*x*e”2 + 3xb*c~5*d"5*e — b*c~3*x"3%e”6 - 3%
bxc~3*d*x"2xe”5 + 3*(b*xc"5*d"2%x"3 - b*c"3*d"2*x)*e"4 + (9*bxc"5*d"3*x"2 -
bxc~3*%d"3)*e"3) *log(x*e + d))/(3*c™6*d"8*x*xe”2 + c"6xd"9*e + x"3*e~10 + 3*d
*x"2%e”9 + 3x(c72%d"2%x"3 + d"2*x)*e"8 + (9*%cT2xd"3*x"2 + d~3)*e”7 + 3*(c”4
*d~4*xx"3 + 3*%c"2xd"4*x)*e”6 + 3*%(3*%cT4*xd"5*x"2 + c~2*xd"5)*e”5 + (cT6*d"6*x”
3 + 9%c”4*xd"6*x)*e"4 + 3*%(cT6xd"T*x"2 + c~4*d"7)*e"3)

Sympy [C] Result contains complex when optimal does not.
time = 7.26, size = 9202, normalized size = 44.67

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atan(c*x))/(exx+d)**4,x)

[Out] Piecewise((a*x/d*x4, Eq(c, 0) & Eq(e, 0)), (-a/(3xd**3xe + 9*kd**2*e*x*2*x +
Okdxex*3xxx*2 + 3kxe*xx4dxx*x3), Eq(c, 0)), ((a*x + bxxxatan(c*x) - b*log(x**2
+ c*x(-2))/(2%c))/d*x*4, Eq(e, 0)), (-24*axd*x3/(72*d**6*e + 216*d**5kex*2x
X + 216%dk*kdkex*k3xxk*2 + T2*d**3kex*k4dxx**3) + 21*xIxbkd**3*xatanh (exx/d)/(72x
d**6ke + 216xd**x5xe*x*x2xx + 216k d*x*k4*ex*k3*x*k*2 + T2kd**3kex*x4d*x**3) + 10*xI*b
*d**3/(72*d**6*e + 216*%d**5ke*x*2%xx + 216kd**k4ke*xkx3%kx*k*k2 + T2kd**k3kekxk4dkx*k*3
) — 9*Ixbxdx*x2ke*x*atanh(exx/d)/(72xd**6*e + 216*%d**5xex*x2xx + 216*d**d*xe**
3kx*kx2 + T2kA*k*k3kexk4*xx**x3) + OkI*bkd*x*2kexx/ (72xd*x*6%e + 216*xd*x*5ke*x**xx +
216xdxkdke**3xx*k*x2 + T2kd**x3ker*kd*x**3) — kI*b*d*ex*x2xx**2+atanh (e*xx/d)/(
T2xd**6%ke + 216xd*x*x5xe*x*2xx + 216*d**k4*ex*3*x**2 + Tkd**3ke**x4*xx**3) + 3*I
*b*d*e**Q*x**Q/(72*d**6*e + 216xd*x*k5ke*xx2%xx + 216%kd*k4kekkIkx*kk2 + T2%xd**k3xk
ex*x4xx*x*3) — 3*xIxbxex*3*x**x3xatanh(e*x/d)/(72xd**6%e + 216*d**5xex*x2kx + 21
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Bxdx*k4kex*kkxk*2 + T2kd**3*kex*4*xx**3), Eq(c, -Ixe/d)), (-24xa*xd**3/(72xd**6
ke + 216kd*x5ke*xx2xx + 216kd*x*k4kex*k3kx*k*k2 + Tkd**k3kex*k4qd*xx**3) — 21*xI*xbkd**
3xatanh(e*x/d) / (7T2xd*x*6xe + 216*d*x*5kxe*x*2xx + 216*dk*dkex*k3*xx*k*2 + T2xd**3*
exxdxx**3) - 10*xIxb*d**x3/(72xd**6*%e + 216%d**5kex*x2*x + 216*kd*x*4*exk3kx**2
+ T2*d**3kexx4*x**3) + 9xI*bxd*x2*exx*atanh(e*xx/d)/(72xd**x6*xe + 216xd**5*ex
*¥2%xX + 216%kd**k4ke*x*k3kx*k*x2 + T2kd**x3kekxdkxx*k*x3) — 9kI*xbkd**x2kexx/ (72*d**6*e
+ 216%d*x*5kex*2*xx + 216%d**k4ke**x3kx*k*2 + T2kd**k3kekkdxx**x3) + OkIkbkdkex*2x
x*x*x2xatanh (exx/d) / (72xd**x6*e + 216xd**x5kex*2xx + 216*kdr*kdxe**x3kxx*2 + T2kd*
*3kex*k4*xx**x3) — 3kIkbkdkex*x2kx**2/(72*d**6%e + 216%d**5*ke**x2xx + 216*d**4d*xe
*k3kxk*2 + T2kd*kIkex*4*xx**3) + 3*xIxbkex*kIkx*k*3*atanh(exx/d)/ (72*xd*x6xe + 2
16%d**Ekex*2%x + 216*d**4*e**x3*xx**x2 + T2xd**3*xe*x4xx*x3), Eq(c, Ixe/d)), (-
2k axckkBkA*x*6/ (6*kCk*kBkd**Qke + 18%Ck*kBkd*x*8ke*x*Q*kx + 18%Ck*kBkd**7T*kek*k3kx**2
+ 6kCk*kBkd*kkBkexkdkxk*k3 + 18kckkdkdx*kTke**3 + BAxckkdkdk*kBkekk4d*xx + BAkCkk
Axd*x*5ke*x5xx*k*2 + 18kckk4qkd*kdkex*kBkx*k*3 + 18kck*k2kd*k*k5ke*x*k5 + BaAkck*kQkd**
Axex*B*x + BAkckkQkdk*k3kekkT*kx*k*x2 + 18kCk*kd**kQke**kSkxx*x*3 + Gkd*x*k3ke*x*x7 +
18*d**2ke**x8*xx + 18kdke*x*9kx**x2 + Gkex*k10%x**3) — Gxakckkdxdkxkxdkxex*x2/ (6kc*k*
6*d**xOke + 18kCk*kBkd**k8ke**x2xxX + 18kCk*kBkd*kkThkekk3kx*k*k2 + GkCk*kBkd*kBkek*k4x*
x*%3 + 18kck*k4kdk*Tke**x3 + Bhkck*k4dkd**kBkek*x4dxx + B5hkck*k4dkd*kk5kekxk5xx*x*2 + 1
8k ckxdxdxkdkexkBkx*k*k3 + 18kckx*k2kd*k*5ke*x5 + BAkxckx*kkd*k*k4*ke**x6xx + 5hkcx*2kxd
*k3kekkTxkx*k*k2 + 18%Ckkkd**kkex*k8kx*k*3 + BGkd**k3ke*x*x7 + 18kd**ke*xZkx + 18%
d*ex*9*xx*%x2 + Bke*xk10*x**3) — Gkxakxckkkdk*kQke*xx4/(6kckx*k6xd*x*9*ke + 18kc*x*x6xd
*k8kekk2kxX + 18kCk*kBkdAkkTkekk3kx*k*k2 + GkCk*kBkdAk*kBkekkdxxk*k3 + 18kckk4kd**T*
e*x*x3 + B4kxck*k4kd*kxBkexkdkx + BAkckk4kd*kk5kexk5kxk*k2 + 18kckkdkdkkkekkBkxkk
3 + 18*cx*k2kd*x*5ke**x5 + BAxckx*kkdk*k4ke**x6xxX + BAkckx*kkd*k*k3kekxTxxk*2 + 18%C
*kQkd*kkQkekxk8kx*k*3 + BGkd*k*k3ke*kxT + 18kd**ke**x8kx + 18kd*kex*xQkx*x*2 + Gkexk]l
O*xx*%x3) — 2kakxex*6/(6kckkBGxd*x*xQke + 18*kCk*xBkd**k8kex*k2kxx + 18*kck*kBkd**kT*kex*3
*kxkk2 + GkCkkOkdkkOkekkdkxk*k3 + 18kck*k4kd**T*ke*x*3 + BaAkxckk4xd*xkxBGkexkx4dxx + 5
Axckk4kxd*x5xexk5kxk*k2 + 18kckkdkdkkdkex*kBkx*k*x3 + 18kck*kd*kk5ke*x*x5 + B54kck*k
kd*kxdxexkBkx + B5Akckkkd*kk3kexkThxk*2 + 18kCck*kkd*x*Qke*x*x8*x**x3 + BGxd**k3kex*
*7 + 18%d**x2xex*x8*xx + 18kd*ke*x*Qkx**x2 + Bke*xx10%*x**3) + B*bkck*xBxd*x*k5ke*xx*at
an(c*xx) / (6xc*x*x6xd*x*Qke + 18*kck*xBkd**k8kex*k2kxx + 18*kCk*kBkd**Tkex*k3kx*x*2 + B*C
*kGkdkkOkekkdkxkk3 + 18kckkdkd*kkTke**k3 + BhAkckk4kd*x*kBGkexk4dxx + BaAxckxkx4xd*x*x5
*ekk5kx*%x2 + 18kck*k4kdkkdkexkGkxk*k3 + 18kckk2xd*x*k5ke*x*5 + S5Akckkkd*k*k4ke*x*x6
*X + BAkckxxd*k3kexkTkx*k*x2 + 18kck*kkd**Qke*k8kx**x3 + BGkd**k3kex*7 + 18kd*x*
2ke*x8*xxX + 18kdkex*kQkx*k*2 + Gkexk10*x**3) + B*bkck*xBGxd**kdke*x*kx*k*x2katan (c*
x) / (6kCckx*6kd*x*9ke + 18kck*xGkd*k*k8ke*x*k2kx + 18kck*kGkd*k*kTkexk3kx**x2 + Bkck*xG*xd
*kGkekkdkxkk3 + 18kckkdkdkkTke**k3 + BhAkckk4kd**kGkexk4d*xx + BaAxckk4xd*xx5kxex*x5
*x*k%2 + 18kckkdkdkk4kekkBkx*k*k3 + 18%kckkkd*k5kex*k5 + 54kckkQkd*kdkex*kBkx +
BAxcxkQkdk*k3kekkxTxxk*k2 + 18%Chkkkd**k2kex*8kx*k*3 + BGkd*k3kex*x7 + 18*kd*k*Qkekx
8%x + 18kd*e**xJxx*x*2 + Gkexk10*xx**3) + 2kbkck*6kxd**x3kex*x3kxx*x*3*katan(c*x)/(6
*CkkBkd**kQke + 18kCk*BkA**kSkekx*k2kx + 18*kCk*Bkd*kxTkex*k3kxk*k2 + GkCk*B*kd**xB*xe
kkdkxkk3 + 18kckkdkdkkTke*k*k3 + Bhdkckkdkd*,kGkekkdkxx + BaAkckk4kd*xk5kexkHkxk*k2
+ 18kckk4xd*xk4kex*kBGxx*k*k3 + 18kck*x2xd*x*x5kex*k5 + B54kckk2kdkkdkekxkGkx + 54kck
*kdkk3kekkTxkxk*kD + 18%Ckkkd**kQkex*k8*kx*k*3 + Gkd*k3ke*x*x7 + 18*kd**Qke*x8xx +
18xd*ex*9xx**2 + 6*e*x*10*x**3) — 3*bkck*x5kxd**5xexlog(x**2 + c**x(-2))/(6*cx
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*¥6xd*kO%ke + 18%CkkBkd*x*k8ke*x*k2*kxX + 18%Ck*kGkd**Tkekk3kxk*2 + BkCk*kBkd**Gke**4
*x*x*3 + 18kCkk4kd**Txke*x*3 + BAkckkdkdkkxGkex*dxx + BAkckkdkxdkk5kex*k5kx*x*kx2 +

18k ck*k4xd*kqd*ek*kBkx**3 + 18*kCk*2kd*kDkexk5 + BAxckkQkdkkdkekx*kBkxX + B54kCkkQ*
d**k3ke*xkT*x*k*2 + 18kCk*kkd*x*ke**x8*x*k*x3 + Bkd**3ke*x*x7 + 18kd**2kxe*x*x8xx + 18
kdke*x*kOxx**2 + Bke*x*x10*x**3) + Gxbxck*5xdx*x5xexlog(d/e + x)/(Bkcx*B*kd**9*e

+ 18%CkkBkd*x*kBke**k kX + 18kCkkGkdk*kTke**k3kxXk*k2 + GkCk*kBkd*kGkex*x4dxx**3 + 18
*CkkAkd*xkThekk3 + BAxckkdkdkkBkex*kdkxx + BAkckkdkdxk5kekxk5kxkk2 + 18kckkdkxd*
*4xe*kG*kx*k*k3 + 18kCkkQkd*k*k5ke**k5 + BAkckk2kdkk4kek*kBkx + BAkckkQkdkk3kek*T*
X*%2 + 18%Cck*kd**Qke*xkSkx**3 + Bkd**k3kex*7 + 18kd*k*kkex*k8kxx + 18kdkex*Jkx*
*2 + 6xe*x*x10%x*%*3) — bBkb*ckx*5kxd**x5ke/ (6kc**x6kd*. . .

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x))/(e*x+d)~4,x, algorithm="giac")
[Out] sageO*x
Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/a+batan(jm) s
(d+ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))/(d + e*x)~4,x)
[Out] int((a + b*atan(c*x))/(d + e*xx)"4, x)
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3.9 [(d + ex)*(a + bArcTan(cz))* dx

Optimal. Leaf size=376

b’de’s  abe(6c’d® — e*)z  bPe’z® b’de’ArcTan(cx) b’e(6c’d® — e?) zArcTan(cx) bde’z*(a + bArcTan

c? 2¢3 12¢2 c3 2c3 c

[Out] b~2*d*e”~2*x/c”2-1/2*axbxe* (6*xc”~2xd"2-e"2) *x/c”3+1/12%b"2*e~3*x~2/c”2-b"2*d*
e 2xarctan(c*x)/c”3-1/2%b"2xex (6*c~2*xd"2-e”2) *x*arctan(c*x) /c~3-bxd*e " 2*x"2

* (a+b*arctan(c*x))/c-1/6xbxe~3*x"3* (a+b*arctan(c*x))/c+I*d* (c*d-e)* (c*d+e) *
(atb*arctan(c*x))~2/c”3-1/4x(c"4*d~4-6*c~2*%d"2*e"2+e"4) * (a+b*arctan(c*x)) "2
/c”4/e+1/4% (exx+d) "4* (a+b*arctan(c*x)) ~2/e+2*b*d* (cxd—e) * (cxd+e) * (a+b*arcta
n(c*x))*1n(2/(1+I*c*x))/c"3-1/12%b"2*e"3*1n(c"2*x"2+1) /c~4+1/4*b"2%ex (6*c~2
*d~2-e72) *1n(c~2*x"2+1) /c"4+Ixb~2*d* (c*d-e) * (c*xd+e) *polylog(2,1-2/ (1+I*c*x)

)/c”3

Rubi [A]
time = 0.39, antiderivative size = 376, normalized size of antiderivative = 1.00, number of

steps used = 19, number of rules used = 14, integrand size —= 18, Zumber of rules _ ( 77g
integrand size

Rules used = {4974, 4930, 266, 4946, 327, 209, 272, 45, 5104, 5004, 5040, 4964, 2449, 2352}

Antiderivative was successfully verified.
[In] Int[(d + exx)~3*(a + b*ArcTan[c*x])~2,x]

[Out] (b~2*d*e”2+*x)/c”2 - (axb*ex(6*c™2*xd"2 - e72)*x)/(2%c~3) + (b"2*xe"3*x72)/(12
*c~2) - (b"2xd*e”"2*ArcTan[c*x])/c”3 - (b"2%e*(6*xc”2*d"2 - e~2)*x*ArcTan[c*x
1)/(2xc”3) - (bxd*xe”~2*x"2*(a + b*ArcTan[c*x]))/c - (b*xe"3*x"3*(a + b*ArcTan
[c*xx]))/(6%c) + (Ixd*(c*d - e)*(c*d + e)*(a + bxArcTan[c*x])~2)/c"3 - ((c~4

*d~4 - 6*%c”2*d"2xe”2 + e"4)*(a + b*ArcTan[c*x])~2)/(4*c"4*xe) + ((d + exx)"4

*(a + b*ArcTan[c*x])~2)/(4xe) + (2*bxd*x(c*d - e)*(cxd + e)*(a + bkArcTan[cx*
x])*Log[2/(1 + Ixc*x)]1)/c”3 - (b~2%e"3*Logl[l + c™2*xx72])/(12%c"4) + (b~2%ex
(6xc™2+%d"2 - e~2)*Logl[l + c™2xx72])/(4%c”4) + (I*b~2*d*(c*d - e)*(c*d + e)*
PolyLog[2, 1 - 2/(1 + I*c*x)])/c”3

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 |l GtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 327

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axc™nx((m - n + 1)/(b*(m + n*p + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2*f + d~2*g, 0]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
- 1)/(1 + c~2%x~(2*n))), x]1, x] /; FreeQ[{a, b, c, n}, x] & IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 4946

Int[((a_.) + ArcTan[(c_.)*(x_)~(n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + bxArcTan[c*x"n])"p/(m + 1)), x] - Dist[bxc*n*(p/(m +
1)), Int[x"(m + n)*((a + b*ArcTan[c*x"n])~(p - 1)/(1 + c™2*%x~(2%n))), x], x
1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1] &&

IntegerQ[m])) && NeQ[m, -1]
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Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c#*x]) p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]/(1 + c"2*x~2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))~(p_)*((d_ ) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [bxcx(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlq]l && NeQ[q, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(bxc*d*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] & EqQle, c~2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b*ArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + bkArcTan[c*x]) p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQle, c~2+d] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx™2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, 0]

Rubi steps
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(bC) f (62(682d2—62) (a+btan—1(cz)) + 4de3x

ct

/(d +ex)® (a+ btan~(cz))® dz = ( ”

(d + ex)* (a + btan(cz))” B

bf (c*d*—6c2d2e?+-e*+4c2d(cd—e)e(cd+e)z) (at
1+c2z2

4e

2c3e

B abe(6c*d? — e?) z B bde?z?(a + btan™!(cx)) B be3z?(a + btan™1(c:

2c3 c 6c
_ b’de’z  abe(6c’d® —e®)x  b%e(6c’d” —e*)xtan~(cx)  bde*z*(a
2 2¢3 2c3
_ bVde’z  abe(6c’d® —e*)x  bPde’tan”'(cz) bPe(6c’d® — €?) wtar
e 2¢3 c3 2c3

_ bVde’z  abe(6c’d® —€?)x

b’e3r?  b’de’tan~l(cx) b?e(6c3d? -

12¢2 3 B

b’e3r?  b’de’tan~l(cx) b?e(6c3d? -

12¢2 c B
b’e3r?  b’de’tan~l(cx) b?e(6c3d? -

c? 2c3
_ Vde’s  abe(6c’d® —e*)x
e 2c3
_ Vde’s  abe(6c*d® —€*)x
e 2c3

Mathematica [A]
time = 0.52, size = 472, normalized size = 1.26

12¢2 3 B

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~3*(a + bxArcTan[c*x])~2,x]

[Out] (b™2*e”3 + 12*a”~2*c~4*d"3*x - 36*axbxc”3*d"2*exx + 12*%b~2*c"2xd*e”2*x + 6*a
*¥b*xcxe~3*x + 18*%a”2x%cT4*xd"2*e*x"2 - 12*xa*b*c”3*d*xe"2*%x"2 + bT2*kcT2*%e"3%xx"2
+ 12*%a~2%xc"4xd*xe”2%x"3 - 2%axbkc~3*%e"3%x"3 + 3*a~2%c"4*e"3*x"4 + 3*xb~2x((-4
*I)*xc"3*%d"3 + 6xc”2*%d"2*e + (4*I)*cxd*e”2 - e73 + c 4*x*(4*%d~3 + 6*d"2*exx
+ 4xd*xe"2*xx"2 + e73%x73))*ArcTan[c*x] "2 + 2xbxArcTan[c*x]* (- (b*ckxe*x(18*c~2x*
d"2*x + e"2kx* (-3 + c72*x"2) + 6*xd*(e + c"2xe*xx"2))) + 3*xax(6*%c”2xd"2*e - e
"3 + cT4*x*(4%d"3 + 6*%d"2xexx + 4*d*e”2*xx”2 + e73%x73)) + 12xbxckxd*(c”2*%d"2
- e"2)*Log[1 + E~((2*I)*ArcTan[c*x])]) - 12%a*bxc~3*d~3*Logl[l + c~2*x~2] +
18%b~2*c~2*%d"2xexLog[1 + c™2%x"2] + 12xaxb*ckd*e~2xLog[l + c™2%x~2] - 4*b~
2xe~3*Log[1 + c™2*%x72] - (12%I)*b~2*c*d*(c"2*xd"2 - e~2)*PolyLog[2, -E~((2xI

)*ArcTan[c*x])])/(12%xc™4)
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Maple [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 879 vs. 2(356) = 712.
time = 0.36, size = 880, normalized size = 2.34 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 3*(at+b*arctan(c*x))~2,x,method=_RETURNVERBOSE)

[Out] 1/c*(3*a*xb/cke*xarctan(c*x)*d~2+3*axbxcke*xarctan(c*x)*xd~2*%x~2+2*a*xbkcxe”2%ar

ctan(c*x) *d*x~3+1/2*%I*b"2/c~2*%e 2*d*1n(c~2*x"2+1) *1n(c*x-1)-1/2*xI*b"2/c " 2*e
~2%d*1n(-1/2*%I* (cxx+I) ) *1n(c*x-I1)-1/2*%I*b"2/c”2*e~2xd*1n (c~2*x"2+1) *1n (c*xx+
I)+1/2%I%b"2/c”2%e " 2*%d*1n (c*x+I)*1n(1/2*I* (c*x—-I))-3*a*b*exd”2*x—-a*b*e~2xd*
X~ 2+1/2*xaxbxckxe~3*arctan (c*x) *x~4-3xb~2xexarctan (c*x) *d"2*x-b~2*e~2*arctan (
cxx) *xd*x"2+3/2xb~2*c*e*arctan (c*x) “2xd"2*x"2+b"2xc*xe” 2*arctan (ckx) "2*d*x~3+
1/2%I%b~2/c"2%e"2*d*dilog(1/2*I* (c*x-1))-1/4*I*b~2/c"2%e~2*d*1n(c*xx-I)~2-1/
6*axbxe”3*x"3+1/2*a*xb/c " 2*e"3*x+2*a*b*arctan (c*x) *d~3*c*x+b~2/cxd*e”2*x+1/4
*b~2*cke " 3*karctan(c*xx) “2xx~4-1/6*b"2*%e " 3*arctan(c*xx) *x~3+1/2*%b"2/c"2*%e"3*ar
ctan(c*x) *x+a*xb/c”2xe~2x1n (c~2*x"2+1) *d+b~2/c”"2xe"2*xarctan (c*x) *1n(c~2%x~ 2+
1)*d-1/2%I%b"2/c"2*e"2*d*dilog(-1/2*I* (c*x+I))+1/4*xI*b"2/c”"2xe~2*d*1n (c*x+I
)"2-1/2*a*xb/c"3*e " 3*arctan(c*xx)-1/2*xI*b"2*xd"3*1n(c”2*x~2+1) *1n(c*xx-I)+1/2*I
*b~2%d"3*%1n(-1/2%I* (cxx+I) ) *1n(c*x-1)+1/2*I*b"2*d"3*1n(c~2*x~2+1) *1n (c*x+I)
-1/2%I*b~2*d"3*1n(c*xx+I)*1n(1/2*I*(c*x-I))+3/2*xb~2/c*e*arctan(c*x) ~2*d~2+3/
2%b"2/cxex1n(c™2xx"2+1)*d"2-b"2/c"2*e"2xd*arctan (c*xx)+1/12%b"2/c*e”~3*x"2+b~
2%arctan(c*x) ~2xd~3xc*x+1/4* (cke*xx+c*xd) “4*xa~2/c~3/e-a*xb*x1n(c”2*x"2+1) *d"3-b
~2%arctan(c*x)*1n(c~2*x"2+1) *d~3-1/4*b"2/c”"3*e"3*arctan(c*xx) "2-1/3*%b~2/c"3*
e”3*%1n(c™2*x"2+1)-1/4%I*b~2%d"3*1n(c*x+I) ~2-1/2%I*b~2%d~3*dilog(1/2*I* (c*x-
I))+1/4%Ixb~2%d"3*1n(c*x-1) "2+1/2%I*b"2*d"3*dilog(-1/2*I* (c*x+I)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctan(c*x))~2,x, algorithm="maxima")

[Out] 36xb~2*c~2xd"2*e*integrate(1/16*x~3*arctan(c*x)”~2/(c"2*x"2 + 1), x) +
*xc~2*d"2*exintegrate(1/16*x"3xlog(c™2*x"2 + 1)72/(c™2*%x"2 + 1), x) + 12%xb~2
*c"2*d"3xintegrate(1/16xx"2*arctan(c*x)~2/(c”2*x"2 + 1), x) + 6%b~2%c™2xd"2
xexintegrate(1/16*x~3*log(c™2*x"2 + 1)/(c™2*%x"2 + 1), x) + b~2*%c"2xd"3*inte
grate(1/16*x"2*xlog(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 4*b~2%c”2*d"3*integra
te(1/16*%x"2xlog(c™2*x"2 + 1)/(c™2*x"2 + 1), x) + 1/4xb~2*d"3*arctan(c*x)~3/
Cc + 1/4*%a"2%x"4xe”3 + a~2xd*xx"3*e”2 + 3/2*%a”2+d"2xx"2%e + 36*b"2kc”2*d*e"2x*
integrate(1/16*%x~4*arctan(c*x)~2/(c™2*x"2 + 1), x) + 3%b~2%c"2*d*e”2*integr
ate(1/16*x"4xlog(c™2*xx"2 + 1)72/(c™2*x"2 + 1), x) + 4%b~2xc~2xd*e”2*integra
te(1/16*%x"4*xlog(c™2*x"2 + 1)/(c™2*x"2 + 1), x) - 12*%b~2xc*d"~2*exintegrate(1l
/16xx~2*arctan(c*x)/(c”2%x"2 + 1), x) - 8%b~2*cxd"3*integrate(1/16*x*arctan

3*%b~2
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(c*x)/(c™2%x"2 + 1), x) + a~2%d"3*x + 3x(x"2*xarctan(c*x) - c*(x/c”2 - arcta
n(c#*x)/c”3))*axbxd"2%e + 12*¥b~2xc~2*e”3*integrate(1/16*x"5*arctan(c*x)~2/(c
“2%x"2 + 1), x) + b"2%c"2xe"3xintegrate(1/16*x"5*log(c™2*x"2 + 1)72/(c”2*x"
2 + 1), x) + b™2xc"2xe"3xintegrate(1/16*x"5*xlog(c™2*x~2 + 1)/(c™2*x"2 + 1),
x) - 8xb~2xckxd*e”2*integrate(1/16*x~3*arctan(c*x)/(c™2*x~2 + 1), x) + 36%b
~2xd"2*exintegrate(1/16*x*arctan(c*x)~2/(c"2*x"2 + 1), x) + 3*xb~2*d”2*exint
egrate(1/16*x*xlog(c™2*x"2 + 1)72/(c”2*%x"2 + 1), x) + b~2*d"3*integrate(1/16
xlog(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + (2xcxx*arctan(c*x) - log(c™2*x"2 +
1))*axbxd~3/c + (2#x"3*arctan(c*x) - c*(x72/c”2 - log(c™2*x"2 + 1)/c™4))*ax
bxd*e~2 - 2xb~2*c*e”3*xintegrate(1/16*x"4*arctan(c*x)/(c”™2*x"2 + 1), x) + 36
*b~2*d*e”~2xintegrate(1/16*x"2*arctan(c*x) ~2/(c”2*%x"2 + 1), x) + 3%b~2*xd*e~2
xintegrate(1/16*x~2xlog(c™2*x"2 + 1)72/(c™2*%x"2 + 1), x) + 1/6%(3*x"4*arcta
n(c*x) - c*((c™2xx"3 - 3*x)/c”4 + 3*arctan(c*x)/c”5))*axb*e”~3 + 12*b~2xe~3*
integrate(1/16*x~3%arctan(c*x)~2/(c"2*x"2 + 1), x) + b"2*e"3xintegrate(1/16
*x"3%log(c™2*x"2 + 1)72/(c”2*%x"2 + 1), x) + 1/16%(b"2*x"4*e"3 + 4*b~2xd*x"3
*@"2 + 6xb72%d"2%x"2%e + 4xb~2%d"3%*x)*arctan(cxx)"2 - 1/64*(b"2%x"4%e"3 + 4
*b~2%d*x"3%e"2 + 6*%b"2xd"2%x"2%e + 4xb~2*%d"3*x)*log(c”2*x"2 + 1)72

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctan(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2*x"3%e~3 + 3%a~2%d*x"2%e”2 + 3*a~2xd"2*x*e + a~2xd"3 + (b”"2*x"3
*e@~3 + 3*b"2xd*x"2%e”2 + 3*xb~2xd"2*x*e + b~2*d"3)*arctan(c*x) "2 + 2*(axbxx”
3%e~3 + 3xaxbkxdxx"2%e”2 + 3*axb*xd"2xx*e + axb*d”~3)*arctan(c*x), x)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ (a + batan (cz))* (d + ex)® da

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d)**3*(atbxatan(c*x))**2,x)
[Out] Integral((a + b*atan(cxx))#**2x(d + e*x)**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((e*x+d) ~3*(at+b*arctan(c*x))~2,x, algorithm="giac")
[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a+ batan(cz))’ (d + exz)® d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x)) 2%(d + e*x)~3,x)
[Out] int((a + b*atan(c*x))"2%(d + e*x)"3, x)

78
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3.10 [(d + ex)*(a + bArcTan(cz))* dx

Optimal. Leaf size=270

2abdex  b’¢*z  b%e’ArcTan(cr) 2b°dexArcTan(cz) be’z*(a + bArcTan(cz)) +i(302d2 —e?) (a+ bAr

c 3c? 3c3 c 3c 3c3

[Out] -2*xa*bxd*xe*x/c+1/3*b~2xe”2xx/c~2-1/3*b~2*e~2*arctan(c*xx)/c~3-2xb~2*d*e*x*ar
ctan(c*x)/c-1/3*xb*xe”2*x"2*x (a+b*arctan(c*x)) /c+1/3*xI*(3*c~2xd"2-e"2) * (a+b*ar
ctan(c*x))~2/c~3-1/3*%d*(d"2-3*e"2/c"2) *(a+b*arctan(c*x)) ~2/e+1/3*(e*xx+d) ~3*
(atb*arctan(c*xx)) ~2/e+2/3*xb* (3*c~2*xd"2-e"2) * (atb*arctan (c*x) ) *1n(2/ (1+I*c*x
))/c”3+b"2*%d*ex1n(c”2%x"2+1) /c"2+1/3*I*b~2% (3*c~2*d"2-e~2) *polylog(2,1-2/(1
+I*c*x))/c”3

Rubi [A]

time = 0.26, antiderivative size = 270, normalized size of antiderivative = 1.00, number of

steps used = 15, number of rules used = 12, integrand size = 18, number of rules _ 0.667,
integrand size

Rules used = {4974, 4930, 266, 4946, 327, 209, 5104, 5004, 5040, 4964, 2449, 2352}

(8- 3) (@ + PARTanE))” (a2 — ) (0 + bAreTan(ex)? 234~ ) log (i) o+ PARCTan(ca) | (d-+ eo)’(a+ bAreTun(ea)? _ be%o?(a-+ bArcTun(cr) _ 2abdew _ FArcTunea) _ 2PdeshrcTun(er) | Fdelog (@2 +1) | Vs | #E8EE ~ &) Lin(1 ~ )
3¢ + 33 + 38 3¢ - 3c T T 33 - c & 33 33

Antiderivative was successfully verified.
[In] Int[(d + exx)~2*%(a + bxArcTan[c*x])~2,x]

[Out] (-2*axbxd*exx)/c + (b~2*e”~2*x)/(3*c”2) - (b~2*e”2*ArcTan[c*x])/(3*%c~3) - (2
*b~2xd*exx*xArcTan [c*x])/c - (b*e~2*x~2*(a + bxArcTan[c*x]))/(3*c) + ((I/3)*
(3*xc™2%d"2 - e"2)*(a + bxArcTan[c*x])~2)/c”3 - (d*x(d"2 - (3*e”2)/c"2)*(a +
bxArcTan[c*x])~2)/(3*xe) + ((d + exx) " 3*(a + bxArcTan[c*x])~2)/(3*e) + (2*xbx*
(3%c™2%d"2 - e~2)*(a + b*ArcTan[c*x])*Log[2/(1 + I*c*x)])/(3*c~3) + (b~2*d*
exLog[l + c¢™2*%x72])/c”2 + ((I/3)*b~2%(3*%c”2%d"2 - e~2)*PolyLog[2, 1 - 2/(1

+ Ixc*x)])/c”3

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0I)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + 1)*((a + b*x™n)~(p + 1)/(bx(m + n¥p + 1))), x] - Dist[
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axc™nx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d) + (e_)*(x))1/((£) + (g_.)*(x)~2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] &% EqQle~2xf + d~2*g, 0]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
-1/ + c”2*%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 4946

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + bxArcTan[c*x"n])"p/(m + 1)), x] - Dist[bxcxnx(p/(m +
1)), Int[x"(m + n)*((a + b*ArcTan[c*x"n])~(p - 1)/(1 + c™2*%x~(2%n))), x], x
1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1] &&

IntegerQ[m])) && NeQ[m, -1]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))~(p_.)/((d_) + (e_.)*(x_)), x_Symboll
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c"2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQp, 0] & EqQ[c~2%d™2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))~(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [b*cx(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQlp, 1] && IntegerQ[ql && NeQlq, -1]

Rule 5004
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Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQ[e, c"2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + bxArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + bkArcTan[c*x])~p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQ[e, c~2xd] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(@ + exx~2), (f + gxx)"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, O]

Rubi steps

e? (at+btan™ (cz)) e3z(a+btan™
3 gy (2be) [ (HEE + t
/(d + ex)? (a + btan_l(cx))2 de = (d+ ex)’ (a+ btan~'(cx)) B (

3e
2d3—3de2+e(3c2d2—e2)z) (a an—1(ca
(d+ ex)? (a+btan~'(ca))®  (2p) [ (EE2ATreBEdo ) (atbron X

3e 3ce

_ 2abdex  be’z*(a + btan~'(cx)) N (d + ex)? (a + btan~' (cz))?

c 3c 3e
2abdex  b?e*r  2b%dextan~(cz) be’r?(a+btan"!(cz)) (d
c 3c? c 3c

_2abdex b’z b*e’tan”'(cx) 2b’dextan'(cx)  be’z’(a+

c 3c? 3c3 c

_2abdex b’z b*e’tan"'(cx) 2b°dextan'(cx)  be’z’(a +

c 3c? 3c3 c
_ 2abdex b’z b’e’tan'(cx) 2b%dextan'(cx) be’z?(a+
B c 3c? 3c3 c ‘

_2abdex  b%e’z  b*e’tan”'(cx) 2b’dextan'(cx)  be’z’(a+

c 3c? 3c3 c
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Mathematica [A]
time = 0.35, size = 312, normalized size = 1.16

Antiderivative was successfully verified.

[In] Integrate[(d + exx)~2x(a + bxArcTan[c*x])~2,x]

[Out] (3*a”2%c”3*d"2*x - 6*axbxc”2kd*e*x + b~ 2kcke 2*x + 3*a”~2*c”3xd*e*xx”2 - axbx*
CT2%e"2%x"2 + a”"2%c"3*e"2*%x"3 + b 2% ((-3*%I)*c"2*d"2 + 3*cxd*e + I*e”2 + ¢c”3

*x% (3*%d"2 + 3kdkexx + e”2%x"2))*ArcTan[c*x] "2 + b*ArcTan[c*x]*(6*xa*xcxd*e -
bxex (e + 6xc™2kd*x + cT2%e*x"2) + 2xakc 3*x*(3*%d"2 + 3*dxexx + e72%x"2) + 2

*xbx (3*xc~2+%d"2 - e~2)*Log[1l + E~((2xI)*ArcTan[c*x])]) - 3*axb*c~2*d"2xLog[1

+ c72%x72] + 3*%b"2xcxd*e*Log[l + c~2*x"2] + axbxe”2*Logl[l + c~2*x"2] - I*b~

2% (3%c™2%d"2 - e~2)*PolyLog[2, -E~((2*I)*ArcTan[c*x])])/(3*c"3)

Maple [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 699 vs. 2(250) = 500.
time = 0.23, size = 700, normalized size = 2.59 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2*(at+b*arctan(c*x))~2,x,method=_RETURNVERBOSE)

[Out] 1/c*x(2*axbxcxexarctan(cxx)*d*x”~2+b~2xcxe*arctan(c*xx) ~2*d*x~2-2*b~2*e*arctan
(c*x) *d*x-2*xaxbkxd*e*x+2/3*xa*b*c*e~2*xarctan (c*x) *x~3+1/6*I*b~2/c”2*1n(c*xx-1)
*1n(c”2*x"2+1) *e"2-1/6*I*b"2/c”2*%1n(-1/2*I* (c*x+I) ) *1n(c*x-I)*e"2-1/6*I*b"2
/c”2x1n(c*x+I)*1n(c”2*x"2+1) *e”~2+1/6*I*b"2/c " 2*%1n(1/2*I* (c*x-I) ) *1n(c*x+I)*
e 2+2xaxb/c*e*arctan(c*x)*d-1/3*b"2*e"2*xarctan (c*x) *x~2+1/3*%b"2*c*e”2*arcta
n(c*x) "2xx~3-1/3*a*xb*xe”2xx"2+2*axb*arctan (c*x) *d~2*c*x+1/3* (cke*x+c*d) ~3*a”
2/c”2/e-1/3*b"2/c"2*xe"2*arctan(c*x) -b~2*arctan (c*x) *1n(c”2*x"2+1) *d"2+1/4*1
*b~2%1n (c*x-I) "2*d"2+1/2*I*b"2*dilog(-1/2*I* (c*kx+I))*d~2-1/4*I*b~2*1n(c*x+I
) "2%d"2-1/2*I*%b"2*dilog(1/2*I* (c*x—1I))*d"~2-a*b*x1n(c~2*xx~2+1)*d~2+1/3*b~2/c*
e 2xx+b~2*arctan(c*xx) "2*%d " 2*cxx+b"2/c*xex1n(c”"2*%x"2+1) *d+1/3*%b"2/c"2*e " 2*arc
tan(c*x)*1n(c”2*%x"2+1)+b"2/c*exarctan (c*x) “2xd-1/2*%I*b~2*x1n (1/2*I* (cxx-1)) *
In(cxx+I)*d"2-1/2*I*b"2*1n(c*x-I) *1n(c~2*x™2+1) *d~2+1/2*I*b~2*x1n(-1/2*I* (c*
x+1))*1n(ckx-1)*d~2+1/2*I*b"2*x1n(c*x+I) *1n(c”2*x"2+1) *d"2-1/12%I*b"2/c”2*1n
(cxx-I)"2%e~2-1/6%I%b~2/c"2*dilog(-1/2%I* (c*x+I))*e~2+1/12*%I*b~2/c”2*1n(c*x
+I)"2%e”2+1/6%xI*%b"2/c"2xdilog(1/2*I* (c*x—1))*e”2+1/3*a*b/c"2*e~2*1n(c~2*x"2
+1))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d) ~2*(atb*arctan(c*x))~2,x, algorithm="maxima")

[Out] 72xb~2*c~2xdxexintegrate(1/48*x~3*arctan(c*x)~2/(c™2*x"2 + 1), x) + 6%b~2xc
~2xd*exintegrate (1/48+x~3*xlog(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 36%b"2xc~2
*d~2*integrate(1/48*x~2*arctan(c*x)~2/(c™2*x"2 + 1), x) + 12%b~2%c~2xd*e*in
tegrate(1/48*x~3xlog(c™2*%x"2 + 1)/(c™2*x™2 + 1), x) + 3*b~2xc”~2*d"2*integra
te(1/48*x"2*xlog(c™2*x"2 + 1)72/(c™2*%x"2 + 1), x) + 12%b~2*c~2*d~2*integrate
(1/48*x~2x1og(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + 1/4*%b~2xd"2*arctan(c*x)~3/c
+ 1/3%a”2*%x"3xe”2 + a"2xd*x"2*e + 36%b~2xc”2*e”"2*xintegrate(1/48*x"4*arctan(
c*x)"2/(c”2%x"2 + 1), x) + 3%b"2xc"2%e"2*integrate(1/48*x"4*xlog(c”2*x"2 + 1
)72/(c™2%x”2 + 1), x) + 4xb"2xc"2*xe"2*xintegrate(1/48*x~4*log(c™2*x~2 + 1)/(
cT2xx"2 + 1), x) - 24xb~2*c*d*exintegrate(1/48xx”~2*arctan(c*x)/(c™2*x"2 + 1
), X) - 24*%b~2xc*xd"2*integrate(1/48*x*arctan(c*x)/(c™2*x"2 + 1), x) + a"2xd
~2xx + 2x(x"2%arctan(c*x) - c*(x/c”2 - arctan(c*x)/c”3))*a*xbxdke - 8*%b~2*c*
e"2*xintegrate(1/48*x"3*arctan(c*x)/(c”2%x"2 + 1), x) + 72xb~2xdxexintegrate
(1/48*x*arctan(c*x)~2/(c™2*%x"2 + 1), x) + 6*b~2*d*exintegrate(1/48+*x*log(c”
2xx72 + 1)72/(c”2%x"2 + 1), x) + 3*%b”2*d"2xintegrate(1/48*log(c”2*x"2 + 1)~
2/(c”2*x"2 + 1), x) + (2*c*x*arctan(c*x) - log(c™2*x~2 + 1))*axbxd~2/c + 1/
3% (2*x~3*arctan(c*x) - c*(x"2/c”2 - log(c™2*x"2 + 1)/c”4))*axbxe”2 + 36%b~2
*xe"2xintegrate(1/48*x"2*arctan(c*x) "2/(c™2*%x"2 + 1), x) + 3*b~2*e"2*integra
te(1/48%x"2x1log(c™2*%x"2 + 1)72/(c™2*x"2 + 1), x) + 1/12%(b"2*x"3%e”2 + 3*b~
2%d*x"2%e + 3kbT2%d"2%x)*arctan(cxx)”2 - 1/48%(b72%x"3%e”2 + 3xb”2xd*x"2%e
+ 3xb~2*d"2*x)*log(c™2*x"2 + 1)72

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctan(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2*x"2%e”2 + 2%a~2xd*x*e + a~2xd"2 + (b"2*x"2*e”2 + 2*%b~2*d*x*e +
b~2xd"2) *arctan(c*x) "2 + 2x(axb*x"2%e”2 + 2*xaxbxd*xx*e + axb*xd~2)x*arctan(c*

X), X)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batan (cz))’ (d + ex)? dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(a+b*atan(c*x))**2,x)

[Out] Integral((a + b*atan(c*x))#**2x(d + e*x)**2, x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x+d) ~2*(a+b*arctan(c*x))~2,x, algorithm="giac")

[Out] sageOx*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a +batan(cz))’ (d+ex)’ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))"2%(d + e*x)~2,x)

[Out] int((a + b*xatan(c*x)) 2x(d + e*x)~2, x)
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3.11 [(d + ex)(a + bArcTan(cz)) dz

Optimal. Leaf size=171

abexr b’exArcTan(cr) +z’d(a + bArcTan(cx))? B <d2 - i‘?) (a + bArcTan(cz))? N (d + ex)?(a + bArcTar

c C C 2e 2e

[Out] -ax*b*e*x/c-b~2*e*x*arctan(c*x)/c+Ixd*(a+b*arctan(c*x))~2/c-1/2*(d"2-e"2/c"2
)*x(a+b*arctan(c*x)) ~2/e+1/2* (e*xx+d) “2* (a+b*arctan(c*x) ) ~2/e+2*xb*d* (a+b*arct
an(c*x))*1n(2/ (1+I*cxx))/c+1/2xb~2%e*1n(c~2*x"2+1) /c”2+I*b~2*d*polylog(2,1-

2/ (1+Ixc*x))/c

Rubi [A]

time = 0.20, antiderivative size = 171, normalized size of antiderivative = 1.00, number of

steps used = 12, number of rules used = 9, integrand size = 16, Bumber of rules _ 0.562,
integrand size

Rules used = {4974, 4930, 266, 5104, 5004, 5040, 4964, 2449, 2352}

P P P
(- 5) (@ bArcTan(ea))* (4 4 cai(a s bARTon(en))?  id(a + bAseTan(es)? | 20d10g (1) (o +DAXCTan(er)) _abew _ HewAreTan(er) | Welog(e'at +1) | i#dlin(1 = )
2e 2e c c c c 2c? c

Antiderivative was successfully verified.
[In] Int[(d + exx)*(a + b*ArcTan[c*x])~2,x]

[Out] -((a*b*e*x)/c) - (b"2xexx*xArcTan[c*x])/c + (I*d*x(a + b*ArcTan[c*x])~2)/c -
(@2 - e72/c”2)*(a + bxArcTan[c*x])~2)/(2%e) + ((d + e*x)"2x(a + b*ArcTan[
c*x])~2)/(2%e) + (2xb*d*(a + bk*ArcTan[c*x])*Log[2/(1 + Ixc*x)])/c + (b~2*ex
Logl[l + c™2*x72])/(2%c~2) + (I*b~2*d*PolyLogl[2, 1 - 2/(1 + Ixc*x)])/c

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2352

Int[Logl(c_.)*(x_)]1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2*g, 0]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
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- 1)/ + c™2*xx~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*cx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c~2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])"p/(ex(q + 1))), x] - D
ist [b*cx(p/(ex(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)~(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[q] && NeQlq, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)/((d ) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c”2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(-I)*((a + bxArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(cxd), Int[(a + b*ArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQ[e, c~2xd] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*((£f_) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, 4, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, O]

Rubi steps
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e2(a+btan—1(cz)) (c2d%—e?+2c%dex)
d 2 btan~! 2 (bC)f( c? + c2(1+c
/(d—l— ex) (a + btan~'(cz))” dz = (d+ez)” (a ;Le an” (cz))” _ - (+
62 2—62 02 EeT)\a an_l cx
 (d+en)?(atbtani(c))? bf sl @) gy,
N 2e ce
bf czd2<l—%> (a+btan—!(cz))
abex N (d + ex)? (a + btan~"(cz))” L+cta?
B c 2e ce
_ _abex _ b’ex tan~!(cx) N (d + ex)? (a + btan~(cz))? _ (2bed) / x|
c c 2e
2 e2
_ abex  bPextan(cx) N id(a + btan~(cz))? (d - c_2> (a+bta
B c c c 2e
2 e
_ abex  bPextan(cx) N id(a + btan~(cz))? <d - c_2> (a+bta
N c c c 2e
2 e2
_ abex bextan'(cx) N id(a + btan~(cz))? (d - c_2> (a+bta
B c c c 2e
2 e2
_ abex  bPextan~'(cx) N id(a + btan~(cz))? (d - ?) (a+bta
B c c c 2e
Mathematica [A]
time = 0.14, size = 172, normalized size = 1.01
2a’c*dx — 2abcex + a’c’ex’ + b*(—i + cx)(2cd + ie + cex) ArcTan(cz)® + 2bArcTan(cz) (—beez + a(e + 2¢*dz + ?7612) + 2bedlog (1 + ?ArcTen ())) — 2abedlog (1 + *z?) + bPelog (1 + c*a?) — 2ib*cdPolyLog (2, —e*ArcTan(e))

2¢2

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*(a + b*ArcTan[c*x])~2,x]

[Out] (2%a~2xc”2%d*x - 2%axbkckexx + a~2%c™2%e*x"2 + b™2%(-I + c*x)*(2%cxd + Ixe
+ cxe*x)*ArcTan[c*x] "2 + 2*¥bxArcTan[c*x]*(-(bxcxe*x) + a*(e + 2%c™2xd*x + ¢
“2xe*x”2) + 2*¥bxcxdxLog[l + E~((2*I)*ArcTan[c*x])]) - 2*a*bxcxd*Logl[l + c~2
*x~2] + b~2*exLog[l + c™2*x"2] - (2*I)*b~2*cxd*PolyLog[2, -E~((2*I)*ArcTan[
c*x])1)/(2%c~2)

Maple [B] Both result and optimal contain complex but leaf count of result is larger than

twice the leaf count of optimal. 339 vs. 2(161) = 322.
time = 0.12, size = 340, normalized size = 1.99

\ method \ result
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a2(dc2w+%ec2z2) 2

2 2 2 2
+b2 arctan(cz)2dez+ % —b2In(c?2?+1) arctan(cz)d+ % —b2 arctan(cz)ex

derivativedivides c

a2 (dc2w+%e c2w

default <

2c

2 2 2, ,2 2 2
) +b? arctan(cz)2dcm+%—b2 In(c?z2+1) arctan(car:)d+m—b2 arctan(cz)ex

b2 In(1—®) In(2-

7b2eln 62922-‘1-1 2 eba arctan(cz abd In 62232-1-1 2012
#—abﬁﬁ-%ﬁ‘ ()_ ( )+ae2x+

: 2
risch a‘dr + 162 ~ = -

[

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(at+b*arctan(c*x))~2,x,method=_RETURNVERBOSE)

[Out] 1/c*x(a”2/cx(d*c™2xx+1/2%e*xc”2xx~2)+b~2*arctan(c*x) ~2*d*xcxx+1/2%xb~2%c*arctan

(c*x) "2%e*x"2-b"2*%1n(c”~2*x"2+1) *arctan (c*x) *d+1/2%b~2/c*arctan(c*x) ~2*e-b~2
*xarctan(c*x) xe*xx+1/2*b~2/c*e*1n(c~2*%x"2+1)-1/2*I*b~2*d*dilog(1/2*I* (c*x-1I))
+1/2%Ixb"2*d*1n (c*xx+I)*1n(c™2*%x"2+1)-1/4*I*xb~2*d*1n(cxx+I) "2-1/2*xI*xb~2*d*1n
(cxx+I)*1n(1/2%I* (c*x-I))+1/2*%I*b"2*xd*1n(c*x-I)*1n(-1/2*I* (cxx+I))-1/2*xI*b~
2xd*1n(cxx-I)*1n(c™2*x"2+1)+1/2*%I*b~2*d*dilog(-1/2*I* (cxx+I))+1/4*Ixb~2*d*1
n(cxx-I) "2+2*a*b*arctan(c*x) *d*xcxx+axbxckxarctan (c*x) xe*xx”~2-a*b*exx—axbxd*1n
(c™2*x"2+1) +axb/c*exarctan(c*x))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctan(c*x))~2,x, algorithm="maxima")

[Out] 12xb~2%c~2*exintegrate(1/16*x~3*arctan(c*x)~2/(c”2*x"2 + 1), x) + b~2*c"2xe

xintegrate(1/16*x"3xlog(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + 12xb~2%c”2*d*int
egrate(1/16*x~2xarctan(c*x) "2/(c™2%x"2 + 1), x) + 2%b~2%c"2xexintegrate(1/1
6*x~3%log(c™2*%x"2 + 1)/(c”2%x"2 + 1), x) + b~2*kc"2*d*integrate(1/16*x"2*xlog
(c72%x72 + 1)72/(c”™2*%x"2 + 1), x) + 4*b~2xc~2*d*integrate(1/16*x"2x1log(c~2%
x"2 + 1)/(c”2*%x"2 + 1), x) + 1/4xb~2*xd*arctan(c*x)~3/c + 1/2*%a"2*x"2%e - 4x
b~2*c*exintegrate(1/16*x"2xarctan(c*x)/(c”2*¥x"2 + 1), x) - 8%b~2*c*d*integr
ate(1/16*x*arctan(c*x)/(c™2*%x"2 + 1), x) + a~2xd*x + (x"2*arctan(c*x) - c*(
x/c”2 - arctan(c*x)/c”3))*axb*e + 12*¥b~2xexintegrate(1/16*x*arctan(c*x)~2/(
c"2*x"2 + 1), x) + b"2*xexintegrate(1/16*x*log(c™2*x"2 + 1)72/(c™2*%x"2 + 1),
Xx) + b"2xdxintegrate(1/16xlog(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + (2%c*x*ar
ctan(c*x) - log(c™2*x"2 + 1))*axb*d/c + 1/8%(b~2%x"2%e + 2%b~2*d*x)*arctan(
c*x) "2 - 1/32%(b"2*%x"2%e + 2*¥b~2*d*x)*log(c”2*x"2 + 1)72

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2xx*e + a"2xd + (b~2*x*e + b~2*d)*arctan(c*x)~2 + 2x(a*b*xxe + a
*b*d) *arctan(c*x), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batan (cz))® (d + ex) dz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x+d)*(a+b*atan(c*x))**2,x)
[Out] Integral((a + b*atan(c*x))**2*(d + e*x), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x+d)*(at+b*arctan(c*x))~2,x, algorithm="giac")

[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (a + batan(cz))® (d + ex) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x)) " 2x(d + e*x),x)

[Out] int((a + b*atan(c*x)) 2*%(d + e*x), x)
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3.192 [ (a+bArcTan(cr))? dr

d+ex
Optimal. Leaf size=223
_ (a + bArcTan(cz))?log () N (a + bArcTan(cz))? log (%) +ib(a + bArcTan(cz))PolyLog (2,
e e e

[Out] -(at+b*arctan(c*x))~2*1n(2/(1-I*c*x))/e+(a+b*arctan(c*xx)) " 2x1n(2*c* (exx+d)/(
ckd+Ixe)/(1-I*c*x))/e+I*b*(at+b*arctan(c*x))*polylog(2,1-2/(1-I*c*x))/e-I*b*
(at+bxarctan(c*x) ) *polylog(2,1-2*c* (exx+d) / (c*xd+I*e) /(1-I*xc*x))/e-1/2%b~2*po
lylog(3,1-2/(1-I*c*x))/e+1/2*¥b"2*polylog(3,1-2*c* (exx+d) / (cxd+Ix*e)/(1-I*c*x

))/e

Rubi [A]

time = 0.03, antiderivative size = 223, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.056,

steps used = 1, number of rules used = 1, integrand size = 18,
Rules used = {4968}

ib(a + bArCTa“(CT))Li‘z(I - (aiig?ffl;:)) . (a + bArcTan(cz))* log ((1_2;(:[)?:;1»0)) . ibLiz(1 — %) (a + bArcTan(cz))  log (%) (a + bArcTan(cz))? N bLig (1 - (cdﬂ(ﬁ)(l_m) bLis(1 - %)
e e e e 2e 2e

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTan[c*x])"2/(d + e*x),x]

[Out] -(((a + b*ArcTan[c*x]) 2*Log[2/(1 - I*c*x)])/e) + ((a + b*ArcTan[c*x]) 2*Lo
gl(2*%cx(d + exx))/((c*xd + I*xe)*(1 - I*cxx))])/e + (Ixb*(a + b*ArcTan[c*x])*
PolyLogl[2, 1 - 2/(1 - Ixc*x)])/e - (I*b*(a + b*ArcTan[c*x])*PolyLog[2, 1 -
(2xc*x(d + e*x))/((cxd + I*xe)*(1 - I*c*x))])/e - (b"2*PolyLog[3, 1 - 2/(1 -
Ixc*x)])/(2%e) + (b~2xPolyLogl[3, 1 - (2xcx(d + exx))/((cxd + I*e)*(1 - Ixc*
x))1)/(2%e)

Rule 4968

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>

Simp[(-(a + bxArcTan[c*x])~2)*(Log[2/(1 - I*c*x)]/e), x] + (Simp[(a + b*Arc
Tan [c*x]) "2% (Log[2*c*((d + exx)/((c*d + I*e)*x(1 - I*c*x)))]/e), x] + Simpl[I
*bx(a + b¥ArcTan[c*x])*(PolyLog[2, 1 - 2/(1 - I*c*x)]/e), x] - Simp[I*bx(a

+ bxArcTan[c*x])*(PolyLog[2, 1 - 2*c*x((d + e*x)/((c*d + Ixe)*(1 - Ixc*x)))]
/e), x] - Simp[b~2*(PolyLog[3, 1 - 2/(1 - I*c*x)]/(2xe)), x] + Simp[b~2*(Po
lyLog[3, 1 - 2*c*((d + exx)/((c*d + Ixe)*(1 - Ixcxx)))]1/(2%e)), x]) /; Free
Ql{a, b, c, d, e}, x] && NeQ[c™2*xd"2 + e~2, 0]

Rubi steps

— 2 2c(d+ex
(a+btan~(cz))” | (a+ btan~*(cz))’ log (12 ), (a+btan~'(cz))’ log (%) , ibla+t

= — l—icx

d+ex e e
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Mathematica [F]
time = 78.30, size = 0, normalized size = 0.00

(a + bArcTan(cz))?
d+ex

T

Verification is not applicable to the result.

[In] Integrate[(a + b*ArcTan[c*x])~2/(d + e*x),x]
[Out] Integrate[(a + b*ArcTan[c*x])~2/(d + ex*x), x]

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 2.90, size = 1324, normalized size = 5.94

method result size
derivativedivides | Expression too large to display | 1324

default Expression too large to display | 1324

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctan(c*x))~2/(exx+d) ,x,method=_RETURNVERBOSE)

[Out] 1/c*x(a"2*cx1ln(ckexx+c*d)/e+b™2xcx1ln(ckexx+c*d) /e*xarctan(c*x) “2-b~2*c/e*arct
an(c*x) ~2*1n(-Ixe* (1+I*c*x) "2/ (c™2*x"2+1)+ckd* (1+I*cxx) "2/ (c™2*xx"2+1) +I*e+c
*d)-1/2xI*b~2%c/exarctan(c*x) “2*csgn (I* (-I*xex (1+Ixcxx) "2/ (c™2xx"2+1)+c*d* (1
+I*c*xx) "2/ (c™2*%x"2+1) +Ixe+c*d) / ((1+I*c*xx) "2/ (c™2*x"2+1)+1)) "2*csgn(I/ ((1+I*
c*x) "2/ (c”2%x"2+1)+1) ) *Pi-I*b~2*c*arctan(c*x)*polylog(2, (I*e-c*d)/(c*d+Ix*e)
*(1+I*c*x) "2/ (c™2xx"2+1) ) / (e+I*c*d) +Ixa*b*cxln(ckexx+c*d) /exln((I*e-c*xe*x)/
(cxd+Ix*e))+1/2xI*b~2%c/exarctan(c*x) “2*csgn(I* (-Ixex (1+Ixc*x) "2/ (c™2%x"2+1)
+cxd* (1+Ixc*x) 2/ (c™2*%x"2+1) +I*e+c*xd) / ((1+I%c*x) "2/ (c™2%x"2+1)+1) ) "3*Pi-I*a
*bxcx1ln(c*e*x+c*d) /ex1ln((I*xe+ckxexx)/(I*e-c*d))-1/2¥b"2*c/e*polylog(3,-(1+Ix*
c*x) "2/ (c”2*%x"2+1) ) +b~2xc~2/e*d/ (-I*e+c*d) *arctan(c*x) "2*1n(1- (I*e-c*d) /(c*
d+Ixe)*(1+I*xc*x) "2/ (c"2*x"2+1))+I*a*b*c/e*dilog((I*xe-cxexx)/(cxd+Ixe))+1/2%
b~2%c~2/exd/ (-I*e+c*d) *polylog(3, (I*e-c*d)/(c*xd+I*e)* (1+I*c*x) "2/ (c™2*x"2+1
))+b~2*c*arctan(c*x) "2*1n(1- (I*e-c*d)/(c*d+I*e)* (1+I*c*x) "2/ (c"2*x"2+1)) /(e
+I*xc*xd)+I*b~2xc/e*arctan(c*x)*polylog(2,-(1+Ixc*x) "2/ (c™2*xx"2+1))+1/2%b"2%c
*xpolylog(3, (Ixe-c*d)/(cxd+I*e)* (1+I*c*x) "2/ (c”2*%x"2+1))/(e+I*c*d)+2*axb*c*l
n(cxe*xx+cxd) /exarctan(c*x)-1/2*Ixb~2xc/e*arctan(cxx) ~2xcsgn(I* (-I*ex (1+Ixc*
x) "2/ (c™2%x"2+1) +cxd* (1+I*xc*x) "2/ (c™2*x"2+1) +I*xe+c*d) / ((1+I*c*xx) ~2/(c™2*x"2
+1)+1) ) "2*xcsgn (I* (—I*e* (1+I*c*x) "2/ (c™2%x"2+1) +cxd* (1+Ixc*x) ~2/(c™2*xx"2+1)+
Ixe+c*d))*Pi-Ixaxb*c/exdilog((Ixe+c*e*xx)/(I*xe-c*d))-I*b~2*c"2/exd/ (-I*e+cxd
)*arctan(c*x)*polylog(2, (Ixe-c*d)/(cxd+I*e)* (1+I*c*x) "2/ (c™2%x"2+1))+1/2%I*
b~2xc/exarctan(c*x) “2xcsgn (I* (~I*e* (1+I*c*x) ~2/(c™2*%x"2+1) +cxd* (1+I*c*x) "2/
(c™2%x72+1) +Ixe+c*d) / ((1+Ixc*xx) 2/ (c™2xx"2+1)+1) ) *csgn(I/ ((1+I*c*x) "2/ (c™2*
x"2+1)+1) ) *csgn (I* (-I*xex (1+Ixcxx) "2/ (c™2*xx"2+1) +c*d* (1+I*c*x) "2/ (c™2*%x~2+1)
+Ixe+c*d))*Pi)
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x))~2/(e*x+d),x, algorithm="maxima")
[Out] a~2*e~(-1)*log(x*e + d) + integrate(1/16%(12xb~2*arctan(c*x)~2 + b~2*log(c”
2%x"2 + 1)72 + 32xaxbxarctan(c*x))/(x*e + d), x)
Fricas [F]
time = 0.00, size = 0, normalized size = 0.00
could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x))~2/(e*x+d),x, algorithm="fricas")

[Out] integral((b~2*arctan(c*x)~2 + 2%a*b*arctan(c*x) + a~2)/(x*e + d), x)
Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

2
/ (a + batan (cz)) d
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atan(c*x))**2/(exx+d),x)

[Out] Integral((a + bxatan(cx*x))#*x2/(d + e*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x))~2/(e*x+d),x, algorithm="giac")

[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
bat ?
/ (a + batan(cz)) d

d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))"2/(d + e*x),x)
[Out] int((a + b*atan(c*x))"2/(d + e*x), x)
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a CcT 2
3.13 [ lrArelane)? g,

Optimal. Leaf size=341

ic(a + bArcTan(cz))? +02d(a + bArcTan(cz))*  (a + bArcTan(cz))® 2bc(a + bArcTan(cz)) log (2-) N
c2d? 4 e? e (c*d? + €2) e(d + ex) c2d? + €2

[Out] Ix*c*x(at+b*arctan(c*x))~2/(c"2*d"2+e~2)+c”2*d* (a+tb*arctan(c*x))~2/e/(c™2*xd"~2+
e"2)-(at+b*arctan(c*xx)) ~2/e/ (exx+d) -2*bxc* (a+b*arctan(c*x) ) *1n(2/(1-I*c*x))/
(c™2xd~2+e"2) +2xb*c* (a+b*arctan(c*x) ) *1n(2/ (1+I*c*x) )/ (c~2*d"2+e~2) +2*bxc* (
atb*arctan(c*x))*1n(2*c* (exx+d)/(cxd+I*xe)/(1-I*kc*x))/(c™2%d~2+e~2) +I*b " 2*c*
polylog(2,1-2/(1-I*c*x))/(c"2*d"2+e~2) +I*b~2*c*polylog(2,1-2/(1+I*c*x))/(c”
2xd"2+e~2) -I*b~2*c*polylog(2,1-2*c* (exx+d) / (cxd+I*e) /(1-Ixc*x))/(c~2*d"2+e”

2)

Rubi [A]

time = 0.26, antiderivative size = 341, normalized size of antiderivative = 1.00, number of

_ —0Q ; e number of rules _
steps used = 13, number of rules used = 9, integrand size = 18, integrand size 0.500,

Rules used = {4974, 4966, 2449, 2352, 2497, 5104, 5004, 5040, 4964}

N ey et B Nk Db 4 BA s Tan () Tng [ 2c(d+ex) ) 91 2 1. (- \ 27 2c(d+ex)
icfa -+ bArcTan(ea)? | d(a+ bArcTun(ea))? _ 2belos () (ot bAreTan(er) | 2belog () (a+bArcTan(er) 2be(a -+ bAreTan(ca) log (248225 ) _ (atbArcTan(en))? | ibPelin(1 = i) | ibPelia(l— iy) Ly (1 e )
2+ (G + &) P+ AF+ e 2E+ e e(d+ez) EE+ e et e EE+ e

Antiderivative was successfully verified.
[In] Int[(a + bxArcTan[c*x])~2/(d + e*x)~2,x]

[Out] (Ixc*(a + b*ArcTan[c*x])~2)/(c"2*xd"2 + e72) + (c"2*d*(a + b*ArcTan[c*x])~2)
/(ex(c™2xd"2 + e72)) - (a + b*ArcTan[c*x])"2/(ex(d + e*x)) - (2xbxcx(a + b*
ArcTan[c*x])*Log[2/(1 - I*c*x)])/(c”2%d"2 + e~2) + (2*¥bxcx(a + b*ArcTan[c*x
1)*Log[2/(1 + Ixc*x)])/(c”2%d"2 + e72) + (2*bxcx(a + bxArcTan[c*x])*Log[(2*

cx(d + e*xx))/((c*d + Ixe)*(1 - Ixcxx))])/(c™2*d"2 + e~2) + (Ixb~2*c*PolyLog

[2, 1 - 2/(1 - Ixcxx)])/(c™2%d"2 + e72) + (I*b~2*c*xPolyLogl[2, 1 - 2/(1 + Ix
cxx)])/(c™2%d"2 + e72) - (I*b~2*c*PolyLog[2, 1 - (2*cx(d + exx))/((c*xd + Ix
e)*(1 - Ixc*x))])/(c™2%d"2 + e72)

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*xd, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2*g, 0]
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Rule 2497

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))~(p_.)/((d_) + (e_.)*(x_)), x_Symboll
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c"2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 + e~2, 0]

Rule 4966

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si
mp[(-(a + bxArcTan[c*x]))*(Log[2/(1 - I*c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 - Ikcxx)]/(1 + c™2*x"2), x], x] - Dist[b*(c/e), Int[Logl[2*cx((d + e
*xx)/((cxd + Ixe)*(1 - Ixc*x)))]1/(1 + c™2*x~2), x], x] + Simp[(a + b*ArcTan[
c*x]) *(Log[2*cx((d + exx)/((cxd + Ixe)*(1 - Ixcxx)))]1/e), x]1) /; FreeQl{a,

b, ¢, d, e}, x] && NeQ[c™2*%d"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])"p/(ex(q + 1))), x] - D
ist [bxcx(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[q] && NeQlq, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)/((@.) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c”2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b*ArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + b*ArcTan[c*x])"p/(I - c*x), x], x] /; FreeQl[{a, b, c,
d, e}, x] & EqQle, c~2%d] && IGtQ[p, O]

Rule 5104
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Int[(((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, 0]

Rubi steps

(2bC) f ( e2(a+btan—1(cz)) c2(d—ex)(a+btan—1(cz)) > dr

(a + btan™(cz))? dr — — (a + btan~(cz))’ (CPd?+e?)(d+ex) (ER+)(1+32)
(d + ex)? e(d + ex) e
_ (e btan ()’ | (@b [ dr | (2hee) [ HEE do
e(d + ex) e (c2d? + €?) c2d? + e?
(a+btan~1(cz))?  2bc(a+btan~'(cz))log () 2bela+ btan™'(cz)).
T e(d+ex) c2d? + e? * c2d? +
(a +btan~'(cz))?  2bc(a+btan~(cz))log (2) 2bcla+ btan™(cz)):
T e(d+ex) B c2d? + e? + c2d? 4

ic(a+btan(cz))® Ad(a+btan~(cz))® (a+ btan~(cz))? B 2bc(a + b

c2d? + e? e (c2d? + €?) e(d+ ex)

_ic(a+ btan—(cz))’ N d(a + btan~(cz))? _(a+ btan—(cz))’ B 2bc(a+b
N c2d? + e? e(cd? + e?) e(d + ex)

c2d? + e? e (c2d? + €?) e(d+ ex)

_icla+ btan~!(cz))’ 2d(a+btan'(cz))’® (a + btan(cz))’ B 2bc(a+b

ic(a + btan~!(cz))? N d(a+ btan~(cz))? _(a+ btan~!(cz))’ _ 2bc(a+b
c2d? +e? e (c2d? + e?) e(d + ex)

Mathematica [A]
time = 1.96, size = 300, normalized size = 0.88

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTan[c*x])~2/(d + e*x)~2,x]

[Out] -(a"2/(ex(d + exx))) + (axbx(-2*(e - c~2*xd*x)*ArcTan[c*x] + c*x(d + e*x)*(2%
Loglc*(d + e*x)] - Logll + c™2%x72])))/((c™2*%d"2 + e”2)*(d + e*x)) + (b~2%(
-((E"(I*ArcTan[(c*d)/e]l)*ArcTan[c*x]~2)/(Sqrt[1 + (c"2xd"2)/e"2]*e)) + (x*A
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rcTan[c*x]~2)/(d + e*x) - (cxd*((-I)*(Pi - 2xArcTan[(c*d)/e])*ArcTan[c*x] -

PixLog[1 + E~((-2*I)*ArcTan[c*x])] - 2*(ArcTan[(c*d)/e] + ArcTan[c*x])*Log
[1 - ET((2*I)*(ArcTan[(c*d)/e] + ArcTan[c*x]))] - (PixLog[l + c"2*x~2])/2 +
2%ArcTan[(c*d) /el *Log[Sin[ArcTan[(c*d)/e] + ArcTan[c*x]]] + I*PolyLogl[2, E
~((2xI)*(ArcTan[(c*d)/e] + ArcTan[c*x]))]))/(c”2*%d"2 + e72)))/d

Maple [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 739 vs. 2(329) = 658.
time = 2.34, size = 740, normalized size = 2.17

method result
2.2 2.2 22 2
_ a?c? _ b2c2 arctan(cz)2 _ b“c” arctan(ez) In (C z +1) b2c3d arctan(ca:)2 222 arctan(cz) In(cex+cd) + ib%c” In(cez+cd)
. A L. (cez+cd)e (cez+cd)e c2d2 42 6(62d2+82> c2d21e2 2425
derivativedivides
2 2 2.2 22 2
_ a2c? _ b2c2 arctan(cw)2 _ b“c” arctan(cx) ln(c z +1) b2c3d arctan(cw)2 2b2 2 arctan(cz) In(cez+cd) + ib“c” In(cez+cd)
(cez+cd)e (cez+cd)e c2d21e2 e (C2d2+62) c2d2e2 c2d? 4
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctan(c*x))~2/(e*x+d) 2,x,method=_RETURNVERBOSE)

[Out] 1/cx(-a~2xc~2/(cxexx+cxd)/e-b~2xc~2/ (c*ke*xx+c*d) /exarctan(c*x) ~2-b~2*%c~2*arc

tan(c*xx)/(c™2*%d"2+e"2) *1n(c~2*x"2+1) +b~2*xc~3/e/ (c"2*%d"2+e"2) *d*arctan(c*xx)~
2+2xb~2xc"2*arctan(c*x) / (c72*xd"2+e"2) *1n(cxe*xx+c*d) +1/2*xI*b"2*xc~2/ (c~2*d "2+
e"2)*1n(c*x+I)*1n(c”~2*x~2+1)+1/2*%I*xb~2%c~2/(c"2*xd"2+e~2) *dilog (-1/2*I* (c*x+
I))-1/2%I%b"2%c"2/(c"2*d"2+e"2) *1n(c*x-I)*1n(c”2*x~2+1)+1/4*xIxb"2*xc~2/ (c~2*
d~2+e"2) *1n(c*xx-I) "2-I*b~2*c~2/(c"2*d"~2+e"2) *dilog((I*e+c*e*x) /(I*xe-c*d))-1
/2*%I*¥b"2xc~2/(c"2*%d"2+e"2) *dilog(1/2*I* (c*x—-I))+1/2*%I*b"2xc~2/(c~2*%d"2+e"2)
*1n(cxx-I)*1n(-1/2*%I* (c*x+I))+I*b~2*c"2/(c"2*xd"2+e"2) *dilog ((I*e-cxe*x) / (c*
d+Ixe))-1/2%I*%b"2*xc~2/(c"2*%d"2+e”2) *In(c*xx+I)*1n(1/2*xI* (c*x-I))+I*xb~2xc"2/(
c"2*%d"2+e"2) *1n(cxexx+c*d) *1n ((I*e-c*e*x) / (ckd+I*xe))-1/4*xI*xb"2xc~2/(c"2*%d"2
+e72) *¥1n(c*x+I) "2-Ixb"2%c~2/ (c~2*d~2+e~2) *1n (ckexx+c*xd) *1n ( (I*xe+ckexx) / (I*e
-c*d) ) -2*%axbxc~2/ (ckxexx+c*d) /e*arctan(c*xx) —axbxc~2/(c”2*%d"2+e"2) *1n(c~2*x"2
+1)+2*xaxbxc”3/e/ (c"2*xd"2+e"2) *d*arctan (c*x) +2*a*b*c~2/(c"2*d"2+e~2) *1n (c*e*
x+cxd))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x))~2/(e*x+d)"2,x, algorithm="maxima")

[Out] ((2*cxd*arctan(c*x)/(c”2*%d"2*%e + e73) - log(c™2*x"2 + 1)/(c™2%d"2 + e72) +

2xlog(x*e + d)/(c™2*%d"2 + e72))*c - 2xarctan(c*x)/(xxe”2 + d*e))*a*xb - 1/16
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*x(4xarctan(c*x) "2 - 16x(x*e”2 + d*e)*integrate(1/16*(12*(c~2*x"2%e + e)*arc
tan(c*x) "2 + (c™2*x"2*%e + e)*log(c”™2*x"2 + 1)72 + 8*(c*x*e + cxd)*arctan(cx
x) - 4x(c™2xx"2%e + c"2*xd*x)*log(cT2xx"2 + 1))/(c”2*x"4*e”3 + 2%c”2*d*x"3%e
"2 + (c72%d"2%e + e73)*x"2 + 2xd*x*e”2 + d72xe), x) - log(cT2*x"2 + 1)72)*b

~2/(x*e"2 + dxe) - a~2/(x*e”2 + dxe)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x))~2/(e*x+d)~2,x, algorithm="fricas")
[Out] integral((b~2*arctan(c*x)~2 + 2%a*b*arctan(cxx) + a~2)/(x"2xe”2 + 2kd*xxe +
d~2), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
/ (a + batan (cz))® P

T
(d+ ex)”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atan(c*x))**2/(e*xx+d)**2,x)

[Out] Integral((a + b*atan(c*x))**2/(d + e*x)**2, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x))~2/(e*x+d)~2,x, algorithm="giac")

[Out] sageO*x
Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/ (a + batan(cx))” s
(d+ex)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))"2/(d + e*x)~2,x)
[Out] int((a + b*atan(c*x))~2/(d + e*x)"2, x)
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a CT 2
3.14 [ +”A(1;i£§g“( D 4z

Optimal. Leaf size=496

b*c’dArcTan(cz) be(a + bArcTan(cx)) | ic’d(a + bArcTan(cz))®  c*(cd —e)(cd + e)(a + bArcTan(cz))?
(2d? + €2)? (c2d? + €2) (d + ex) (c2d? + e2)? 2e (c2d? + €2)°

[Out] b~2*c~3*d*arctan(c*x)/(c”2*xd"2+e~2) "2-b*c* (a+bxarctan(c*x))/(c"2xd"2+e~2)/(
exx+d)+I*c”3*d* (a+b*arctan(c*x)) "2/ (c™2xd"2+e"2) "2+1/2*c"2* (cxd—e) * (c*d+e) *
(at+b*arctan(c*x))~2/e/(c”2*d"2+e~2) “2-1/2* (a+b*arctan(c*x)) ~2/e/ (e*x+d) ~2-2
*bxc~3*d* (a+b*arctan(c*xx) ) *1n(2/(1-Ixc*x) )/ (c"2*xd"2+e”2) “2+2*bxc”3*d* (a+b*a
rctan(c*xx))*1n(2/(1+I*xc*x))/(c~2*xd"2+e~2) “2+b~2*c " 2*ex1n(e*xx+d) / (c~2*d"2+e”
2) “2+2xbxc~3*d* (atb*arctan(c*x) ) *1n(2*c* (exx+d) / (ckd+I*e) /(1-I*c*x))/(c™2*d
~2+e72) "2-1/2*%b"2xc"2*e*1n(c"2*x"2+1) / (c"2*d"2+e"2) "2+I*b~2*c~3*d*polylog(2
,1-2/(1-I*c*x) )/ (c™2*d"2+e~2) “2+I*b~2*c"3*d*polylog(2,1-2/(1+I*c*x))/(c"2xd
~2+e72) "2-I*b~2*c"3*d*polylog(2,1-2*c* (exx+d) /(c*d+I*xe)/(1-I*c*x))/(c"2xd~2
+e~2)"2

Rubi [A]

time = 0.39, antiderivative size = 496, normalized size of antiderivative = 1.00, number of

steps used = 19, number of rules used = 15, integrand size = 18, Zumber of rules _ ) g3g
integrand size

Rules used = {4974, 4972, 720, 31, 649, 209, 266, 4966, 2449, 2352, 2497, 5104, 5004, 5040,
4964}

d — ¢)(ed + €)(a + bArcTan(ex))* _ be(a + bArcTaner) _ ic'd(a + bArcTan(ex))? _ 2bcdlog (=
2%@F T ) CF+ ) a+ex) @ ¢

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTan[c*x])~2/(d + e*x)~3,x]

[Out] (b~2*c~3*d*ArcTan[c*x])/(c"2%d"2 + e€72)"2 - (b*cx(a + b*ArcTan[c*x]))/((c"2
*d"2 + e72)*(d + exx)) + (Ixc™3xd*(a + bxArcTan[c*x])~2)/(c"2%d"2 + e72)72
+ (c™2x(cxd - e)*(cxd + e)*(a + bxArcTan[c*x])~2)/(2xe*x(c”2%d"2 + e72)72) -
(a + b*ArcTan[c*x])~2/(2xex(d + e*x)~2) - (2¥bxc~3*d*(a + b*ArcTan[c*x])*L
ogl2/(1 - I*c*x)])/(c™2%d”2 + €72)72 + (2%b*c~3*d*(a + b*ArcTan[c*x])*Logl[2
/(1 + Ixc*x)])/(c™2%d"2 + e72)72 + (b~2%c"2*exLogld + exx])/(c™2%d"2 + e72)
“2 + (2*%b*c”3xd*(a + b*ArcTan[c*x])*Log[(2*c*(d + exx))/((c*xd + I*e)*(1 - I
xcxx))])/(c™2%d"2 + e72)72 - (b~2*c"2*xexLog[l + c™2%x72])/(2*%(c™2*%d"2 + e~2
)~2) + (Ixb~2%c~3*d*PolyLogl[2, 1 - 2/(1 - I*c*x)])/(c”2%d"2 + e72)"2 + (I*b
~2xc~3*%d*PolyLog[2, 1 - 2/(1 + Ixcxx)])/(c"2xd"2 + e€72)"2 - (I*b~2xc~3*d*Po
lyLogl[2, 1 - (2%cx(d + e*x))/((c*d + I*e)*(1 - I*c*x))])/(c”2*d"2 + e72)"2

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]
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Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 720

Int[1/C((d)) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e~2/(c
*d"2 + a*e”2), Int[1/(d + e*x), x], x] + Dist[1/(c*xd"2 + a*e~2), Int[(c*xd -
cxexx)/(a + c*x72), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*xd"2 + a*e”2,
0]

Rule 2352

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, 4, e}, x] && EqQ[e + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] & EqQ[c, 2*d] &% EqQle~2xf + d~2*g, 0]

Rule 2497

Int[Log[u_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x]1)]}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c"2*x"2)),
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x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d~2 + e~2, 0]

Rule 4966

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si
mp[(-(a + bxArcTan([c*x]))*(Log[2/(1 - I*c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 - I*xcxx)]/(1 + c™2*%x~2), x], x] - Dist[b*(c/e), Int[Log[2*cx((d + e
*x)/((cxd + I*xe)*(1 - I*c*xx)))]1/(1 + c™2*x~2), x], x] + Simp[(a + b*ArcTan[
c*x])*(Log[2*xcx((d + exx)/((cxd + Ixe)*(1 - Ixcxx)))]1/e), x]1) /; FreeQl{a,

b, ¢, d, e}, x] && NeQ[c™2*d"2 + e~2, 0]

Rule 4972

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(ex(q + 1))), x] - Dist[bx(
c/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b,
c, d, e, q}, x] && NeQ[q, -1]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [b*cx(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[q] && NeQ[q, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c"2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(-I)*((a + bxArcTan[c*x])~(p + 1)/(bxex(p + 1))), x] - Di
st[1/(cxd), Int[(a + b*ArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQ[e, c~2xd] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx™2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && IGt
Qlp, 0] && EqQle, c~2+d] && IGtQ[m, O]
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Rubi steps
e2?(a+btan1(cz)) 2c2de? (a+btan1(cx)) (ctd?—c?e?—
(a+ btan_l(cx))2 dp = (a+ btan_l(cac))2 (be) [ ((c2d2+e2)(d+ea;)2 (@ 1e2)(d+teq) (@&
(d+ex)d N 2e(d + ex)? e

(ot btan_l(cav))2 N (be) [ (P~ _2cfii§iga+btan_l(m)) dz N (2bc3de) [ = a+bt
2e(d + ex)? e (c2d? + €2)? (c2d? +
__be(a+btan"!(cz)) (a+ btan—(cz))’ B 2bc3d(a + btan~*(cz)) log (2=

(c2d? + €2) (d + ex) 2e(d + ex)? (2d? + €2)*
_be(a+btan~'(cx))  (a+ btan~(cz))? B 2bc3d(a + btan~*(cz)) log (2=

(2d? + €2) (d + ex) 2e(d + ex)? (c2d? + e2)?
_ be(a+btan~(cz))  ic*d(a+ btan~'(cz))? N c*(cd — e)(cd + ¢€) (a + btan

(2d? + €2) (d + ex) (2d? + €2)? %e (c2d? + e2)?

_ b’cdtan”'(cz)  be(a+btan” (cx)) | ic’d(a+ btan—(cz))’ N c2(cd — e)(c
ST @rrey @Rt Ate) | (@) 2
_ b’cdtan”'(cx)  be(a+btan"M(cx)) | ic’d(a+ btan— (ca:)) c*(cd — €)(c
S (@@ te)?  (Pd+e) (d+ex) (@& + &2)? ;
_ Bdtan(cx)  be(a+btan~(cz)) ic’d(a+btan~!(cz))®  cX(ed —e)(c

(d? + €2)? " (P + ) (d + ex)

Mathematica [A]
time = 4.05, size = 479, normalized size = 0.97

-
£

(d? + 62)2

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTan[c*x])~2/(d + e*x)~3,x]

[Out] -1/2*%a"2/(ex(d + exx)~2) + (a*b*x((-e”3 + c~4*d"2xx*(2xd + e*xx) - c 2xe*(3*d
~2 + 2xd*exx + e72*%x72))*ArcTan[c*x] + c*(d + exx)*(-(c"2*xd"2) - e72 + 2xc~
2xdx(d + exx)*Loglc*(d + e*x)] - c”2*%d*(d + exx)*Log[l + c™2*x72])))/((c"2*
d"2 + e72)72%(d + exx)"2) + (b"2xc”2*%((-2+E~(I*ArcTan[(c*d)/e])*ArcTan[c*x]
~2)/(Sqrt[1 + (c™2*d~2)/e"2]*e) - (ex(1 + c~2*x~2)*ArcTan[c*x]~2)/(c"2*(d +
exx)~2) + (2*xxArcTan[c*x]*(e + c*d*ArcTan[c*x]))/(cxd*(d + exx)) + (-2xe~
2xArcTan[cxx] + 2*c*d*exLog[(cx(d + exx))/Sqrt[l + c”2%x72]]1)/(c”3%d"3 + cx*
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dxe~2) - (2xcxd*((-I)*(Pi - 2*ArcTan[(c*d)/e])*ArcTan[c*x] - PixLog[1l + E~(
(-2%I)*ArcTan[c*x])] - 2x(ArcTan[(c*d)/e] + ArcTan[c*x])*Log[l - E~((2*I)x*(
ArcTan[(c*d)/e] + ArcTan[c*x]))] - (PixLog[l + c"2*x72])/2 + 2xArcTan[(c*d)
/el *Log[Sin[ArcTan[(c*d)/e] + ArcTan[c*x]]] + I*PolyLogl[2, E~((2*I)*(ArcTan
[(cxd)/e] + ArcTan[c*x]))]1))/(c™2%xd"2 + €72)))/(2*%(c”2%d"2 + e72))

Maple [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 964 vs. 2(478) = 956.
time = 5.14, size = 965, normalized size = 1.95 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x))~2/(exx+d)"3,x,method=_RETURNVERBOSE)

[Out] 1/cx(-axbxc~3/(c*e*x+c*d) "2/e*xarctan(c*xx)+I*b~2*xc"4/(c"2*d"2+e”2) ~2xd*1n (c*
exx+cxd) *1n ((I*e-cxe*xx) / (cxd+I*xe))-1/2*%Ixb~2%c"4/(c™2*xd"2+e"2) “2xd*1n (c*x+I
Y*1n(1/2%I* (c*x-1))+1/2%xI*b"2*xc"4/ (c"2*%d"2+e"2) "2*d*1n (c*x+I)*1n(c"2*%x~2+1)
-I*xb~2xc"4/(c"2xd"2+e"2) "2xd*1n (c*e*x+c*xd) *1n ((I*e+cxex*xx) / (I*xe-c*xd) ) -1/2*Ix*
b~ 2xc~4/(c"2*%d"2+e"2) " 2*xd*1n (c*xx-I)*1n(c™2*x"2+1)+1/2%I*b"2*c~4/ (c~2*%d"2+e”
2) ~2*%d*1n(cxx-I)*1n(-1/2*I* (c*x+I))+axb*c~5/e/ (c"2*xd~2+e~2) "2*arctan (c*x) *d
~2-axb*c”4/(c"2xd"2+e"2) “2xd*1n(c"2*x"2+1) —axb*c”"3*e/ (c"2*xd"2+e"2) "2*arctan
(c*x)+2*a*xb*c”4*d/ (c"2*d"2+e"2) “2x1n (c*xe*x+c*d) +1/2*b"2*c"5/e/ (c"2*d"2+e"2)
~2*xarctan(c*x) "2*xd"2-b~2*c 4*arctan(c*x) / (c"2*%d"2+e"2) "2*d*1n (c~2*x"2+1) +2*
b~2%c~4xarctan(c*x) *d/ (c~2xd"2+e”~2) “2*%1n (cke*x+c*d) +I*b~2%c~4/(c~2*%d"2+e~2)
~2xd*dilog((I*e-c*xex*x)/(cxd+Ixe))-1/4xIxb~2%c"4/(c"2*d"2+e~2) “2*d*1n(c*x+I)
~2-1/2*%I*b"2xc~4/(c"2*%d"2+e"2) "2xd*dilog(1/2*I* (cxx-I))-I*b~2*c~4/(c~2*d 2+
e"2)"2*d*dilog((I*xe+c*e*x)/(I*e-c*d))+1/4*xI*xb"2xc~4/(c"2*d"2+e"2) "2*d*1n(c*
x-I)"2+1/2%I%b"2%c~4/(c"2*d"2+e"2) “2*d*dilog(-1/2*I* (c*x+I))-a*b*xc~3/(c~2*d
~2+e~2) / (c*xexx+c*xd) -1/2x%b~2xc~3/ (c*xexx+c*xd) ~2/exarctan(c*x) ~2-1/2%b"2%c"3*e
/(c™2xd"2+e”2) "2xarctan (c*x) ~2-b~2*c " 3*arctan(c*x)/(c~2*xd"2+e"2) / (cke*xx+c*d
)-1/2%b"2%c"3*e/ (c"2xd"2+e”2) "2x1n(c"2*x"2+1) +b"2%c"4/ (c~2*d"2+e”~2) ~2xd*arc
tan (c*x)+b~2*%c"3*e/ (c"2*d"2+e~2) “2*x1n (c*xexx+c*xd) -1/2*%a~2xc” 3/ (c*xexx+c*xd) ~2/
e)

Maxima [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x)) 2/ (e*x+d)"3,x, algorithm="maxima")
[Out] Timed out
Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x)) 2/ (e*x+d)"3,x, algorithm="fricas")
[Out] integral((b~2*arctan(c*x)~2 + 2%a*b*arctan(cxx) + a~2)/(x"3*e”3 + 3*d*x"2xe

~2 + 3*%d"2*x*e + d473), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atan(c*x))**2/(e*xx+d)**3,x)
[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arctan(c*x))~2/(e*x+d)~3,x, algorithm="giac")

[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

dz

/ (a + batan(cz))”
(d+ex)®

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))~2/(d + e*x)~3,x)
[Out] int((a + b*atan(c*x))~2/(d + e*x)~3, x)
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3.15 [(d + ex)*(a + bArcTan(cz))® dx

Optimal. Leaf size=652

3ab’de’r bedx N b3e® ArcTan(cz) N 3b3de?zArcTan(cz) N b*e*z*(a + bArcTan(cz)) 3bde®(a + bArcTan(cs

c? 4¢3 4ct c? 4c? 2c3

[Out] 3*a*xb~2+d*e~2*xx/c”2-1/4*xb~3*e”3*x/c~3+1/4%b"3*e"3*arctan(c*xx)/c”4+3*b~3*xd*e
~2xx*arctan(c*x)/c"2+1/4%b"2*e”~3*x"2* (a+b*arctan(c*x)) /c~2-3/2*bxd*e~2* (a+b
*xarctan(c*x) ) ~2/c”3+3*I*b~2xd* (cxd-e) * (c*d+e) * (a+b*arctan(c*x))*polylog(2,1
-2/ (1+I*c*x))/c~3-3/4*%I*b*ex (6*c”2*d"2-e"2) * (a+b*arctan(c*x)) ~2/c"4-3/4*b*e
* (6xc~2*%d"2-e72) *xx* (a+b*arctan(c*x) ) ~2/c~3-3/2*b*xd*e”2*x"2* (a+b*arctan (c*x)
)"2/c-1/4%b*e"3*x"3* (a+b*arctan(c*x)) ~2/c+I*d* (c*d-e) *(c*d+e)* (a+b*arctan(c
*x))"3/c”"3-1/4*%(c"4*xd"4-6*c~2*%d"2*e"2+e"4) * (a+b*arctan(c*x))~3/c"4/e+1/4% (e
xx+d) ~4* (at+b*arctan(c*x)) ~3/e+1/2%b"2xe~3* (at+b*arctan (c*x))*1n(2/ (1+I*c*x))
/c”4-3/2*%b"2%ex (6*xc~2*d"2-e"2) * (a+b*arctan(c*x) ) *1n(2/ (1+I*c*x) ) /c”4+3*b*dx*
(cxd-e) * (cxd+e) * (a+b*arctan(c*x) ) ~2*x1n(2/ (1+I*c*x))/c”~3-3/2*xb~3*d*e~2*x1n(c”
2*%x"2+1) /c~3-3/4*Ixb"3xex (6*%c~2*%d"2-e~2) *polylog(2,1-2/ (1+I*c*x))/c~4+1/4%1
*b~3%e~3*polylog(2,1-2/(1+I*c*x))/c~4+1/4*I*xb*e”~3*(atb*arctan(c*x))~2/c~4+3
/2xb~3%d* (c*d-e) * (c*d+e) *polylog(3,1-2/(1+I*c*x))/c~3

Rubi [A]
time = 0.82, antiderivative size = 652, normalized size of antiderivative = 1.00, number of

steps used = 29, number of rules used = 15, integrand size = 18, humber of rules _ ) g3g
integrand size

Rules used = {4974, 4930, 5040, 4964, 2449, 2352, 4946, 5036, 266, 5004, 327, 209, 5104,
5114, 6745}

Antiderivative was successfully verified.
[In] Int[(d + e*xx)"3*(a + bxArcTan[c*x])~3,x]

[Out] (3*a*b~2*d*e~2*x)/c”2 - (b~3*e"3*x)/(4*c”3) + (b~ 3*e"3*ArcTan[c*x])/(4*xc"4)
+ (3*%b~3*xd*e”2*x*ArcTan[c*x])/c”2 + (b™2*xe"3*x"2*(a + bxArcTan[c*x]))/(4*c
~2) - (3*bxd*e”2x(a + b*ArcTan[c*x])~2)/(2*xc"3) + ((I/4)*b*xe"3*(a + b*ArcTa
nlc*x])"2)/c”4 - (((3*I)/4)*b*ex(6xc~2*d"2 - e~2)*(a + bxArcTan[c*x])~2)/c”
4 - (3*bxe*x(6xc”2xd"2 - e”2)*x*(a + bxArcTan[c*x])~2)/(4*%c~3) - (3*bxd*e~2x
x"2%(a + bxArcTan[c*x])"2)/(2*%c) - (b*e"3*x"3*(a + b*ArcTan[c*x]) ~2)/(4*c)
+ (I*d*(cxd - e)*(cxd + e)*(a + bxArcTan[c*x])~3)/c”3 - ((c™4*d~4 - 6*xc™2xd
~2xe”2 + e”4)x(a + b*ArcTan[c*x])"3)/(4xc"4*e) + ((d + e*x)~4*x(a + b*ArcTan
[c*x])~3)/(4%xe) + (b~2xe"3x(a + b*ArcTan[c*x])*Logl[2/(1 + I*c*x)])/(2%c~4)
- (3*%b"2*xex(6%c”2%d"2 - e"2)*(a + bxArcTan[c*x])*Logl[2/(1 + I*c*x)])/(2xc~4
) + (3*b*d*(c*d - e)*(c*d + e)*(a + b*ArcTan[c*x]) 2*Log[2/(1 + Ixc*x)])/c”
3 - (3*b~3xd*e”2*xLog[1 + c~2*x~2])/(2%c~3) + ((I/4)*b~3*e~3*PolyLogl[2, 1 -
2/(1 + Ixcxx)])/c”4 - (((3%I)/4)*b~3%e*x(6%c~2*xd"2 - e~2)*PolyLog[2, 1 - 2/(
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1 + Ixcxx)])/c”4 + ((3*I)*b~2*d*(c*d - e)*(cxd + e)*(a + bkArcTan[c*x])*Pol
yLog[2, 1 - 2/(1 + I*c*x)])/c™3 + (3*b~3*d*(cxd - e)*(cxd + e)*PolyLogl[3, 1
- 2/(1 + Ixc*x)])/(2%c"3)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symboll :> Simp[(1/(Rt[a, 21*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0]1)

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*x(m + n*p + 1))), x] - Dist[
axcn*x((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQle~2xf + d~2xg, 0]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTan[c*x"n]) “p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
-1/ + c”2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 4946

Int[((a_.) + ArcTan[(c_.)*(x_)"(a_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + bxArcTan[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m +
1)), Int[x"(m + n)*((a + b*ArcTan[c*xx™n])~(p - 1)/(1 + c™2*xx~(2*n))), x], x
1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 1] || (EqQ[n, 1] &&
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IntegerQ[m])) && NeQ[m, -1]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))~(p_.)/((d_) + (e_.)*(x_)), x_Symboll
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]1/(1 + c~2%x72)),
x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [bxcx(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b¥ArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlq] && NeQlq, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)/((@_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c”2xd] && NeQ[p, -1]

Rule 5036

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*((f_.)*(x_))"(m_))/((d_) + (e
_)*(x_)72), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + bxArcTan[c*x])
“p, x], x] - Dist[d*(£72/e), Int[(f*x)~(m - 2)*((a + b*ArcTan[c*x]) p/(d +
exx”2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b*ArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + b*ArcTan[c*x]) p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQle, c~2+d] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTan[c*x]) p
/(d + exx”2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, O]

Rule 5114
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Int[(Loglu_l*((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(x_)"2
), x_Symbol] :> Simp[(-I)*(a + b*ArcTan[c*x]) “p*(PolyLog[2, 1 - ul/(2*c*d))
, x] + Dist[b*p*(I/2), Int[(a + b*ArcTan[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(
d + exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQle, ¢~
2x%d] && EqQ[(1 - w)"2 - (1 - 2%x(I/(I - c*x)))~2, 0]

Rule 6745
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, vl, x] /; !FalseQ[wl]l /; FreeQ[n, x]

Rubi steps

_ 2
(3bC) f <e2(602d2—e2)(;1:-btan H(e)) + 4de

/(d +ex)® (a+btan~'(cz))’ de = (d+en) (a+btan~(cr))”

4e

044—02262 64 02 ca—e)e(c €e)x )
(d+€x)4 (a+btan_1(cx))3 B (3b)f ( d 6c=d’ + +4 d(lticzzl:; d+) )

4e 4c3e

_ 3be(6c*d” — €*) z(a + btan~(cz))? _ 3bde*z*(a + btan—(cz))’

4¢3 2c
_ 3ibe(6c*d? — €?) (a+ btan~(cz))? _ 3be(6c*d”* — €*) z(a + btan”!
B 4ct 4¢3

3ab?de’r  b2e3z2(a + btan'(cz))  3bde*(a+ btan~(cz))’  ibe
= + - + =
c? 4c? 2¢3

3ab’de’r  bdelr  3b3de’ztan'(cz) b%e3z*(a + btan~'(cz))
— - + + —
c? 4¢3 c? 4c?

_ 3ab’de’z  belx N b3ed tan™!(cx) N 3b3de?z tan™! (cx) N be3x?(a -

c? 4¢3 4ct c?
_ 3ab’de’r  be’r  be’tan'(cx) | 3bPde’wtan'(cz) | b*e’z?(a-
T2 4 * 4ct * c? *

Mathematica [A]
time = 1.21, size = 855, normalized size = 1.31

Antiderivative was successfully verified.
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[In] Integrate[(d + exx)~3*(a + bxArcTan[c*x])~3,x]

[Out] (a™2%c*(4*axc™3*d~3 + 3*bke*x(-6xc™2*d"2 + e72))*x + 6%a”~2%c”3*d*e*(a*xc*d -
bxe)*x"2 + a"2xc"3%e”2%(4*axcxd — b¥e)*x”3 + a"3*kc"4*e"3*x"4 + 3*a~2%b*(6%c
~2xd"2%e - e73)*ArcTan[c*x] + 3%a~2%b*c 4*x*(4*d"3 + 6*%d"2%e*x + 4kdke 2%x”
2 + e73*x73)*ArcTan[c*x] + axb™2*%e”3%(1 + c™2*x"2 + (6*c*x - 2%c~3*x"3)*Arc
Tan[c*x] + 3%(-1 + c”4*x"4)*ArcTan[c*x] "2 - 4xLog[l + c™2%xx"2]) - 6*%a~2x*b*c
*xd*x(c"2xd"2 - e"2)*Logl[l + c~2*%x"2] + 18*axb~2xc~2*d 2*ex (-2*c*x*ArcTan[c*x
1 + (1 + c™2%x"2)*#ArcTan[c*x] "2 + Log[1l + c™2*x"2]) + 12%a*b~2xc~3*d"~3*(Arc
Tan[c*x]*((-I + c*x)*ArcTan[c*x] + 2*Log[1 + E~((2*I)*ArcTan[c*x])]) - I*Po
lyLog[2, -E~((2*I)*ArcTan[c*x])]) + 12%a*b~2xcxd*e 2% (c*x + (I + c~3*x"3)*A
rcTan[c*x] "2 - ArcTan[c*x]*(1 + c™2*xx"2 + 2xLog[1 + E~((2*I)*ArcTan[c*x])])
+ IxPolyLog[2, -E~((2*I)*ArcTan[c*x])]) + 6%b~3*c~2*d 2*ex(ArcTan[c*x]*((3
*I - 3%c*x)*ArcTan[cxx] + (1 + c™2xx"2)*ArcTan[c*x]~2 - 6*Log[1 + E~((2*I)*
ArcTan([c*x])]) + (3*%I)*PolyLog[2, -E~((2*I)*ArcTan[c*x])]) + b~3*e”~3*(-(c*x
) - (4*%I - 3%c*kx + c"3*%x"3)*ArcTan[c*x]"2 + (-1 + c"4*x"4)*ArcTan[c*x]~3 +
ArcTan[c*x]*(1 + c™2%x"2 + 8*Log[l + E~((2*I)*ArcTan[c*x])]) - (4*I)*PolyLo
gl2, -E~((2*I)*ArcTan[c*x])]) + 2xb~3*c*d*e”2x(6*cxx*ArcTan[c*x] - 3*ArcTan
[c*x] "2 - 3xc™2*x"2*ArcTan[c*x] "2 + (2*I)*ArcTan[c*x]~3 + 2%c~3*x"3xArcTan[
c*x]~3 - 6xArcTan[c*x] ~2xLog[1 + E~((2*I)*ArcTan[c*x])] - 3*Logl[l + c~2*x"2
1 + (6xI)*ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])] - 3*PolyLog[3, -E~
((2xI)*ArcTan[c*x])]) + 2*%b~3%c~3*d~3*(2*ArcTan[c*x] "2*((-I + c*x)*ArcTanl[c
*xx] + 3xLog[l + E~((2*I)*ArcTan[c*x])]) - (6%I)*ArcTan[c*x]*PolyLog[2, -E~(
(2xI)*ArcTan[c*x])] + 3*PolyLog[3, -E~((2*I)*ArcTan([c*x])]))/(4%c"4)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 22.02, size = 3456, normalized size = 5.30

method result size
derivativedivides | Expression too large to display | 3456

default Expression too large to display | 3456

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) ~3*(at+b*arctan(c*x))~3,x,method=_ RETURNVERBOSE)

[Out] 1/c*(-3/4*I%b~3/c”2*e”2*Pi*d*csgn(I/((1+I*c*x)~2/(c™2*x"2+1)+1)~2)*csgn (I*(
1+Ixc*x) "2/ (c™2xx"2+1) / ((1+I*c*x) "2/ (c™2%x"2+1)+1) "2) "2*%arctan(c*x) "2+3/2*1
*b~3/c"2xe"2*Pi*xd*csgn (I* ((1+I*c*x) "2/ (c™2*%x"2+1)+1) ) *csgn(I* ((1+I*c*x)~2/(
Cc”2%x72+1)+1) "2) "2*arctan(c*x) "2+3/4*I*b"3/c"2*e~2*Pi*d*csgn (I* (1+I*c*x)/(c
T2%x72+1)7(1/2) ) "2*csgn(I* (1+I*c*x) "2/ (c™2%x"2+1) ) *arctan (c*x) "2-3/2*Ixb~3/
c~2*xe"2xPixdxcsgn (I* (1+I*c*x)/(c™2*xx"2+1)~(1/2) ) *csgn (I* (1+I*c*x) "2/ (c~2%x~
2+1)) "2*arctan(c*x) "2+1/4*axb~2/c*e"3xx"2-3/4*Ixb~3/c"2xe"2xPixd*csgn (I*((1
+I*c*xx) "2/ (c™2*%x"2+1)+1)) “2*csgn (I* ((1+Ixc*x) 2/ (c"2*x"2+1)+1) “2) *arctan(c*
x) "2-3/4%I%b~3/c"2%e"2*Pi*d*csgn (I* (1+I*c*x) "2/ (c™2%x"2+1) ) *csgn (I* (1+I*c*x
)"2/(c”2%x"2+1) / ((1+I*c*x) ~2/(c™2%x~2+1)+1) "2) “2*arctan(c*x) ~2+3/4*Ixb~3*Pi
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*d~3*csgn (I/((1+Ixc*x)~2/(c™2%xx"2+1)+1) "2) *csgn(I* (1+I*cxx) "2/ (c™2*xx~2+1) /(
(1+I*c*x) "2/ (c™2*%x"2+1)+1) "2) "2*arctan(c*x) "2-3/4*a*xb”2/c~3*e”3*arctan (c*x)
~2-axb~2/c"3%e”"3*x1n(c"2*xx"2+1) -3*a*b~2*arctan (c*x) *1n(c”2*x"2+1) *d"3+3/2x I *
a*b~2*%d"3*dilog(-1/2*I* (c*x+I))+3/4*I*a*xb~2%d 3*1n(c*x-I) ~2-3/2*I*a*xb~2%d~3
*dilog(1/2*I* (c*x-1))-3/4*I*axb~2+d"3*1n(c*x+I) "2-3/4*a~2xb/c~3*arctan(c*x)
*@~3-1/4%b"3/c"2*e"3*x+b~3*arctan (c*x) “3*d"3*c*x-3/2*xb"3/c"2*xe"2*xd*arctan(c
*x) "2+3/2%b"3/c*xe*xarctan(cxx) “3*d"2+3*b"3/c"2*e"2xd*x1n ((1+I*c*x) "2/ (c"2*x"2
+1)+1)-3/2%b~3/c"2*e~2*d*polylog(3, - (1+Ixc*x) "2/ (c"2*x"2+1))+2*b~3/c"3*e"~3*
arctan(c*xx) *1n(1+I* (1+I*c*x)/(c™2*x"2+1)~(1/2))+2*¥b~3/c"3*e " 3*arctan(c*xx) *1
n(1-I*(1+I*c*x)/(c™2%x72+1)~(1/2))-3*I*b~3*d"3*arctan (c*x) *polylog(2,-(1+I*
c*x) "2/ (c™2%x"2+1) ) -I*b~3/c"3*e"3*arctan(c*x) "2-2%xIxb~3/c"3*e~3*dilog (1-I*(
1+I*c*x)/(c™2%x72+1) " (1/2) ) -2*I*b~3/c”3*e"3*xdilog (1+I* (1+I*c*x)/(c™2*x~2+1)
~(1/2))-3/2xI*axb”2/c"2*e"2xd*1n(c"2*x"2+1) *In(c*x+I)-3/2*xI*a*xb~2/c"2*e~2*d
*1n(-1/2*%I* (cxx+I) ) *1n(c*xx-I1)+3/2*%I*axb~2/c”~2*e 2xd*x1n(c~2*x~2+1) *1n(c*x-I)
+3/2*%I*axb~2/c"2*e~2*d*1n (c*x+I)*1n(1/2*I* (c*x-I))-3/4*I*b"3/c"2*e 2*Pi*d*c
sgn(Ix((1+I*c*x) "2/ (c™2*x"2+1)+1)~2) “3*arctan(c*x) "2+3/4*xI*b~3/c"2xe~2+Pixd
xcsgn (Ix(1+Ixc*x) "2/ (c™2%x"2+1) / ((1+I*c*x) "2/ (c™2*xx"2+1)+1) ~2) “3*arctan(c*x
) "2+3/4xIxb~3/c"2*e"2xPixd*csgn (I* (1+I*c*x) ~2/(c~2%x~2+1)) “3*arctan(c*x) ~2-
3/4xIxb~3*%Pi*d~3*csgn(I/((1+I*c*x)~2/(c™2*x"2+1)+1) ~2) *csgn (I* (1+I*c*x) "2/ (
c~2xx"2+1) ) *csgn (I* (1+I*c*xx) "2/ (c™2*x"2+1) / ((1+I*c*x) "2/ (c™2%x"2+1)+1) "2) *a
rctan(c*xx) "2-9*a*xb~2xe*arctan (c*xx) *d~2*x-3*a*xb”~2*e 2*xarctan (c*x) *d*xx~2+9/2%
axb~2xcke*xarctan(ckxx) "2*%d"2xx"2+3*a*b~2xcxe” 2*arctan (c*xx) "2*d*x~3+9/2*a"2%b
xcxexarctan (cxx) *xd"2*x"2+1/4* (cke*x+cxd) "4*a~3/c~3/e-3/2*a"2xbx1n(c"2*x"2+1
) *d~3+3*b~3*%d"3*1n ((1+I*c*x)/(c™2*xx~2+1) " (1/2) ) *arctan(c*x) “2-3/2xb"3*arcta
n(c*x) "2*1n(c~2*x"2+1) *d~3-1/4*I*b~3/c~3*xe”~3-I*b~3*d"3*arctan(c*x) ~3-1/4*b~
3/c~3*%e~3*arctan(c*x) “3+1/4xb~3/c~3*arctan (c*xx)*e~3+3*xb~3*1n(2) *d~3*arctan (
c*x) "2+3/4xIxb~3*%Pi*d~3*csgn (I* ((1+I*c*x) "2/ (c™2%x"2+1)+1)) "2xcsgn(I* ((1+Ix*
c*x) "2/ (c™2*%x"2+1)+1) "2) ¥*arctan (c*x) “2+3/4*Ixb~3*%Pi*d~3*csgn (I* (1+I*c*x) "2/
(c™2%x72+1) ) *csgn (I* (1+Ixc*x) ~2/(c™2*x"2+1) / ((1+I*c*x) "2/ (c™2*xx"2+1)+1)"2)"
2*%arctan(c*x) "2+3/2*%I*b~3*%Pi*xd~3*csgn (I* (1+I*c*x)/(c™2*xx"2+1)~(1/2))*csgn(I
* (1+I*xc*x) "2/ (c"2*%x"2+1) ) "2*arctan(cxx) ~2-3/2*%I*b~3*Pi*d~3*csgn (I* ((1+I*c*x
)"2/(c™2%x"2+1)+1) ) *csgn (I* ((1+I*c*x) "2/ (c™2*x"2+1)+1) "2) "2*arctan(c*x) ~2-9
/2*b~3*xe*xarctan (c*xx) "2*%d"2*x-3/2*b"3*e"2*arctan (c*x) “2xd*x~2+3/2*xb"3*c*e*ar
ctan(c*x) ~3*%d~2*x"2+b"3*c*xe~2*arctan (cxx) “3*d*x~3+3*b~3/c*e " 2xd*arctan (c*x)
*x+3%a*b”~2/c”2*e " 2*%arctan(c*xx) *1n(c™2*x"2+1) *d+3/2*I*axb~2/c"2*e"2*xd*dilog(
1/2%I*(c*x-1I))-3/2*I*a*b~2/c"2%e”2*d*dilog(-1/2*I* (c*x+I))-3/4*I*a*xb~2/c~ 2%
e~ 2xd*1n(c*x-I) "2+3/4xI*a*xb~2/c 2xe 2xd*1n (c*x+I) "2-9/2*a~2*b*d " 2*exx-3/2*a
“2xbxd*e”2*x"2+3/4*a"2*¥b*xcxe”3*karctan (c*xx) *x"4+3/4*axb”2*c*e~3*arctan(c*x)”
2%x~4-1/2%a*b~2xe”"3*arctan (c*xx) *x~3+3/2*xa*xb”2/c " 2*xe~3*arctan (cxx) xx+3*a*xb~2
/ckxd*xe”2*xx—-1/4*b"3*xe"3*arctan(c*x) ~"2*x"3+3/4*b"3/c"2*e"3*arctan (c*x) ~2*xx+1/
4xb~3/c*e”3*arctan (c*x) *x"2+9*I*b~3/c*exd"2*dilog (1-I* (1+I*c*x)/(c™2%x"2+1)
~(1/2))+9%I%b"3/cxe*xd~2*dilog (1+I* (1+I*c*x)/(c™2%x"2+1)~(1/2))-3*I*xb~3/c”2%
e 2xd*arctan (c*x)+9/2*I*b~3/cxe*xd " 2*arctan(c*x) "2-1/4*a"2*b*e~3*x"3+3/4*a"~2
*b/c”2xe”3xx+3*a”2*¥b*arctan (c*x) *d"3xc*x+3/2*a~2*b/c"2*e"2*1n(c"2*x"2+1) *d+
9/2xa”~2*b/c*exarctan(c*x)*d~2+9/2*a*b~2/cxe*1ln(c~2xx"2+1) *d~2+9/2*a*b~2/c*e
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*arctan (c*x) “2xd"2-3*a*b~2/c”2*e " 2*d*arctan (c*x)+3/2*xI*a*b~2*xd~3*1n(c"2*x"2
+1)*1n (cxx+I1)+3/2*%I*a*b~2*d"3*1n(-1/2*I* (c*x+I) ) *1n(c*xx—-1)-3/2*I*a*b~2xd"3*
In(c™2*x"2+1) *1n(c*x-I)-3/2*I*axb~2+%d"3*1n(c*x+I) *1n(1/2*xI* (cxx-1))+1/4*xb"3
*xcxe~3*arctan(c*x) “3*x"4+3*%I*b~3/c”2*e"2*d*arctan(c*x)*polylog(2, - (1+I*c*x)
~2/(c”2%x"2+1) )+3/2%b"3/c"2*e~2*arctan (c*x) “2*1n(c"2*x"2+1) *d+I*b~3/c"2*e"2
*d*xarctan(c*x) “3-3*b~3/c"2*xe”~2*1n(2) *d*arctan (c*x) “2-9*b~3/c*exd"2*arctan(c
*x) *1n (1+I* (1+I*c*xx) /(c™2%x"2+1) " (1/2) ) -9*b~3/c*xe*d~2*arctan (cxx) *1n(1-I* (1
+Ixc*xx)/(c™2%x72+1) " (1/2))-3*b"3/c"2*e~2xd*1n ((1+I*c*x)/(c™2*xx"2+1) ~(1/2) ) *
arctan(c*x) "2-3/4*I*b~3*%Pixd~3*csgn (I*(1+I*c*x) 2/ (c™2*x"2+1)) "3*arctan(c*x
) "2-3/4*Ixb~3*%Pi*d~3*csgn(I* (1+I*c*x) "2/ (c™2*x"2+1) / ((1+I*c*x) "2/ (c™2%x"2+1
)+1)~2) “3*arctan(c*x) “2+3/4*Ixb~3*%Pixd~3*csgn (I* ((1+Ixc*x)~2/(c™2*x"2+1)+1)
~2) “3*arctan(c*x) "2+3*axb~2*arctan(cxx) “2*d"3*c. ..

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d) ~3*(at+b*arctan(c*x))~3,x, algorithm="maxima")

[Out] 7/32%b~3*d~3*arctan(c*x)~4/c + 336*b~3*c~2xd"2*exintegrate(1/128*x"~3*arctan
(c*x)~3/(c™2*%x"2 + 1), x) + 36*%b"3%c™2*d"2*exintegrate(1/128*x~3*arctan(c*x
)*log(c™2*x"2 + 1)72/(c”™2*x"2 + 1), x) + 1152%a*b~2xc~2*d"2*exintegrate(1/1
28+x~3*arctan(c*x)~2/(c"2*xx"2 + 1), x) + 112%b~3%c"2xd"3*integrate(1/128*x~
2%arctan(c*x)~3/(c”2xx"2 + 1), x) + 72%b"3*c"2*d"2*exintegrate(1/128%x"3*ar
ctan(c*x)*log(c™2%x"2 + 1)/(c™2%x"2 + 1), x) + 12%b~3*c”2*d"3*integrate(1/1
28*x~2*%arctan(c*x)*log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 384*a*b”2*c~2xd"3
xintegrate(1/128*x~2*arctan(c*x)~2/(c™2*x"2 + 1), x) + 48%b~3*c~2*d"3*integ
rate(1/128+x"2*arctan(c*x)*log(c”™2*x"2 + 1)/(c™2*x"2 + 1), x) + axb~2xd"3*a
rctan(c*x)"3/c + 1/4%a"3%x"4*e"3 + a~3*kd*x"3%e"2 + 3/2%a"3*d"2*x"2%e + 336%
b~3*c”2*d*e"2*integrate(1/128*x"4*arctan(c*x) ~3/(c”2*%x"2 + 1), x) + 36*%b~3*
c"2xd*e”2*integrate(1/128*x"4*arctan(cxx)*log(c™2*x"2 + 1)72/(c™2*x"2 + 1),
x) + 1152%axb~2xc~2*d*e"2xintegrate(1/128*x~4*arctan(c*x)~2/(c"2*%x"2 + 1),
X) + 48%b~3*%c”2xd*e”2*integrate(1/128*x~4*arctan(c*x)*log(c™2*x"2 + 1)/(c”
2*x"2 + 1), x) - 72%b~3*cxd"2*e*integrate(1/128*x~2*arctan(c*x) "2/ (c”~2*x"2
+ 1), x) + 18xb~3*c*d 2xexintegrate(1/128*x"2x1log(c™2*x"2 + 1)72/(c™2%x"2 +
1), x) - 48xb~3%c*d"3xintegrate(1/128*x*arctan(c*x)~2/(c™2*x"2 + 1), x) +
12¥b~3*c*d~3*integrate(1/128*x*log(c™2*x~2 + 1)72/(c”2*x"2 + 1), x) + a~3*d
“3xx + 9/2%(x"2*arctan(c*x) - c*(x/c”2 - arctan(c*x)/c”3))*a”2*b*d"2%e + 11
2¥b~3xc"2*e”"3*integrate(1/128+x"5*xarctan(c*x) ~“3/(c”2*xx"2 + 1), x) + 12%b~3*
c"2*e"3*integrate(1/128+x~5*arctan(c*x)*log(c™2*xx~2 + 1)72/(c"2*x"2 + 1), x
) + 384xaxb~2xc”2xe"3xintegrate(1/128*x"5*arctan(c*x)~2/(c™2*%x"2 + 1), x) +
12xb~3%c~2*e"3*integrate(1/128*x"5*arctan(c*x)*log(c™2*x"2 + 1)/(c™2%x"2 +
1), x) - 48xb~3*c*kd*e~2*integrate(1/128*x"3*arctan(c*x)~2/(c™2*x"2 + 1), x
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) + 12%b~3*c*d*e~2*integrate(1/128*x~3xlog(c™2*x"2 + 1)72/(c™2*%x"2 + 1), x)
+ 336%b~3*d"2xexintegrate(1/128*x*arctan(c*x)~3/(c"2*x"2 + 1), x) + 36%b~3
*d"2*exintegrate(1/128*x*arctan(c*x)*log(c™2*x"2 + 1)72/(c”™2*%x"2 + 1), x) +
1162*a*b~2*d"2*e*integrate (1/128*x*arctan(c*x) ~2/(c"2*x"2 + 1), x) + 12%b~
3*%d"3xintegrate(1/128*arctan(c*x)*log(c”™2*x"2 + 1)72/(c"2*%x"2 + 1), x) + 3/
2% (2*c*xx*arctan(c*x) - log(c™2*x"2 + 1))*a~2%b*d~3/c + 3/2%(2*x"3*arctan(c*
x) - cx(x72/c”2 - log(c™2%x"2 + 1)/c”4))*a"2*b*d*e”2 - 12xb~3*c*e"3*integra
te(1/128+x~4*arctan(c*x) "2/(c"2*x"2 + 1), x) + 3*b~3*c*e"3xintegrate(1/128%
x"4xlog(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + 336*b~3*d*e”2*integrate(1/128*x~
2*arctan(cxx) "3/(c”2*x"2 + 1), x) + 36*%b"3*d*e"2*integrate(1/128*x"2*arctan
(cxx)*log(c™2*%x"2 + 1)72/(c™2*x"2 + 1), x) + 1152*%axb~2*d*e"2*integrate(1/1
28*x~2*%arctan(c*xx)~2/(c™2*x"2 + 1), x) + 1/4*x(3*x"4*arctan(c*x) - c*x((c™2*x
"3 - 3%x)/c”4 + 3xarctan(c#*x)/c”5))*a"2xb*e”~3 + 112%b~3*e”"3*integrate(1/128
*xx~3%arctan(c*x) ~3/(c"2*x"2 + 1), x) + 12%b~3%e”"3*integrate(1/128*x~3*arcta
n(c*xx)*log(c™2*xx"2 + 1)72/(c™2%x"2 + 1), x) + 384*a*b”2xe"3*integrate(1/128
*x"3xarctan(c*x) ~2/(c”™2*x"2 + 1), x) + 1/32%(b"3*x"4%e”3 + 4%b~3xd*x"3*%e"2
+ 6xb~3%d"2%x"2%e + 4*b~3*d"3*x)*arctan(c*x)”3 - 3/128%(b~3*x"4*e"3 + 4*b~3
*xd*xx~3%e”"2 + 6%b~3*%d"2xx"2%e + 4xb~3%d”3*x)*arctan(c*x)*log(c”2*x"2 + 1)72

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctan(c*x))~3,x, algorithm="fricas")

[Out] integral(a™3*x"3%e~3 + 3%a~3%d*x"2%e”2 + 3*a~3*d"2*x*e + a~3*d"3 + (b~3*x"3
*e~3 + 3*b~3*kd*x"2*e”2 + 3*b"3*d"2*x*e + b~ 3*d"3)*arctan(c*x) "3 + 3x(a*b~2*
X"3*%e”3 + 3xaxb”2*d*x"2*e”2 + 33*kaxb~2xd"2xx*e + a*b~2*d"3)*arctan(c*x)”"2 +

3% (a"2xb*x"3*%e”3 + 3*ka"2*b*xd*x"2*%e”2 + 3*a”~2kb*d"2*x*e + a”~2%b*d~3)*arctan(

c*x), X)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batan (cz))® (d + ex)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**3*(at+b*atan(c*x))**3,x)
[Out] Integral((a + b*atan(c*x))**3*(d + e*x)**3, x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x+d) ~3*(a+b*arctan(c*x))~3,x, algorithm="giac")
[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a+ batan(cz))® (d + exz)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x)) 3*%(d + e*x)~3,x)

[Out] int((a + b*xatan(c*x))~3*(d + e*x)~3, x)
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3.16 [(d + ex)*(a + bArcTan(cz))® dx

Optimal. Leaf size=411

abze2x+b362xArcTan(cx) _ 3ibde(a + bArcTan(cz))® be?*(a + bArcTan(cz))®  3bdex(a + bArcTan(cz))?
c? c? c? h 2c3 a c

[Out] a*b~2%e”~2*x/c”2+b~3*e~2*kx*arctan(c*x)/c~2-3*I*bxd*e* (a+b*arctan(c*x))~2/c”2
-1/2xbxe”2* (a+b*arctan(c*x)) ~2/c”~3-3*bxd*e*xx* (a+b*arctan(c*x)) ~2/c-1/2*bxe”
2%x~2x (a+b*arctan(c*x)) ~2/c+1/3*I* (3*c~2*xd"2-e"2) * (a+b*arctan(c*x))~3/c"3-1
/3*d* (d"2-3*%e~2/c”2) * (a+b*arctan(c*x)) ~3/e+1/3* (exx+d) "3* (a+b*arctan(c*x) )~
3/e-6*b~2*d*e* (atb*arctan(c*x))*1n(2/ (1+I*c*xx))/c”™2+bx (3*c~2*d"2-e~2) *x (a+bx*
arctan(c*x)) ~2*1n(2/ (1+I*c*x))/c~3-1/2*b~3*xe 2*1n(c~2*x"2+1) /c~3-3*I*b~3*d*
expolylog(2,1-2/(1+Ixc*x))/c"2+I*b~2%(3*%c~2*d"2-e~2) * (atb*arctan(c*x) ) *poly
log(2,1-2/(1+I*c*x))/c~3+1/2*%b"3*(3*c~2xd"2-e"2) *polylog(3,1-2/(1+I*c*x))/c
-3

Rubi [A]

time = 0.52, antiderivative size = 411, normalized size of antiderivative = 1.00, number of

steps used = 20, number of rules used = 13, integrand size = 18, number of rules _ 0.722,
integrand size

Rules used = {4974, 4930, 5040, 4964, 2449, 2352, 4946, 5036, 266, 5004, 5104, 5114, 6745}

Antiderivative was successfully verified.
[In] Int[(d + e*x)~2*x(a + b*ArcTan[c*x])~3,x]

[Out] (axb~2xe”2%x)/c”2 + (b~ 3*e~2xx*ArcTan[c*x])/c”2 - ((3*I)*bxd*ex(a + bxArcTa
nlcxx])~2)/c”2 - (bxe”"2*(a + bxArcTan[c*x])~2)/(2%c~3) - (3*bxd*exx*(a + b*
ArcTan[c*x])~2)/c - (b*e”™2*x"2x(a + b*ArcTan[c*x])~2)/(2xc) + ((I/3)*(3*c~2

*d~2 - e"2)*(a + b*ArcTan[c*x])"3)/c”3 - (d*(d"2 - (3*e"2)/c"2)*(a + b*ArcT
an[c*x])~3)/(3%e) + ((d + e*x)~3*(a + b¥ArcTan[c*x])~3)/(3%e) - (6%b~2kd*ex

(a + bxArcTan[c*x])*Log[2/(1 + I*c*x)])/c”2 + (b*(3*c™2xd"2 - e"2)*(a + b*A
rcTan[c*x]) "2+Log[2/(1 + I*c*x)])/c”3 - (b~3%e~2xLogl[l + c™2*x72])/(2%c~3)

- ((3*I)*b~3*d*e*PolyLog[2, 1 - 2/(1 + Ixc*xx)])/c”2 + (I*b~2%(3*%c"2xd"2 - e
~2)*(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 + I*c*x)])/c”3 + (b~3%(3*c™2*d~

2 - e”2)*PolyLog[3, 1 - 2/(1 + Ixc*x)])/(2%c”~3)

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2352
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Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2%d] & EqQle~2%f + d~2%g, 0]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
- 1)/(1 + c™2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 4946

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)1*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + b*ArcTan[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m +
1)), Int[x"(m + n)*((a + bxArcTan[c*x™n])~(p - 1)/(1 + c™2*x~(2*n))), x], x
1 /; FreeQ[{a, b, c, m, n}, x] & IGtQ[p, 0] && (EqQ[p, 11 || (EqQn, 1] &&

IntegerQ[m])) && NeQ[m, -1]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + b*ArcTan[c*x]) “p)*(Logl[2/(1 + ex(x/d))]1/e), x] + Dist[b*cx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c~2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_)*((d_ ) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])"p/(ex(q + 1))), x] - D
ist [bxcx(p/(e*x(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlq] && NeQlq, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + bxArcTan[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] & EqQle, c~2xd] && NeQ[p, -1]

Rule 5036
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Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*((f_.)*(x_))"(m_))/((d_) + (e
_)*x(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + bxArcTan[c*x])
“p, x], x] - Dist[d*(£72/e), Int[(f*x)~(m - 2)*((a + bxArcTan[c*x]) p/(d +
exx~2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b*ArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + bkArcTan[c*x])~p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] && EqQle, c~2xd] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(@ + exx~2), (f + gxx)"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, O]

Rule 5114

Int[(Loglu_l*((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(x_)"2
), x_Symbol] :> Simp[(-I)*(a + b*ArcTan[c*x]) “p*(PolyLog[2, 1 - ul/(2%c*d))
, x] + Dist[b*p*(I/2), Int[(a + bxArcTan[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(
d + exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQle, ¢~
2+%d] && EqQ[(1 - w)™2 - (1 - 2%x(I/(I - c*x)))~2, 0]

Rule 6745
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, vl, x] /; !FalseQ[wl]l /; FreeQ[n, x]

Rubi steps
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3de? (a+btan~1(cz)) 2 e3z(a+btan1 (e
_ d + ex)? (a + btan~'(cz))’ (be) | ( & + 2
d+ ex)? (a+ btan~ (cz))® do = ¢ -
/( + ez)? (a+ btan'(cz))” dz »
_ (d n 6%)3 (a n btan_l(cx))3 - bf (c2d®—3de?+e(3c dl+—ce2w)2w) (a+btan—!(cz)) d
3e ce

_ 3bdez(a + btan~(cz))? _ be’z*(a+ btan~(cz))? N (d+ex)(a+
c 2c 3e

_ 3ibde(a + btan~(cz))? _ 3bdez(a + btan~(cz))? _ be*z?(a + btar
c? c 2c

ab?e>z  3ibde(a + btan~'(cz))?  be(a + btan(cz))’  3bdex(a A
2 c? h 2¢3 B

c? c? c? 2¢c3

_ ab’e’z N b*e*vtan~(cx)  3ibde(a + btan~(cz))® be*(a+ btan~!

c? c? c? 2c3

_ab*e’x N b’e*ztan!(cx)  3ibde(a + btan~(cz))® be*(a+ btan~!

c? c? c? 2¢c3

ab’e’z N b*e*vtan~!(cx)  3ibde(a + btan~(cz))®  be*(a+ btan~!

Mathematica [A]
time = 0.72, size = 621, normalized size = 1.51

Antiderivative was successfully verified.

[In] Integrate[(d + exx)~2x(a + bxArcTan[c*x])~3,x]

[Out] (6%a~2xc™2kd*(a*ckd — 3*bke)*x + 3%a~2kc”2%ex(2*axckd - b¥e)*x"2 + 2%a~3%c”
3%e”2%x"3 + 18*a~2xbxckdxexArcTan[c*x] + 6*%a~2¥bkc™3*x*(3*%d~2 + 3*d*exx + e
~2xx72)*ArcTan[c*x] - 3*%a~2xbx(3*c™2%d"2 - e~2)*Log[l + c™2*x"2] + 18%axb~2
xcxd*ex (-2xcxxxArcTan[c*x] + (1 + c™2xx"2)*ArcTan[c*x] "2 + Log[l + c™2%x"2]
) + 18%a*b~2xc~2%d"2* (ArcTan [c*x]*((-I + c*x)*ArcTan[c*x] + 2*xLog[1l + E~((2
*I)*ArcTan[c*x])]) - IxPolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 6*axb~2xe~2*(c
*x + (I + c™3%x"3)*ArcTan[c*x]~2 - ArcTan[c*x]*(1 + c™2*xx"2 + 2xLog[1 + E~(
(2xI)*ArcTan[c*x])]) + IxPolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 6%b~3*c*d*ex*
(ArcTan[c*x]*((3*I - 3*c*x)*ArcTan[cxx] + (1 + c”2*x"2)*ArcTan[c*x]~2 - 6%L
ogll + ET((2*I)*ArcTan[c*x])]) + (3*I)*PolyLog[2, -E~((2*I)*ArcTan[c*x])])
+ b~ 3%e” 2% (6*ckxxArcTan[c*x] - 3*ArcTan[c*x]~2 - 3xc™2*x"2*xArcTan[c*x]~2 +
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(2xI)*ArcTan[c*x] "3 + 2%c~3*x"3*ArcTan[c*x] "3 - 6*ArcTan[c*x] ~2xLog[1 + E~(
(2xI)*ArcTan[c*x])] - 3*Logl[l + c~2*x"2] + (6*I)*ArcTan[c*x]*PolyLog[2, -E~
((2*I)*ArcTan[c*x])] - 3*PolyLog[3, -E~((2*I)*ArcTan[c*x])]) + 3%b~3%c~2xd~
2% (2xArcTan [c*x] "2*x((-I + c*x)*ArcTan[c*x] + 3*Log[l + E~((2*I)*ArcTan[c*x]
)1) - (6xI)*ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])] + 3*PolyLogl[3, -
E~((2*I)*ArcTan[c*x])]))/(6%c~3)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 7.53, size = 2921, normalized size = 7.11

method result size
derivativedivides | Expression too large to display | 2921

default Expression too large to display | 2921

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) ~2*(atb*arctan(c*x))~3,x,method=_RETURNVERBOSE)

[Out] 1/c*x(I*b~3/c~2%e”2*arctan(c*x)*polylog(2,-(1+I*c*x)~2/(c”2%x"2+1))+1/4*I*b"
3/c”2xe"2*Pi*csgn (I* (1+I*c*x) "2/ (c™2*%x"2+1)) "3*arctan(c*x) "2+1/4*xI*b~3/c~2*
e"2xPikcsgn (I* (1+Ixcxx) "2/ (c™2*xx~2+1) /((1+I*c*x) "2/ (c™2*x"2+1)+1)~2) "3*arct
an (c*x) ~2-3*%b~3*e*arctan (c*x) “2*xd*x-axb~2*e~2*arctan (c*x) *x~2+a*xb"2xc*xe”2%a
rctan(c*x) "2*x"3-3%a"2xbxd*exx+a”2xbxcxe 2xarctan (c*x) *x~3-3/2*a"2xb*1n(c"2
*X"2+1)*d"2-1/2%b~3/c”2*e"2*arctan (c*x) “2+b~3/c"2xe~2*1n ((1+I*c*x) ~2/(c™2*x
~2+1)+1)-1/2xb~3/c"2*e"2xpolylog(3,- (1+I*c*x) "2/ (c™2*x"2+1) ) +3*b~3*xd~2*1n (2
)*arctan(c*x) "2+3*b~3*1n((1+I*cxx)/(c"2*x"2+1)~(1/2))*d"2*arctan(c*x) ~2-3/2
*b~3*arctan (c*x) “2*1n(c”2%x"2+1)*d"2-I*b~3*d"2*arctan(c*x) "3-1/2*%I*b~3/c” 2%
e~ 2xPikxcsgn (I*(1+I*cxx)/(c™2*x"2+1)~(1/2)) *csgn(I*(1+I*c*x)~2/(c™2*x"2+1))"~
2*xarctan(c*x) “2+1/4*%I*b~3/c”2%e " 2*Pikcsgn (I* (1+I*c*x)/(c™2*x"2+1)~(1/2)) " 2%
csgn (I*(1+I*c*x) "2/ (c™2*%x"2+1))*arctan(c*x) ~2-1/4*Ixb~3/c"2*xe~2xPixcsgn (I*(
(1+I*c*x) "2/ (c™2%x72+1)+1)) "2xcsgn (I* ((1+I*c*xx) "2/ (c"2*x"2+1)+1)"2) *arctan(
c*x) "2-1/4*I*b~3/c"2*xe"2*Pi*csgn (I/((1+I*c*x) ~2/(c™2*%x"2+1)+1) "2) *csgn (I*(1
+Ixc*x) "2/ (c™2%x72+1) / ((1+I*c*x) "2/ (c™2*x"2+1)+1) ~2) “2*arctan (c*x) ~2+1/2xI*
b~3/c"2*e"2xPixcsgn (I* ((1+I*c*x) "2/ (c™2*x"2+1)+1) ) *csgn (I* ((1+I*c*x)~2/(c"2
*X"2+1)+1)"2) "2*arctan(c*x) “2-3/4*I*b~3xd~2*Pi*csgn (I/((1+I*c*x) "2/ (c"2*x~2
+1)+1)"2)*csgn (I* (1+Ixcxx) "2/ (c"2xx~2+1) ) *xcsgn (I* (1+Ixcxx) "2/ (c™2*xx~2+1) / ((
1+I*c*x) "2/ (c™2%x"2+1)+1) "2) *arctan(c*x) “2-1/4*I*b~3/c"2*e"2xPixcsgn (I*(1+I
*xcxx) "2/ (c™2*xx72+1) ) xcsgn (I* (1+I*xcxx) "2/ (c™2*xx"2+1) / ((1+I*c*x) "2/ (c™2%x"2+1
)+1) ~2) “2xarctan(c*x) “2+3*a*b~2xc*e*arctan(c*x) “2kd*x~2-6*a*b~2*exarctan (c*
x) *d*x+3*a~2*bkckexarctan (c*x) *d*x~2+b~3xc*e*arctan (c*x) “3*kd*x~2+1/2*%I*axb”
2/c”2xe"2*%1n(1/2*I*(c*x-I))*1n(c*x+I)-1/2%I*axb~2/c"2%e~2*1n(-1/2*I* (cxx+I)
)*1n(c*x-I)+1/2*I*axb~2/c™2*e"2*1n(c*x-I)*1n(c 2*x"2+1)-1/2*I*a*xb~2/c"2%e"2
*1n (c*x+I)*1n(c™2%x"2+1)+1/4*%I*b"3/c"2%e " 2*Pi*xcsgn (I/ ((1+I*c*x) "2/ (c™2%x"2+
1)+1)"2) *csgn (I* (1+I*c*x) "2/ (c”2*x"2+1) ) *csgn (I* (1+I*c*x) "2/ (c™2*%x~2+1)/((1
+I*xc*xx) "2/ (c™2*%x"2+1)+1) "2) *arctan(c*x) "2+1/3* (cxexx+c*d) “3*a~3/c~2/e+3/2*b
~3xpolylog(3,-(1+I*c*x) "2/ (c™2*x"2+1) ) *d"2+3/4*I*b~3*d"2xPixcsgn(I/((1+I*cx*
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x) 72/ (c”2*%x"2+1)+1) "2) *csgn (I* (1+I*c*x) "2/ (c™2*x"2+1) / ((1+I*c*x) "2/ (c™2%x"2
+1)+1)72) "2*xarctan(c*x) “2+3/4*I*b~3*xd~2*Pi*csgn (I* (1+I*c*x) "2/ (c™2*x"2+1)) *
csgn (I*(1+I*c*x) "2/ (c™2*%x"2+1) / ((1+I*c*x) "2/ (c™2*x"2+1)+1) ~2) “2*arctan(c*x)
~2-3/4xIxb~3*d"2*Pi*csgn (I* (1+I*c*x)/(c™2%x"2+1)7(1/2)) "2*csgn(I* (1+I*c*x)~
2/ (c”2*x~2+1) ) *arctan(c*x) "2-3/2*xI*b~3*d"2*xPixcsgn (I* ((1+I*c*x) "2/ (c"2*x~2+
1)+1)) *csgn(I*((1+I*xc*xx) "2/ (c™2*x"2+1)+1)"2) “2*arctan(c*x) “2+3/4*I*b~3*d 2%
Pikcsgn (I* ((1+I*c*x)~2/(c™2%x"2+1)+1)) " 2xcsgn(I*((1+I*c*xx) "2/ (c™2*xx"2+1)+1)
~2)*arctan(c*x) "2+3/2*I*xb~3*d"2*Pikcsgn (I* (1+I*c*x)/(c™2*%x~2+1)~(1/2) ) *csgn
(I*(1+I%c*x)~2/(c™2%x"2+1)) "2*arctan(c*x) “2-1/4*I*b~3/c"2*e~2xPi*csgn (I*((1
+Ixcxx) "2/ (c™2%x72+1)+1)"2) “3*arctan(c*x) "2-6xb~3/c*e*d*arctan(c*x)*1n(1+Ix*
(1+I*cxx) /(c™2*x"2+1) " (1/2) ) -6*b~3/cxe*d*arctan(cxx) *1n(1-I* (1+I*c*x)/(c™2%
X"2+1)7(1/2))+6%I*%b"3/cxexd*dilog (1-I* (1+I*c*x)/(c"2*x"2+1)~(1/2))+6*I*b~3/
ckexdxdilog(1+I* (1+I*xc*xx)/(c™2*x"2+1)~(1/2))+3*I*b~3/cxexd*arctan(c*x) ~2-3/
4xIxb~3*%d"2*xPikcsgn (I* (1+I*c*xx) "2/ (c™2*x~2+1)) "3*arctan(c*x) “2-3/4*I*b~3*d"
2xPikcsgn (I* (1+I*c*x) "2/ (c™2xx~2+1) / ((1+I*c*x) "2/ (c™2%x~2+1)+1) ~2) "3*arctan
(c*x) ~2+3/4*I*b~3*d"2+Pixcsgn (I* ((1+I*c*x) "2/ (c™2*x~2+1)+1)~2) "3*arctan(c*x
) "2+a*xb~2/c"2xe"2*arctan (cxx) *1n(c"2*xx"2+1) +3*a*b~2/c*xex1n (c"2*xx"2+1) *d+3*a
*b~2/c*exarctan (c*x) “2*d-3/2*I*a*xb~2*%1n(c*x-I)*1n(c~2*x~2+1)*d~2-3/2*I*a*b”
2x1n(1/2%I*(c*xx-I))*1n(c*x+I)*d"2+3/2*I*a*b~2*x1n(-1/2*%I* (c*kx+I))*1n(c*x-I)=*
d~2+3/2*I*a*b~2*%1n(c*x+I)*1n(c™2%x"2+1) *d~2+1/2*I*a*b~2/c"2*e"2*dilog(1/2*I
*x(cxx-1))-1/2*%I*axb~2/c"2*e"2xdilog(-1/2*%I* (c*x+I))+1/4*I*axb~2/c 2%e”~2*1n(
cxx+I)"2-1/4%I*axb~2/c”2*e~2*1n(cxx-I) "2+3*a”~2xb/c*exarctan(c*x) *d+1/3*b~3*
cxe~2*arctan(c*x) “3*x”~3-1/2*b~3*e”~2*arctan (c*x) “2*xx"2+b~3/cxe”2*arctan (c*xx)
*x+axb~2/cxe”2xx+3*axb~2%arctan (cxx) “2*d"2*c*kx—-1/2%a”2*%b*e”2*x"2+3%a"2*b*ar
ctan(c*x) *d~2*cxx+b~3*arctan (c*x) “3*d~2*c*xx-b~3/c”"2*e”2*1n(2) *arctan(c*x) "2
+1/2xb~3/c"2xe~2%arctan (c*x) ~2%1n(c~2*x"2+1)-b"3/c " 2xe~2%1n ((1+I*c*x) / (c™2%
x"2+1)~(1/2))*arctan(c*x) “2+b~3/c*exarctan (c*x) ~3*d-3*I*b~3*arctan(c*x) *pol
ylog(2,-(1+I*c*x) "2/ (c™2*%x"2+1))*d~2+1/3*xI*b~3/c"2xe~2*arctan(c*x) “3-I*b~3/
c"2xe"2xarctan(c*x)-3*axb~2*arctan(c*x)*1n(c"2*xx"2+1) *d"2-axb~2/c"2*e"2*arc
tan(c*x)-3/2*I*a*xb~2*dilog(1/2*I* (c*x-I))*d~2+3/2*I*a*b~2*dilog(-1/2*I* (c*x
+I))*d"2+3/4*I*axb~2*1n(c*xx-I) “2%d~2-3/4*I*a*b~2*1ln(c*xx+I) "2*xd~2+1/2%a"~2xb/
c"2xe”2x1n(c"2*x"2+1))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(at+b*arctan(c*x))~3,x, algorithm="maxima")

[Out] 7/32%b~3*d"2*arctan(c*x) ~4/c + 56%b~3*c"2*d*e*xintegrate(1/32*x"3*arctan(c*x
)73/(c™2%x"2 + 1), x) + 6%b~3*c"2xd*exintegrate(1/32*x~3*arctan(c*x)*log(c”
2xx72 + 1)72/(c”2%x72 + 1), x) + 192*a*b~2xc~2*d*exintegrate(1/32*x"3*arcta
n(c*x)~2/(c™2%x"2 + 1), x) + 28xb~3*c”2*d"2xintegrate(1/32xx"2*arctan(c*x)”
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3/(c™2*x"2 + 1), x) + 12%b~3*c~2xd*e*xintegrate(1/32*x"3*arctan(c*x)*log(c~2
*x~2 + 1)/(c™2%x72 + 1), x) + 3%b”3*c"2xd"2*integrate(1/32*x~2*arctan(c*x)*
log(c™2%x™2 + 1)72/(c™2%x72 + 1), x) + 96xaxb~2xc~2xd"2xintegrate(1/32*x~2%
arctan(c*x)~2/(c™2*x"2 + 1), x) + 12%b~3*c”2*d"2*integrate(1/32*x"2*arctan(
c*x)*log(c™2*x"2 + 1)/(c"2*x"2 + 1), x) + axb~2xd"2*arctan(c*x)~3/c + 1/3*a
“3xx"3%e”2 + a~3*d*x"2%e + 28xb~3*c”"2*e"2xintegrate(1/32xx"4*arctan(c*x) 3/
(c™2%x72 + 1), x) + 3%b~3%c"2xe"2*integrate(1/32*x"4*arctan(c*x)*log(c~2*x~
2 + 1)72/(c™2*%x72 + 1), x) + 96%a*b~2*c”2*e"2*integrate(1/32*x"4*arctan(c*x
)72/(c™2%x"2 + 1), x) + 4xb~3*c"2*e"2*xintegrate(1/32*x"4*arctan(c*x)*log(c”
2%x72 + 1)/(c™2*%x72 + 1), x) - 12%b~3xckd*exintegrate(1/32*x"2*arctan(c*x)”
2/(c”2*x"2 + 1), x) + 3*b~3*c*d*exintegrate(1/32*x"2xlog(c™2*x~2 + 1)~2/(c~
2*x"2 + 1), x) - 12%b~3*cxd"2*integrate(1/32*x*arctan(c*x)~2/(c"2*x"2 + 1),
x) + 3*b~3xc*d"2*xintegrate(1/32*x*log(c”2*x"2 + 1)72/(c™2*x"2 + 1), x) + a
~3%d"2*x + 3x(x"2*arctan(c*x) - c*(x/c”2 - arctan(c*x)/c”3))*a”2*%bxdxe - 4%
b~3*c*e”2xintegrate (1/32xx"3*arctan(c*x) ~2/(c”2*x"2 + 1), x) + b~3*c*e”2xin
tegrate(1/32*x~3%log(c™2*x~2 + 1)72/(c™2*x"2 + 1), x) + 56*%b~3*d*exintegrat
e(1/32*xx*arctan(c*x) ~“3/(c”2*%x"2 + 1), x) + 6%b~3*d*exintegrate(1/32xx*arcta
n(c*x)*1log(c™2*x~2 + 1)72/(c™2%x"2 + 1), x) + 192*%axb~2xd*e*xintegrate(1/32%
x*xarctan(c*x) "2/(c™2%x"2 + 1), x) + 3*b~3*d"2*integrate(1/32*arctan(c*x)*lo
g(c™2%x"2 + 1)72/(c"2*%x"2 + 1), x) + 3/2x(2*cxx*arctan(c*x) - log(c™2*x"2 +
1))*a~2xbxd~2/c + 1/2x(2*x"3*arctan(c*x) - c*(x"2/c”2 - log(c™2*x"2 + 1)/c
~4))*a”2*%bxe”2 + 28xb~3*%e"2*xintegrate(1/32*x"2xarctan(c*x)~3/(c”2*x"2 + 1),
x) + 3*b~3xe”2*integrate(1/32*x"2*arctan(c*x)*log(c™2*x"2 + 1)72/(c"2*x"2
+ 1), x) + 96xaxb~2*e"2xintegrate(1/32*x"2*arctan(c*x)~2/(c"2*x"2 + 1), x)
+ 1/24%(b"3%x"3%e"2 + 3%b~3xd*x"2%e + 3*%b~3%d"2*x)*arctan(c*x)”~3 - 1/32%(b”
3%x73%e"2 + 3xb~3*d*x"2%e + 3*%b~3xd"2*x)*arctan(c*x)*log(cT2*x"2 + 1)72

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctan(c*x))~3,x, algorithm="fricas")

[Out] integral(a”3*x"2*e”2 + 2%a”3*d*x*e + a~3*d"2 + (b~3*x"2*%e”2 + 2%b~3*kd*x*e +
b~3*d"2) *arctan(c*x) "3 + 3*(axb"2xx"2*xe"2 + 2*a*b”2*d*x*e + axb~2xd"2)=*arc
tan(c*xx) "2 + 3x(a"2*b*x"2%e”2 + 2%a”~2xbxd*x*e + a~2*%b*d~2)*arctan(c*x), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batan (cz))® (d + ex)” dz

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d)**2x*(at+b*atan(c*x))**3,x)

[Out] Integral((a + b*atan(cxx))#**3x(d + e*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*xx+d) ~2*(atb*arctan(c*x))~3,x, algorithm="giac")

[Out] sageO*x
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a +batan(cz))’ (d+ ex)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x)) 3*(d + e*x)~2,x)

[Out] int((a + b*atan(c*x))~3*(d + e*x)"2, x)
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3.17 [(d + ex)(a + bArcTan(cz))’ dz

Optimal. Leaf size=264

_ 3ibe(a + bArcTan(cz))*  3bex(a + bArcTan(cz))’ +7ld(a, + bArcTan(cz))? <d2 - %) (a + bArcTan(cz
2¢? 2c c 2e

[Out] -3/2%Ixb*ex*(a+b*arctan(c*x))~2/c~2-3/2xb*exx*(at+tb*xarctan(c*x)) ~2/c+I*d*(a+b
xarctan(c*x)) ~3/c-1/2x(d"2-e"2/c"2) * (a+b*arctan(c*x)) ~3/e+1/2x (e*x+d) "2 (a+
b*arctan(c*x)) ~3/e-3*xb~2xe* (a+b*arctan(c*xx))*1n(2/ (1+I*c*x))/c”2+3*b*d* (a+b
*xarctan(c*x)) ~2*x1n(2/ (1+I*c*x))/c-3/2xIxb~3*e*xpolylog(2,1-2/(1+Ixc*x))/c 2+
3*Ixb~2*d* (a+b*arctan(c*x))*polylog(2,1-2/(1+I*c*x))/c+3/2*%b~3*d*polylog(3,

1-2/ (1+I%c*x))/c

Rubi [A]

time = 0.38, antiderivative size = 264, normalized size of antiderivative = 1.00, number of

steps used = 14, number of rules used = 10, integrand size = 16, number of rules _ 0.625,
integrand size

Rules used = {4974, 4930, 5040, 4964, 2449, 2352, 5104, 5004, 5114, 6745}

3b%log () (a + bArcTan(cx)) , 3itPdLin(1 — ) (a+ bAreTan(er) (d2 — %) (a+ bArTan(e)’  gipe(a + bAreTan(er))* , (d+en)’(a+ bArcTan(er))® _id(a + bArcTan(cr))® | 3bd1og (i) (a + bAreTen(ex))® _ 3bea(a + bArcTan(c))? _ 3ib%elia(1 — gigy) | 30dLin(1 = iyy)
2 ¢ - 2 - 2 2 - c c - 2 - 222 2

Antiderivative was successfully verified.
[In] Int[(d + exx)*(a + b*ArcTan[c*x])"3,x]

[Out] (((-3%I)/2)*bxex(a + bkArcTan[c*x])~2)/c™2 - (3*b*exx*(a + bk*ArcTan[c*x])~2
)/ (2%c) + (I*d*(a + bxArcTan[c*x])~3)/c - ((d"2 - e"2/c"2)*(a + b*ArcTan[c*
x])73)/(2%e) + ((d + e*x)"2*(a + b*ArcTan[c*x])~3)/(2*e) - (3*b~2*ex(a + bx
ArcTan[c*x])*Log[2/(1 + I*c*x)])/c”2 + (3*bxdx(a + b*ArcTan[c*x])~2xLog[2/(

1 + Ixc*x)])/c - (((3*I)/2)*b~3*e*PolylLogl[2, 1 - 2/(1 + Ixc*x)])/c”2 + ((3*
I)*b~2*d*(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 + I*c*x)])/c + (3*b~3*d*Po
lyLog[3, 1 - 2/(1 + Ixc*x)])/(2%c)

Rule 2352

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d.) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2%d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQlc, 2*d] &% EqQle~2xf + d~2*g, 0]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
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- 1)/ + c™2*xx~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*cx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c~2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])"p/(ex(q + 1))), x] - D
ist [b*cx(p/(ex(q + 1))), Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1), (
d + exx)~(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[q] && NeQlq, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)/((d ) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c”2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(-I)*((a + bxArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(cxd), Int[(a + b*ArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQ[e, c~2xd] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*x((f_) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, 4, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, O]

Rule 5114

Int[(Loglu_l*((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(x_)"2
), x_Symbol] :> Simp[(-I)*(a + b*ArcTan[c*x]) p*(PolyLog[2, 1 - ul]/(2%c*d))
, x] + Dist[b*p*(I/2), Int[(a + b*ArcTan[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(
d + exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQ[e, c~
2x%d] && EqQ[(1 - w)"2 - (1 - 2%x(I/(I - c*x)))~2, 0]



Rule 6745

Int[(u_)*PolyLog[n_, v_], x_Symboll
x]}, Simp[w*PolyLog[n + 1, v], x] /;

Rubi steps

/(d +ex) (a+ btan~(cz))’ da =

_ (d+ex)®(a+btan”

Mathematica [A]

> With[{w =

(d+ex)? (a+ btan_l(cx))?’

DerivativeDivides[v,
IFalseQ[w]] /; FreeQ[n, x]
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wkv,

(c2 d?—e24-2c2de

(3bC) f ( a—i—bta,n_l(cx) + e

2e

Y(ez)*

2e

(3b) J

(c2d?—e?+2c%dex) (a+btan~1(cz)) 2 d
142z

X

2e

2ce

3bex(“'+'btan"1(cx))2_Jr @i4-ex)2(a-+-btanfl(cw))3___(3b)]'(

2c 2e
3ibe(a + btan(cz))®  3bex(a + btan(cz))?  (d+ ex)? (a + bt
- +
2c? 2c 2e
3ibe(a + btan~(cz)) _ 3bex(a+btan” (ca:)) id(a + btan™'(ca
2c? 2c c
3ibe(a + btan~(cz))? _ 3bex(a+ btan™(cz))’ N id(a + btan™*(ca
2c? 2c c
3ibe(a + btan~(cz)) _ 3bex(a+btan” (cx)) id(a + btan!(ca
2c? 2c c
3ibe(a + btan~(cz))? _ 3bex(a+ btan—(cz))’ N id(a + btan=*(ca
2c? 2c c

time = 0.32, size = 342, normalized size = 1.30

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*(a + b*ArcTan[c*x])~3,x]

[Out] (a~2*cx(2*%axc*d - 3*bxe)*x + a~3*c™2%e*x"2 + 3%a~2+bkxexArcTan[cxx] + 3*a~2%
bxc~2*x* (2%d + exx)*ArcTan[c*x] - 3*a~2*%bxcxd*Log[l + c~2%x~2] + 3*axb~2xex
(-2xcxxxArcTan[c*x] + (1 + c™2*x"2)*ArcTan[c*x]~2 + Logl[l + c™2%x72]) + 6%a
*xb~2%c*d* (ArcTan [c*x] *((-I + c*x)*ArcTan[c*x] + 2xLog[l + E~((2*I)*ArcTan[c
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*x])]) - I*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + b~ 3*ex(ArcTan[c*x]*((3*xI -
3xcxx)*ArcTan[c*x] + (1 + c™2*x"2)*ArcTan[c*x] "2 - 6xLog[1l + E~((2*I)*ArcT
an[c*x])]) + (3*%I)*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + b~3*c*d*(2*ArcTan[
cxx] 2% ((-I + c*x)*ArcTan[cxx] + 3xLog[l + E~((2*I)*ArcTan[c*x])]) - (6%I)*
ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])] + 3*PolyLogl[3, -E~((2*I)*Arc
Tan[c*x])]))/(2%c™2)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 1.45, size = 7195, normalized size = 27.25

method result size
derivativedivides | Expression too large to display | 7195

default Expression too large to display | 7195

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(a+b*arctan(c*x))”~3,x,method=_RETURNVERBOSE)
[Out] result too large to display

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctan(c*x))~3,x, algorithm="maxima")

[Out] 7/32%b~3*d*arctan(c*x)~4/c + 56%b~3*c~2xexintegrate(1/64*x~3*arctan(c*x) 3/
(c™2%x72 + 1), x) + 6%b~3*c"2xexintegrate(1/64*x"3*arctan(c*x)*log(c~2*x"2
+ 1)72/(c”2*x"2 + 1), x) + 192xaxb~2xc”2xexintegrate(1/64*x~3*arctan(c*x) 2
/(c™2%x"2 + 1), x) + 56%b~3*c”2*d*integrate(1/64*x~2*arctan(c*x) "3/ (c™2*x"~2
+ 1), x) + 12%b"3xc"2*e*integrate(1/64*x"3*arctan(c*x)*log(c™2*x~2 + 1)/(c
“2%x72 + 1), x) + 6%b”3%c"2xdxintegrate(1/64*x"2*arctan(c*x)*log(c”2*x"2 +
1)72/(c™2*x"2 + 1), x) + 192xa*xb~2*c”~2xd*integrate(1/64*x~2*arctan(c*x)~2/(
cT2*x"2 + 1), x) + 24%b"3*c"2xd*integrate(1/64*x"2*arctan(c*x)*log(c~2*x"2
+ 1)/(c”2*x"2 + 1), x) + a*b”2*d*arctan(c*x)~3/c + 1/2*a"3*x"2%e - 12*b~3*c
*xexintegrate (1/64*x"2*arctan(c*x) ~2/(c™2*x"2 + 1), x) + 3xb~3*ck*e*xintegrate
(1/64*xx~2x1og(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) - 24xb~3*c*d*integrate(1/64x
xxarctan(c*x) "2/(c”2%x"2 + 1), x) + 6%b~3*cxdxintegrate(1/64*x*xlog(c™2*x"2
+ 1)72/(c”2%x”2 + 1), x) + a~3*xd*x + 3/2x(x"2*arctan(c*x) - c*x(x/c”2 - arct
an(c*x)/c”3))*a"2xb*e + 56%b~3*exintegrate(1/64*x*arctan(c*x)~3/(c™2*x"2 +
1), x) + 6%b~3*exintegrate(1/64*x*arctan(cxx)*log(c™2*x"2 + 1)72/(c"2%x"2 +
1), x) + 192*%axb~2*exintegrate(1/64*x*arctan(c*x)”2/(c™2*x"2 + 1), x) + 6%
b~3*d*integrate(1/64*arctan(c*x)*log(c™2*%x"2 + 1)72/(c™2*x"2 + 1), x) + 3/2
*x (2xcxxxarctan(c*x) - log(c™2*x™2 + 1))*a~2*b*d/c + 1/16%(b"3*x"2%e + 2xb~3



125

*xdxx)*arctan(c*x) "3 - 3/64*(b~3*x"2%e + 2%b~3*d*x)*arctan(c*x)*log(c 2*x"2
+ 1)72

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x))~3,x, algorithm="fricas")

[Out] integral(a”3*x*e + a~3*d + (b~ 3*x*e + b~3*d)*arctan(c*x)”~3 + 3*(a*b™2xx*e +
axb~2xd) xarctan(c*x) "2 + 3*(a"2xb*x*e + a~2xbxd)*arctan(c*x), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batan (cz))® (d + ex) da

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(a+b*atan(c*x))**3,x)
[Out] Integral((a + b*atan(c*x))#**3*(d + e*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctan(c*x))~3,x, algorithm="giac")
[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a +batan(cz))’ (d+ ex) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x)) 3*(d + e*x),x)

[Out] int((a + b*xatan(c*x))~3*(d + e*x), x)
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3.18 [ (a+bArcTan(e)? ;.

d+ex
Optimal. Leaf size=320
(a + bArcTan(cz))?log (2-) N (a 4 bArcTan(cz))® log (%) +3z’b(a + bArcTan(cz))?PolyLog(:
e e 2e

[Out] -(atb*arctan(c*x))~3*1n(2/(1-I*c*x))/e+(atb*arctan(c*x)) ~3*1n(2*c*(e*xx+d)/(
ckd+Ixe)/(1-I*c*x))/e+3/2xIxbx(atb*xarctan(c*x)) "2*xpolylog(2,1-2/(1-I*c*x))/
e—-3/2xI*b* (atb*arctan(c*x)) ~2+polylog(2,1-2*c* (e*xx+d)/(c*d+I*xe)/(1-I*c*x))/
e-3/2*%b~2* (a+bxarctan(c*x) ) *polylog(3,1-2/(1-I*c*x))/e+3/2¥b~2* (a+b*arctan(
c*x))*polylog(3,1-2*c*(exx+d) /(cxd+I*e)/(1-I*c*x))/e-3/4*I*b~3*polylog(4,1-

2/ (1-I*xc*x))/e+3/4*Ixb~3*polylog(4,1-2*c* (exx+d) /(cxd+I*xe)/(1-I*c*x))/e

Rubi [A]
time = 0.04, antiderivative size = 320, normalized size of antiderivative = 1.00, number of

number of rules _ 0.056

steps used = 1, number of rules used = 1, integrand size = 18, = - ,
integrand size

Rules used = {4970}

37(a + bArcTan(ea))Lis(1 - 242 5)  332Lig (1 - 22) (a + bArcTan(ez))  3ibla+ bArcTan(ca))Lin (1 - 8 )  (a+ bArcTan(cx))*log (el o)  ibLip(1 - 12) (a + bArcTan(ea)® log () (a + bArcTan(ea))® | WL (- 85Es) st - )
_ 3Lis( _ [ . N ) _ _ )
2e 2e 2e e 2e e 4e 4e

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTan[c*x])~3/(d + e*x),x]

[Out] -(((a + b*ArcTan[c*x])~3xLog[2/(1 - Ix*c*x)])/e) + ((a + b*ArcTan[c*x]) 3*Lo
gl(2xcx(d + exx))/((cxd + I*xe)*(1 - Ixc*x))])/e + (((3%I)/2)*bx(a + bxArcTa
n[c*x])~2%Polylog[2, 1 - 2/(1 - I*c*x)])/e - (((3%I)/2)*b*(a + b*ArcTan[c*x
1)"2%PolyLog[2, 1 - (2%c*(d + e*x))/((c*d + Ixe)*(1 - I*c*x))])/e - (3*b~2x

(a + b*ArcTan[c*x])*PolyLogl[3, 1 - 2/(1 - Ixc*x)])/(2xe) + (3*b~2x(a + b*Ar
cTan[c*x])*PolyLog[3, 1 - (2*c*(d + exx))/((c*d + Ixe)*(1 - Ixc*x))])/(2%e)

- (((3*%I)/4)*b~3*PolyLogl4, 1 - 2/(1 - Ixcxx)])/e + (((3*I)/4)*b~3*PolyLog

[4, 1 - (2%c*x(d + e*xx))/((c*xd + I*e)*x(1 - I*c*x))])/e

Rule 4970

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"3/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + b*ArcTan[c*x])~3)*(Log[2/(1 - Ixc*x)]/e), x] + (Simp[(a + bxArc
Tan[c*x]) ~3*(Log[2*xc*((d + exx)/((cxd + I*e)*(1 - I*c*x)))]/e), x] + Simp[3
*Ixb*(a + b*ArcTan[c*x]) “2*(PolyLog[2, 1 - 2/(1 - Ixc*x)]/(2%e)), x] - Simp
[3*I*bx(a + bxArcTan[c*x])~2x(PolyLog[2, 1 - 2*cx((d + e*x)/((cxd + Ixe)*(1
- Ixcxx)))]/(2%e)), x] - Simp[3*b~2*(a + bxArcTan[c*x])*(PolyLogl[3, 1 - 2/
(1 - Ixc*xx)]/(2%e)), x] + Simp[3*b~2%(a + bxArcTan[c*x])*(PolyLogl[3, 1 - 2%
cx((d + exx)/((c*d + Ixe)*(1 - Ixcx*x)))]/(2%e)), x] - Simp[3*I*b~3*(PolyLog
[4, 1 - 2/(1 - Ixcxx)]/(4%e)), x] + Simp[3*I*b~3*(PolyLog[4, 1 - 2*c*x((d +
exx)/((c*d + Ixe)*(1 - Ixcxx)))]1/(4*e)), x]) /; FreeQ[{a, b, c, 4, e}, x] &
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& NeQ[c™2xd~2 + e~2, 0]

Rubi steps
_ 3 c exr
(a+ btan_l(cx))?’ . (a+ btan_l(cm))3 log (ﬁ) N (a+btan™!(cz))" log (%) N 3ib(a
d+ ex N e e

Mathematica [F]
time = 137.07, size = 0, normalized size = 0.00

(a + bArcTan(cz))3

d
d+ex T

Verification is not applicable to the result.

[In] Integrate[(a + b*ArcTan[c*x])~3/(d + e*x),x]
[Out] Integrate[(a + b*ArcTan[c*x])~3/(d + ex*x), x]

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 2.78, size = 2664, normalized size = 8.32

method result size
derivativedivides | Expression too large to display | 2664
default Expression too large to display | 2664

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctan(c*x))~3/(exx+d),x,method=_RETURNVERBOSE)

[Out] 1/c*(3*%a”2xbxc*1ln(c*e*x+c*xd)/exarctan(c*x)+a~3*c*1ln(cke*xx+cxd)/e+1/2*%I*b" 3%
c/exarctan(c*x) “3xcsgn (I* (~I*e* (1+I*c*xx) "2/ (c™2*x"2+1) +c*xd* (1+I*c*x) "2/ (c™2
*x"2+1)+I*e+c*d) / ((1+I*xc*xx) "2/ (c™2%x"2+1)+1)) “3*Pi+3/2*%I*a”~2*b*c*1n(ckxexx+c
*d) /e*1n((I*xe-c*e*x)/(c*xd+Ixe))-3/2+I*a~2xbxcx1ln(c*ke*x+c*d) /exln((I*xe+ckexx
)/ (Ixe-c*d))+3/2*a*b~2*c~2/e*d/ (-I*e+c*d) *polylog(3, (I*e-c*d)/(c*kd+Ixe)* (1+
Ixc*x) "2/ (c™2%x72+1) ) +3*I*a*b~2xc/e*arctan(c*x)*polylog(2,-(1+I*c*x)~2/(c"2
*x"2+1) ) -3*I*axb~2*c*arctan(c*x)*polylog(2, (Ixe-c*d)/(cxd+Ixe)* (1+Ixc*xx) "2/
(c™2%x72+1)) / (e+I*c*d)-3/2*a*b~2*c/e*polylog(3,-(1+I*c*x) "2/ (c™2*x~2+1))+3/
2%axb~2xc*polylog(3, (Ixe-c*d)/ (cxd+I*e)* (1+I*c*x) "2/ (c2%x"2+1) )/ (e+I*cxd)+
b~3*c*1n(c*ke*xx+cxd) /exarctan(c*x) “3-b~3%c/exarctan(c*x) ~3*1n(-I*ex (1+I*c*x)
72/ (c™2%x™2+1) +c*xd* (1+I*c*x) "2/ (c™2%x~2+1) +I*e+c*d) -3/2*%b~3*c/e*xarctan (c*x)
*polylog(3,-(1+I*c*x)~2/(c"2%x"2+1))+b~3*c*arctan(c*x) “3*1ln(1-(I*e-c*d)/(c*
d+Ixe)*(1+Ixc*x)~2/(c"2*xx"2+1))/(e+I*c*d)+3/2xb~3*c*arctan(c*x)*polylog(3, (
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Ixe-c*d)/(c*xd+I*e)* (1+I*c*x)~2/(c"2*%x"2+1))/(e+I*c*d)+3/4*I*b~3*c*polylog(4
, (Ixke—cxd)/ (ckd+Ixe)* (1+I*c*xx) "2/ (c"2*x"2+1) )/ (e+I*c*d)-3/4*Ixb~3%c/expolyl
og(4,-(1+Ixcxx)~2/(c"2*x"2+1))+3/2*xI*a"2*b*c/e*dilog((I*xe-c*exx)/(cxd+Ixe))
-3/2xIxa~2xbxc/exdilog((I*e+c*e*x)/(I*e-c*d))+3*a*xb~2*c*1n(cke*xx+c*d) /exarc
tan(c*x) "2-3*axb~2xc/exarctan(c*x) “2x1n(-Ixex (1+I*c*x) "2/ (c 2*x"2+1)+c*xd* (1
+Ixc*x) "2/ (c™2%x"2+1) +I*e+c*d) +3*axb~2xc*arctan(c*x) "2x1n(1-(I*e-c*d)/ (c*d+
Ixe)*(1+Ixc*x)~2/(c™2*xx"2+1))/(e+I*c*d)-3/2*xI*b~3*c*arctan(c*x) “2*polylog(2
, (Txe-c*d)/ (cxd+I*e)* (1+I*xc*x) "2/ (c”2*xx"2+1))/(e+I*c*d)+3/2*xI*b"3*c/e*arcta
n(c*x) “2*polylog(2,-(1+I*c*x) "2/ (c™2*x~2+1) ) +3/2xI*a*b~2*c/e*xarctan (c*x) ~2x
csgn (I*(-Ixex(1+Ixc*x)~2/(c™2*x"2+1)+c*d* (1+I*c*xx) "2/ (c™2%x"2+1)+I*e+c*d) /(
(1+I*c*x) "2/ (c™2%x"2+1)+1) ) *csgn(I/ ((1+I*c*x) "2/ (c™2*x"2+1)+1) ) *csgn (I* (-Ix*
e*x (1+Ixc*xx) "2/ (c™2xx"2+1) +c*d* (1+I*c*xx) "2/ (c™2%x"2+1) +I*e+c*d) ) ¥Pi-1/2%I*b"
3*xc/exarctan(c*x) “3*csgn (I* (-Ixex (1+Ixc*x) ~2/(c™2%x"2+1)+c*xd* (1+I*xcxx) "2/ (c
“2%x72+1) +I*xe+c*d) / ((1+I*c*x) “2/(c™2%xx"2+1)+1) ) "2*xcsgn (I* (—I*kex (1+I*c*xx) "2/
(c™2%x72+1) +ckd* (1+I*c*xx) "2/ (c™2%x"2+1) +I*e+c*d) ) ¥xPi-3/2*xI*b~3*%c"2/e*xd/ (-I*
e+cxd)*arctan(c*x) “2xpolylog(2, (I*xe-c*d)/(ckd+Ixe)* (1+I*c*xx) "2/ (c™2*xx"2+1))
-1/2*%I*b~3*c/e*arctan(c*x) “3xcsgn (I* (~I*e* (1+I*c*x) "2/ (c™2%x"2+1)+cxd* (1+I*
c*x) "2/ (c™2*x"2+1) +Ixe+c*d) / ((1+I*c*x) "2/ (c™2*x"2+1)+1)) "2*csgn(I/ ((1+Ixc*x
)72/ (c”2%x"2+1)+1) ) *Pi+3*axb~2*c~2/exd/ (-I*e+c*d) *arctan(c*x) “2*x1n(1-(I*e-c
*d) / (ckd+Ixe)* (1+I*ckxx) "2/ (c™2xx"2+1) ) +3/2%I*a*b~2*c/exarctan (c*xx) "2*csgn(I
* (—I*e* (1+I*c*x) "2/ (c™2%x"2+1)+cxd* (1+Ixc*x) ~2/(c™2*x"2+1) +I*xe+c*xd) / ((1+Ix*c
*xx) "2/ (c™2%x"2+1)+1) ) "3*%Pi+1/2*I*b~3*c/e*arctan(c*x) “3xcsgn (I* (~I*e* (1+I*c*
x) "2/ (c™2*%x~2+1) +c*xd* (1+I*c*x) “2/ (c™2*%x"2+1) +Ixe+cxd) / ((1+I*c*x) "2/ (c™2%x"2
+1)+1) ) *csgn(I/ ((1+I*c*x) 2/ (c™2*x"2+1)+1) ) *csgn (I* (~I*e* (1+I*c*x) "2/ (c™2*x
~2+1)+cxd* (1+I*c*x) ~2/(c™2%x"2+1)+I*e+c*xd) ) ¥Pi-3/2*%I*axb~2*c/e*arctan(c*x)”
2xcsgn (Ix (—I*e* (1+I*c*x) "2/ (c™2%x"2+1)+cxd* (1+Ixc*x) ~2/(c™2%x"2+1) +I*e+c*d)
/ ((1+I*xc*xx) "2/ (c™2*xx~2+1)+1) ) "2*csgn(I/ ((1+I*c*x) "2/ (c™2*x"2+1)+1) ) *Pi-3/2%
I*xa*b~2xc/e*arctan(c*x) ~2*csgn (I* (—Ixe* (1+I*c*x) ~2/(c™2%x"2+1)+ckd* (1+I*c*xx
)"2/(c™2%x"2+1) +I*xe+cxd) / ((1+I*c*x) "2/ (c™2*%x"2+1)+1)) “2*csgn (I* (-I*xex (1+I*c
*x) "2/ (c™2*x72+1) +c*xd* (1+I*c*x) ~2/(c™2%x"2+1) +I*e+c*d) ) ¥Pi-3*I*axb~2%c~2/ex*
d/ (-Ixe+cxd)*arctan(c*x)*polylog(2, (Ixe-c*d)/(cxd+I*e)* (1+I*c*x) "2/ (c"2%x"2
+1))+b~3*c"2/exd/ (-I*e+cxd) *arctan(c*x) “3*x1n(1-(I*e-c*d)/(c*d+Ix*e)* (1+I*c*x
)~2/(c™2%x"2+1))+3/2*%b"3*c~2/e*d/ (-I*e+c*d) *arctan (c*x) *polylog(3, (I*e-c*d)
/ (cxd+I*e)* (1+I*c*x) "2/ (c™2%x72+1) ) +3/4*I*b~3*c~2/e*d/ (-I*e+c*d) *polylog(4,
(Ixe-c*d)/(cxd+I*e)*(1+I*c*x)~2/(c™2*xx"2+1)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x)) 3/ (e*x+d),x, algorithm="maxima")

[Out] a~3*e~(-1)*log(x*e + d) + integrate(1/32*%(28xb~3*arctan(c*x)~3 + 3*b~3*arct
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an(c*x)*log(c™2*x"2 + 1)72 + 96*a*b~2xarctan(c*x) "2 + 96*a”2*b*arctan(c*x))
/(xxe + d), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~3/(e*x+d),x, algorithm="fricas")
[Out] integral((b~3*arctan(c*x)~3 + 3*axb~2*arctan(c*x)~2 + 3*a~2xbk*arctan(c*x) +

a~3)/(xxe + d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

3
/ (a + batan (cz)) s
d+ezx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*atan(c*x))**3/(e*x+d),x)
[Out] Integral((a + bk*atan(c*x))**3/(d + exx), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~3/(e*x+d),x, algorithm="giac")

[Out] sageO*x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

3
/ (a + batan(cz)) s
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))~3/(d + e*x),x)
[Out] int((a + b*xatan(c*x))~3/(d + e*x), x)
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a CcT 3
3.9 [ lrArelape)? g,

Optimal. Leaf size=499

ic(a + bArcTan(cz))3 +02d(a + bArcTan(cz))® (a + bArcTan(cz))® 3bc(a + bArcTan(cz))? log (1) _|__
c2d? + e? e (c2d? + e?) e(d + ex) c2d? + e?

[Out] Ix*c*(atb*xarctan(c*x))~3/(c"2xd"2+e~2)+c”2xd* (a+tb*arctan(c*x))~3/e/(c"2+d"2+
e~2)-(atb*arctan(c*x)) ~3/e/ (e*x+d) -3*b*c* (a+b*arctan(c*xx)) "2x1n(2/ (1-I*c*x)
)/ (c™2%d"2+e"2) +3*bxc* (atb*arctan(c*x)) “2x1n(2/ (1+Ixc*x))/(c~2*d"2+e~2) +3*b
xc* (atb*arctan(c*x)) “2*1n(2*xc* (e*xx+d) / (cxd+I*e)/(1-I*c*x))/(c"2*xd"2+e”~2) +3*
I*b~2*c* (at+tb*arctan(c*x))*polylog(2,1-2/(1-I*c*x))/(c™2%d"2+e"2) +3*Ixb~2*c*
(atb*arctan(c*x))*polylog(2,1-2/(1+I*c*x))/(c"2*d"2+e~2) -3*I*b~2*c* (atb*arc
tan(c#*x) ) *polylog(2,1-2xc*(exx+d)/(ckd+Ixe)/(1-I*xc*xx))/(c~2%d"2+e~2)-3/2xb~
3xcxpolylog(3,1-2/(1-I*c*x))/(c~2*d"2+e~2)+3/2+%b~3*c*polylog(3,1-2/ (1+I*c*x
))/(c™2xd"2+e~2) +3/2%b~3*c*polylog(3,1-2*c* (e*xx+d) / (cxd+I*e) /(1-I*c*x))/(c”
2*d"~2+e"2)

Rubi [A]

time = 0.36, antiderivative size = 499, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.444,

steps used = 10, number of rules used = 8, integrand size = 18,
Rules used = {4974, 4968, 5104, 5004, 5040, 4964, 5114, 6745}

(i (1~ ) i+ bArcTn(er))* | dla

)

Antiderivative was successfully verified.
[In] Int[(a + bxArcTan[c*x])~3/(d + e*x)~2,x]

[Out] (Ixc*x(a + bxArcTan[c*x])~3)/(c”2%d"2 + e~2) + (c~2*d*(a + bxArcTan[c*x])~3)
/(ex(c™2%d"2 + e72)) - (a + b*ArcTan[c*x])~3/(e*x(d + e*x)) - (3*bkxc*x(a + b*
ArcTan[c*x])"2%Log[2/(1 - I*c*x)])/(c™2%d"2 + e72) + (3*b*c*(a + bxArcTan[c
*xx]) "2*¥Log[2/(1 + I*cxx)])/(c™2%¥d"2 + e72) + (3xb*cx(a + b*ArcTan[cxx]) ~2*L
ogl(2xc*x(d + exx))/((cxd + Ixe)*(1 - Ixc*x))])/(c™2*d™2 + e72) + ((3*I)*b~2
xcx(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 - I*c*x)])/(c”2*%d"2 + e72) + ((3
*1)*b~2xc*(a + b*ArcTan[c*x])*PolyLog[2, 1 - 2/(1 + I*c*x)])/(c”2*%d"2 + e~2
) - ((3*I)*b~2*xc*(a + bk*ArcTan[c*x])*PolyLog[2, 1 - (2xc*(d + e*xx))/((cxd +
Ixe)*(1 - Ixc*x))])/(c™2%d"2 + e72) - (3*%b~3*c*PolyLog[3, 1 - 2/(1 - Ixc*x
)1)/ (2% (c™2*d"2 + e72)) + (3xb~3*c*PolyLogl3, 1 - 2/(1 + Ixc*x)])/(2x(c™2*d
~2 + e72)) + (3*%b~3xc*PolyLog[3, 1 - (2kcx(d + e*x))/((cxd + Ike)*(1 - Ixcx
x))1)/ (2% (c™2*d"2 + e72))

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_ ) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
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p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c"2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d~2 + e~2, 0]

Rule 4968

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + b*ArcTan[c*x])~2)*(Log[2/(1 - I*c*x)]/e), x] + (Simp[(a + bxArc
Tan[c*x]) ~2*(Log[2*xc*((d + exx)/((cxd + I*e)*(1 - I*c*x)))]/e), x] + Simpl[I
*xbx(a + b¥ArcTan[c*x])*(PolyLog[2, 1 - 2/(1 - Ixc*x)]/e), x] - Simp[I*bx(a
+ bxArcTan[c*x])*(PolyLog[2, 1 - 2*c*x((d + e*x)/((c*d + Ixe)*(1 - Ixc*x)))]
/e), x] - Simp[b~2*(PolyLog[3, 1 - 2/(1 - I*c*x)]/(2xe)), x] + Simp[b~2x*(Po
1yLogl[3, 1 - 2%c*((d + e*x)/((cxd + I*e)*(1 - Ikc*x)))]1/(2%e)), x]1) /; Free
Q[{a, b, c, d, e}, x] && NeQ[c™2*%d"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_)*((d ) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [bxcx(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1), (
d + exx)~(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQ[e, c”2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b*ArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + b*ArcTan[c*x])~p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] && EqQle, c~2+d] && IGtQ[p, O]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)*((£f ) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, 4, e, £, g}, x] && IGt
Qlp, 0] && EqQle, c~2*d] && IGtQ[m, O]

Rule 5114

Int[(Loglu_]*((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.))/((d_) + (e_.)*(x_)"2
), x_Symbol] :> Simp[(-I)*(a + b*ArcTan[c*x]) “p*(PolyLog[2, 1 - ul/(2*c*d))
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, x] + Dist[b*p*(I/2), Int[(a + b*ArcTan[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(
d + exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQle, c~
2xd] && EqQ[(1 - u)~2 - (1 - 2%x(I/(I - c*x)))~2, 0]

Rule 6745

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps
e? (a+btan*1(ccc))2 c?(d—ex) (a.—i—bta,nfl(cnr:))2
/ (a+ btan~(cz))® dp = (a + btan~(cz))’ (3be) f ( EEr N drer) T (@)1 P ) dx
(d+ ex)? N e(d + ex) e
_(a+ btan~!(cz))® 4 (3bc®) [ (dee) (alibcgz:;_ ) g N (3bce) [ —(a+bt33_;z(cw)) d
e(d + ex) e (c*d? + €?) c2d? + e?
- 2
(a +btan~'(cz))®  3bc(a + btan(cz))’ log (:2=) 3bc(a + btan™(cz))
T e(d+ex) B c2d? + e? * c2d? 4
_ 2
(a +btan~'(cz))®  3be(a + btan~(cz))’log (2) 3bc(a+btan '(cx))
T e(d+ex) B Ad? + e? + Ad? +

ic(a+btan(cz))’ Ad(a+btan(cz))® (a+ btan~(cz))® _ 3bc(a + bt

c2d? +e? e (c2d? + e?) e(d + ex)

ic(a + btan~(cz))’ N 2d(a + btan~(cz))? _(a+ btan—(cz))’ B 3bc(a + bt:
c2d? + e? e(cd? + e?) e(d + ex)

ic(a+btan(cz))’ Ad(a+btan~(cz))®  (a+ btan~(cz))® _ 3bc(a + bt

c2d? +e? e (c2d? + e?) e(d + ex)

ic(a + btan~(cz))’ N 2d(a + btan~(cz))? _(a+ btan—(cz))’ B 3bc(a + bt:
c2d? + e? e(cd? + e?) e(d + ex)

Mathematica [F]
time = 85.55, size = 0, normalized size = 0.00

(a + bArcTan(cz))?

dten)

Verification is not applicable to the result.
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[In] Integrate[(a + bxArcTan[c*x])~3/(d + e*xx)~2,x]
[Out] Integrate[(a + b*ArcTan[c*x])~3/(d + e*x)~2, x]

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 2.88, size = 3050, normalized size = 6.11

method result size
derivativedivides | Expression too large to display | 3050

default Expression too large to display | 3050

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctan(c*x))~3/(e*x+d) ~2,x,method=_ RETURNVERBOSE)

[Out] 1/c*x(b~3*c~3/e*arctan(c*x)~3/(c~2*d"2+e"~2)*d-a"~3*c~2/ (cxe*x+c*d) /e+3/2*I*b~
3xc~2/(c"2xd"2+e"2) *arctan(c*x) "2*Pikcsgn (I* (—Ixe* (1+I*c*x) "2/ (c™2*x"2+1)+c
*xd* (1+Ixc*x) ~2/(c™2*x"2+1) +I*e+cxd) / ((1+I*c*x) 2/ (c™2*x"2+1)+1) ) *csgn(I/((1
+I*c*xx) "2/ (c™2*%x"2+1)+1) ) *csgn (I* (-I*kex (1+I*c*xx) "2/ (c™2*xx"2+1) +c*xd* (1+I*c*x
) "2/ (c™2xx"2+1) +I*e+c*xd) ) -3/4*Ixb"3xc”~2/ (c"2*d"2+e"2) *arctan (c*x) “2*Pi*csgn
(I/((1+I*c*x) "2/ (c™2%x"2+1)+1)"2) *csgn (I* (1+I*c*x) "2/ (c™2*%x"2+1) ) *csgn (I*(1
+I*xc*xx) "2/ (c™2%x"2+1) / ((1+I*c*x) "2/ (c™2*%x"2+1)+1) "2)-3/2*%I*axb~2*c~2/(c"2*d
~2+e72) *1n (cxx+I)*1n(1/2*I* (c*xx-I))+3/2xI*a*b~2xc~2/(c"2*d"2+e"2) *1n(c*x-1I)
*1n (-1/2*%I*(cxx+I))+3*%I*xa*xb~2*c~2/(c"2*%d"2+e"2) *1n(c*e*x+c*d) *1n((I*e-c*e*x
)/ (c*d+Ixe))+3/2xI*xa*b~2xc~2/(c™2*d"2+e~2) *1n(c*x+I)*1n(c~2*x"2+1) -3*I*axb~
2xc~2/ (c"2xd"2+e~2) *1n(cxe*x+c*d) *1n ((I*e+cxe*x) / (I*e-c*d))+3*a~2+b*xc~3/e/(
c~2*d"2+e"2) *d*arctan (c*x)+3/2*b~3xc~2*e*polylog(3, (I*e-c*d) /(c*xd+I*e) * (1+I
xcxx) "2/ (c"2xx72+1) )/ (c"2*d"2+e~2) / (e+Ixc*d) +3/2*%b"3*c~3/(c"2xd"2+e"2) *d/ (-
Ixe+c*d) *polylog(3, (Ixe-c*d)/(cxd+I*e)* (1+I*c*x) "2/ (c™2%x"2+1))-3*a*xb~2%c~2
/ (cxe*xx+c*d) /exarctan(cxx) “2-3xa*b~2xc 2xarctan(c*x) / (c"2+d"2+e~2) *1n(c"2*x
~2+1)+6*a*xb~2*c"2*arctan (cxx) / (c"2*d~2+e~2) *1n(cke*x+c*d) -3*I*xaxb~2xc~2/(c”
2xd~2+e"2)*dilog((I*e+c*xexx)/(I*e-c*d))-3/4*Ixaxb~2%c~2/(c"2*xd"2+e~2) *1n(c*
x+1)~2-3/2*I*a*b~2xc~2/(c"2*%d"2+e"2) *dilog(1/2*I* (c*x—1))+3/4*I*axb~2*xc~2/(
c"2xd"2+e"2) *1n(c*xx-I) “2+3/2*I*axb~2%c~2/(c"2*d"2+e~2) *dilog (-1/2*I* (c*x+I)
)+3xI*xa*xb~2xc~2/(c"2*%d"2+e"2) *dilog ((I*e-c*exx)/(c*d+Ixe))-3*a~2xb*xc~2/(c*e
*x+c*d) /e*xarctan(c*x)+3*axb~2+xc~3/e/ (c"2*xd"2+e"2) *d*arctan (c*x) ~2-3/2*I*a*b
~2%c”2/(c”2*d"2+e"2) *1n (c*x-I) *1n(c~2*x"2+1) +3*xb~3*c~3/ (c"2*xd"2+e~2) *d/ (-I*
e+c*d) *arctan(c*x) “2*1n(1-(I*e-c*d)/ (ckd+I*e)* (1+Ixc*x) "2/ (c"2*x"2+1))-3/4x%
Ixb~3xc~2/(c"2*%d"2+e"2) *arctan(c*x) “2*Pi*csgn(I* (1+I*c*x)~2/(c™2*x~2+1)/((1
+I*c*xx) "2/ (c™2%x"2+1)+1) "2) "3+3/4*I*xb~3%c~2/ (c"2*d"2+e~2) *arctan (c*x) ~2*Pix
csgn(Ix((1+Ixc*xx)~2/(c™2%x"2+1)+1)72) ~3+3/2%I*b~3*c~2/(c"2*d~2+e~2) *arctan(
c*x) "2*%Pi*csgn (I* (-I*xex (1+Ixc*x) "2/ (c™2%x"2+1)+c*kd* (1+I*c*xx) "2/ (c™2*x"2+1)+
Ixe+c*d) / ((1+Ixc*x) "2/ (c™2%x"2+1)+1))~3-3/4*I*b"3*c~2/(c"2*d"2+e"2) *arctan(
c*x) "2*Pi*csgn(I* (1+I%c*x) "2/ (c™2%x"2+1)) "3+3*b~3*c~2xexarctan(c*x) “2x1n(1-
(Ixe-c*d)/(c*xd+Ixe)*(1+I*c*xx)~2/(c™2*xx"2+1))/(c"2*xd"2+e~2) /(e+I*c*d)-3*I*b~
3%c~3/(c™2xd"2+e~2) *d/ (~I*e+c*d) *arctan (c*x) *polylog(2, (I*e-c*d) / (c*kd+Ixe) *
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(1+I*c*x) "2/ (c™2%x72+1)) -3*I*b~3*c~2xe*arctan(c*x) *polylog(2, (I*xe-c*d)/(cxd
+Ixe)* (1+I*cxx)~2/(c™2%xx"2+1))/(c"2%xd"2+e"2) / (e+I*c*d)+3/4*Ixb~3%c~2/(c"2*d
~2+e~2) *arctan (c*x) “2*Pixcsgn (I* ((1+I*cxx) "2/ (c™2*xx"2+1)+1)) "2*csgn (I* ((1+I
*xcxx) "2/ (cT2%xx72+1)+1) 72) -3/2%I*b~3*c~2/ (c"2*d"2+e~2) *arctan(c*x) “2*xPi*csgn
(I*(-I*ex(1+I*c*x) "2/ (c™2%x™2+1) +cxd* (1+Ixc*x) "2/ (c™2*x"2+1) +I*e+c*d) / ((1+I
xcxx) "2/ (c™2xx72+1)+1) ) "2xcsgn(I/ ((1+I*c*x) "2/ (c™2%x"2+1)+1))-3/2*%I*b"3*c~2
/(c”2xd"2+e"2) *arctan(c*x) "2*Pikcsgn (I* ((1+I*c*x) "2/ (c™2*x"2+1)+1))*csgn(I*
((1+I*xc*x) "2/ (c™2%x72+1)+1)2) "2+3/2%I*b~3%c~2/(c"2*d"2+e~2) *arctan (c*x) ~2*
Pi*csgn(I*(1+I%c*x)/(c™2%x72+1)7(1/2))*csgn(I*(1+I*c*x)~2/(c™2*x"2+1))~2-3/
2xIxb~3%c”2/ (c"2*d"2+e~2) *arctan (c*x) “2*Pixcsgn (I* (-I*ex (1+I*xc*xx) "2/ (c™2*x~
2+1)+ckxd* (1+Ixcxx) "2/ (c™2xx"2+1) +I*xe+c*xd) / ((1+Ixc*x) "2/ (c™2%x"2+1)+1) ) "2*cs
gn (I (-Ixe*(1+I*c*x) "2/ (c™2+x"2+1)+ckd* (1+I*cxx) "2/ (c™2*x"2+1) +I*e+c*d))+3/
4xIxb~3%c~2/(c"2xd"2+e"2) *arctan (c*x) ~2*Pi*csgn (I/ ((1+Ixc*x) "2/ (c™2*xx"2+1)+
1)72) *csgn (I (1+I*c*xx) "2/ (c™2*%x"2+1) / ((1+I*c*x) "2/ (c™2%x"2+1)+1) ~2) “2+3/4*1
*b~3*c”2/(c"2*d"2+e"2) *arctan (c*x) "2*Pixcsgn (I* (1+Ixcxx) "2/ (c"2*x"2+1)) *csg
n(Ix(1+I*xc*xx) "2/ (c™2*%x"2+1) / ((1+I*c*x) "2/ (c™2%x"2+1)+1)"2) "2-3/4*I*b"3*c~2/
(c™2xd"2+e"2) *arctan(c*x) “2*Pikcsgn(I* (1+I*xc*x)/(c™2*x"2+1)~(1/2)) "2*csgn(I
* (1+Ixcxx) "2/ (c"2*xx"2+1))-b"3*c~2/ (c*e*x+c*d) /exarctan(c*x) “3-3/2*%b"3*c"2*a
rctan(c*x) "2/ (c"2+%d"2+e"2) *1n(c~2*x"2+1) +3*b~3*c~2*arctan(c*x) "2/ (c~2*d"2+e
~2) *1n(c*exx+c*d) +3*b~3*%c"2/(c"2*%d"2+e"2) *arctan (c*x) “2*1n ((1+Ixc*x) / (c™2+*x
~2+1)7(1/2))-3%b"3%c~2/(c"2*xd"2+e"2) *arctan (c*x) "2*1n (-I*e* (1+I*c*x) ~2/(c~2
*x"2+1) +ckd* (1+I*cxx) "2/ (c™2%x"2+1) +I*e+cxd) +3*xb~3*%c~2/(c"2*d"2+e”2) *arctan
(cxx)~2x1n(2)-I*b~3*c~2/(c"2*d"2+e"2) *arctan(c*x) “3-3/2*a"2*bxc~2/(c~2*d"~2+
e72)*1n(c”~2*x"2+1) +3*a~2*%b*c~2/ (c"2*d"2+e"2) *1n(c*ke*x+c*d) )

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x)) 3/ (e*x+d)~2,x, algorithm="maxima")

[Out] 3/2*%((2xc*d*arctan(c*x)/(c™2*d"2*e + e~3) - log(c™2*xx~2 + 1)/(c™2%d"2
) + 2xlog(x*e + d)/(c™2+%d"2 + e~2))*c - 2xarctan(c#*x)/(x*e”2 + d*e))*a~2*b
- a”3/(xxe”2 + d*e) - 1/32%(4*b~3*arctan(c*x)”~3 - 3*b~3*arctan(c*x)*log(c~2
*x"2 + 1)72 - 32%(x*e”2 + dxe)*integrate(1/32x(28*(b~3*c~2*x"2%e + b~ 3%*e)*a
rctan(c*x) "3 + 12%(8*a*b”~2*c"2xx"2%e + b~ 3*c*x*e + b~ 3*ckd + 8*axb~2*e)*arc
tan(c*x) "2 - 12%(b~3*c”2*x"2*e + b~3%c~2xd*x)*arctan(c*x)*log(c”2*x"2 + 1)
- 3x(b"3*cxx*e + b~3xc*xd - (b"3*%c"2*xx"2%e + b~3xe)*arctan(c*x))*log(c”2*x"2
+ 1)72)/(c™2xx74%e™3 + 2%cT2%d*x"3*%e”2 + (c72%d"2%e + e73)*x"2 + 2kd*x*e”2
+ d"2xe), x))/(x*e”2 + d*e)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

+ e"2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x)) 3/ (e*x+d)~2,x, algorithm="fricas")
[Out] integral((b~3*arctan(c*x)~3 + 3*a*b~2*arctan(c*x) "2 + 3*a”~2xbxarctan(c*x) +

a~3)/(x"2%e"2 + 2xd*x*e + d~2), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

X

/ (a + batan (cav))3 P
(d+ ex)”

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*atan(c*x))**3/(e*xx+d)**2,x)

[Out] Integral((a + b*atan(c*x))**3/(d + exx)**2, x)

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x)) 3/ (e*x+d)~2,x, algorithm="giac")

[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batan(cz))® d
(d+ex)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x))~3/(d + e*x)~2,x)
[Out] int((a + b*xatan(c*x))~3/(d + e*x)"2, x)
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a CT 3
320 [ *”A@fjg“( ) dr

Optimal. Leaf size=936

3bc’d(a + bArcTan(cz))? | 3ibc’e(a + bArcTan(cz))* 3bc(a + bArcTan(cx))®  ic’d(a + bArcTan(cz))® ¢
2 (2 + ¢2)? 2 (2d? + e2)? 2(c2d? + €2) (d + ex) (2d? + €2)*

[Out] 3/2*%b*c~3*d*(a+b*arctan(c*x)) 2/ (c"2xd"2+e~2) ~2+3/2*I*b~3*c"2*e*polylog(2,1
-2/ (1+Ixc*x))/(c~2*d"2+e~2) ~2-3/2*xb*cx (atb*arctan(c*x)) "2/ (c"2xd"2+e~2) / (ex*
x+d) -3*%I*b~2xc”~3*d* (at+tb*arctan(c*x) ) *polylog(2,1-2xc* (exx+d) / (cxd+I*e) /(1-I
*cxx) )/ (c™2*%d"2+e"2) "2+1/2*c” 2% (c*d-e) * (c*d+e) * (a+b*arctan(c*x) ) ~3/e/ (c™2*d
~2+e”2) "2-1/2x(at+b*arctan(c*x)) ~3/e/ (exx+d) "2-3*%b~2xc”2*e* (a+b*arctan(c*x))
*1n(2/ (1-I*c*x))/(c"2*%d"2+e”2) "2-3*b*c~3*d* (a+b*arctan(c*x) ) ~2*x1n(2/ (1-I*cx*
x))/(c™2xd"2+e"2) “2+3*b~2*kc"2xe* (a+b*arctan(c*x) ) *1n(2/(1+Ixc*x))/(c~2xd~2+
e72) "2+3%bxc~3*d* (a+b*arctan(cxx)) ~2%1n(2/ (1+I*c*x))/(c™2%d"2+e~2) ~2+3%b~2%
c~2xex* (a+b*arctan(c*x) ) *1n(2xc* (e*x+d) / (cxd+I*e)/(1-I*xc*x))/(c"2*xd"2+e"2) "2
+3*xb*c~3*d* (a+b*arctan(c*x)) “2*1n(2xc* (e*x+d) / (cxd+I*xe)/(1-I*c*x))/(c"2*xd"2
+e72) "2-3/2xIxb~3%c"2*expolylog(2,1-2*c* (e*xx+d) / (cxd+I*e) /(1-I*c*x))/(c~2*d
“2+e72) "2+3*I*b~2xc~3*d* (atb*arctan(c*x) ) *polylog(2,1-2/(1+I*c*x))/(c™2*d~2
+e72) "2+3/2*I*b~3*c"2*e*polylog(2,1-2/(1-Ixc*x))/(c"2*%d"2+e"2) "2+3/2*Ixb*c”
2xex (a+b*arctan(c*xx)) "2/ (c"2*xd"2+e~2) "2+I*c~3*d* (a+b*arctan(c*x)) "3/ (c"2*d~
2+e72) "2+3xI*b~2*c”~3*d* (atb*arctan(c*x) ) *polylog(2,1-2/(1-I*c*x))/(c~2*d~2+
€72)"2-3/2xb~3*c”3*d*polylog(3,1-2/(1-I*c*x))/(c"2*d"2+e~2) “2+3/2*b"3*c~3*d
*polylog(3,1-2/(1+I*c*x))/(c~2*d"2+e~2) “2+3/2*%b~3*c~3*d*polylog(3,1-2*c* (e*
x+d) / (cxd+Ixe) /(1-I*c*x))/(c™2%d~2+e~2) "2

Rubi [A]

time = 0.77, antiderivative size = 936, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules
steps used = 23, number of rules used = 12, integrand size = 18, integrand size 0.667,

Rules used = {4974, 4966, 2449, 2352, 2497, 5104, 5004, 5040, 4964, 4968, 5114, 6745}

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTan[c*x])~3/(d + e*x)~3,x]

[Out] (3*b*c~3*d*(a + bxArcTan[c*x])~2)/(2%(c™2+%d"2 + €72)72) + (((3*I)/2)*b*c~2x%
ex(a + bxArcTan[c*x])~2)/(c”2*xd"2 + e72)"2 - (3*bxc*x(a + b*ArcTan[c*x])"2)/

(2% (c™2*%d"2 + e72)*(d + exx)) + (I*c~3*dx(a + b*ArcTan[c*x])~3)/(c”2*d"2 +

e”2)"2 + (c™2%(c*d - e)*(c*d + e)*(a + bxArcTan[c*x])~3)/(2%ex(c™2%d"2 + e~

2)"2) - (a + bxArcTan[c*x])~3/(2*%ex(d + exx)~2) - (3*%b"2*c"2*e*(a + b*ArcTa
nlc*x])*Log[2/(1 - I*c*x)])/(c™2*%d™2 + e72)72 - (3*b*c~3*d*(a + bxArcTan[c*
x])"2+Log[2/(1 - Ixc*x)])/(c"2%d"2 + e72)72 + (3*b~2xc"2*e*(a + bxArcTan[c*
x])*Log[2/(1 + Ixcxx)])/(c"2%xd"2 + e72)72 + (3*%b*c~3xd*(a + b*ArcTan[c*x])~
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2xLog[2/(1 + I*c*x)])/(c™2%d"2 + e72)72 + (3*%b~2*%c"2xex(a + b*ArcTan[c*x])=*
Log[(2xcx(d + e*x))/((cxd + I*xe)*(1 - I*c*x))])/(c"2%d"2 + e72)72 + (3*bxc~
3xdx(a + bxArcTan[c*x]) 2xLog[(2*c*(d + e*x))/((c*xd + I*xe)*(1 - I*c*x))])/(
c™2xd"2 + e72)72 + (((3*I)/2)*b~3*c"2*exPolyLog[2, 1 - 2/(1 - Ixc*x)])/(c"2
*d"2 + €72)72 + ((3*I)*b~2%c~3*d*(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 -
I*xc*x)])/(c™2%d"2 + e72)72 + (((3*I)/2)*b~3*xc~2*e*PolyLog[2, 1 - 2/(1 + Ixc
*x)])/(c"2xd"2 + e72)72 + ((3*I)*b~2*c~3*d*(a + bxArcTan[c*x])*PolyLog[2, 1
- 2/(1 + Ixc*x)])/(c™2%d"2 + e72)72 - (((3%I)/2)*b~3*c~2*exPolyLog[2, 1 -
(2xc*x(d + e*x))/((cxd + I*xe)*(1 - I*kc*x))])/(c™2%d"2 + e72)72 - ((3*I)*b~2x%
c"3xd*(a + b*ArcTan[c*x])*PolyLog[2, 1 - (2*c*(d + e*x))/((c*d + Ixe)*(1 -
I*xc*x))])/(c™2%d"2 + €72)72 - (3*%b~3xc~3*d*PolyLog[3, 1 - 2/(1 - Ixcx*xx)])/(
2% (c"2*d"2 + e72)72) + (3xb~3%c”3*d*PolyLogl[3, 1 - 2/(1 + Ixc*x)])/(2x(c~2*
d”2 + e72)72) + (3xb~3*%c”"3*d*PolyLogl[3, 1 - (2*cx(d + exx))/((cxd + Ixe)*(1
- Ixcxx))])/(2%(c™2%d"2 + e72)72)

Rule 2352

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] &% EqQl[e~2xf + d~2*g, 0]

Rule 2497

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c*x]) p)*(Logl[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c~2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 4966

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si
mp[(-(a + bxArcTan[c*x]))*(Log[2/(1 - I*c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 - I*xcxx)]/(1 + c™2*%x~2), x], x] - Dist[b*(c/e), Int[Log[2*cx((d + e
*x)/((cxd + I*xe)*(1 - I*c*xx)))]1/(1 + c™2*x"2), x], x] + Simp[(a + b*ArcTan[
c*x]) *(Log[2*xcx((d + exx)/((cxd + Ixe)*(1 - Ixcxx)))]1/e), x]1) /; FreeQl{a,
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b, c, d, e}, x] && NeQ[c™2xd"2 + e~2, 0]

Rule 4968

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + b*ArcTan[c*x])~2)*(Log[2/(1 - I*c*x)]/e), x] + (Simp[(a + b*Arc
Tan[c*x]) ~2*(Log[2*xc*((d + exx)/((c*xd + I*e)*(1 - I*c*x)))]/e), x] + Simpl[I
*xbx(a + b*ArcTan[c*x])*(PolyLog[2, 1 - 2/(1 - I*c*x)]/e), x] - Simp[I*bx(a
+ bxArcTan[c*x])*(PolyLog[2, 1 - 2*c*x((d + e*x)/((c*d + Ixe)*(1 - Ixc*x)))]
/e), x] - Simp[b~2x(PolyLog[3, 1 - 2/(1 - Ixc*x)]/(2%e)), x] + Simp[b~2x(Po
lyLogl[3, 1 - 2xcx((d + exx)/((c*d + Ixe)*(1 - Ixc*x)))1/(2%e)), x]) /; Free
Q[{a, b, c, d, e}, x] && NeQ[c™2*xd"2 + e~2, 0]

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x]) p/(ex(q + 1))), x] - D
ist [b*cx(p/(ex(q + 1))), Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1), (
d + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlq]l && NeQ[q, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] & EqQle, c~2xd] && NeQ[p, -1]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b*ArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + bkArcTan[c*x])~p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] &% EqQle, c™2xd] && IGtQ[p, 0]

Rule 5104

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*((£f_) + (g_.)*(x_))"(m_.))/((
d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p
/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && IGt
Qlp, 0] &% EqQle, c~2*d] && IGtQ[m, 0]

Rule 5114

Int[(Loglu_l*((a_.) + ArcTan([(c_.)*(x_)1*(b_.))"(p_.))/((d.) + (e_.)*(x_)"2
), x_Symbol] :> Simp[(-I)*(a + b*ArcTan[c*x]) “p*(PolyLog[2, 1 - ul/(2*c*d))
, x] + Dist[b*p*(I/2), Int[(a + b*ArcTan[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(
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d + exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQle, c~
2xd] && EqQ[(1 - u)"2 - (1 - 2%(I/(I - c*x)))~2, 0]

Rule 6745

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, v], x] /;

Rubi steps

(a + btan™(cz))

(d+ex)d de =

T 2(d>+e?) (d+ex)

IFalseQ[w]] /; FreeQ[n, x]

e? (a+btan_1(cw))2 2c2de? (a+btan_1(cx))2 (ctd?—c?

(a+ btan_l(cm))3 (3bc) J ( (c2d>+e?)(d+ex)? (Pd24e2)? (d+ex) (

2e(d + ex)?

(a + btan~(cz))’

2e

(3bc) [ (=t ttden) ibtan~en)® g (gpagey [ (o
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2e(d + ex)?

_ 3bc(a + btan™(cz))’ B

_|_
2e (c2d? + e2?)? (c?d?

(a+ btan_l(cx))3 B 3bcdd(a + btan—l(cx))2 log (-
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(a+btan~'(cz))’  3bcd(a +btan~(cz))’ log (=
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2 (c2d? + e2)®
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3bc*d(a + btan~!(cz))’
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Mathematica [F]

2 (c2d? + e2)°

2 (c2d? + e2)* 2(c2d? + €2) (d + ex)
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time = 45.79, size = 0, normalized size = 0.00

(a + bArcTan(cz))?
dz
(d+ex)3

Verification is not applicable to the result.

[In] Integrate[(a + b*ArcTan[c*x])~3/(d + e*x)~3,x]

[Out] Integrate[(a + b*ArcTan[c*x])~3/(d + e*x)~3, xl

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 14.87, size = 41275, normalized size = 44.10

method result size
derivativedivides | Expression too large to display | 41275
default Expression too large to display | 41275

Verification of antiderivative is not currently implemented for this CAS.
[In] int((at+b*arctan(c*x))~3/(exx+d) 3,x,method=_RETURNVERBOSE)

[Out] result too large to display

Maxima [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctan(c*x))~3/(e*x+d)~3,x, algorithm="maxima")

[Out] Timed out

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x)) 3/ (e*x+d)"3,x, algorithm="fricas")
[Out] integral((b~3*arctan(c*x)~3 + 3*a*b~2*arctan(c*x) "2 + 3*a”~2xbxarctan(c*x) +
a~3)/(x"3*%e”3 + 3*kd*x"2%e"2 + 3*d"2*x*e + d"3), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atan(c*x))**3/(e*xx+d)**3,x)

[Out] Timed out

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x))~3/(e*x+d)"3,x, algorithm="giac")

[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + batan(cz))® d
(d+ex)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatan(c*x))~3/(d + e*xx)~3,x)
[Out] int((a + b*atan(c*x))~3/(d + exx)"3, x)
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3.21 [(d + ex)? (a + bArcTan(cz?)) dx

Optimal. Leaf size=250

_2bezx_bd3ArcTan(cx2)+(d +ex)?(a+ bArcTan(cx2))+b(3Cd2 —€?) ArcTan(l —V2 \/Ex> b(3cd? —

3c 3e 3e 32 ¢3/2 B

[Out] -2/3*b*e”2*x/c-1/3*b*d~3*arctan(c*x~2)/e+1/3*(exx+d) ~3* (atb*arctan(c*x~2))/
e-1/2xbxd*e*1n(c~2*xx"4+1) /c-1/6*b* (3*cxd~2-e~2) *arctan(-1+x*2~(1/2) *c~(1/2)
)/c”(3/2)*27(1/2)-1/6*b* (3*xc*d~2-e~2) *arctan (1+x*2~(1/2)*c~(1/2)) /c~(3/2) *2
~(1/2)-1/12%b* (3kc*d"2+e~2) *1n (1+c*xx~2-x*2" (1/2)*c~(1/2)) /c~(3/2) %2~ (1/2) +1
/12*%b* (3kc*d~2+e~2) *1n (1+c*xx"2+x*27 (1/2) *c~(1/2)) /c~(3/2)*2~(1/2)

Rubi [A]

time = 0.20, antiderivative size = 250, normalized size of antiderivative = 1.00, number of

_ _ : e number of rules _
steps used = 17, number of rules used = 13, integrand size = 18, integrand size 0.722,

Rules used = {4980, 1845, 1262, 649, 209, 266, 1294, 1182, 1176, 631, 210, 1179, 642}

(d+ ex)f (o + bAxeTan(er?)) | bArcTan(1- VZ Ve'z) (Bed? - ) ~ bArcTan (V2 Ve +1) (e - ¢?) b ArcTan(ea?) b3 + %) o (ea? = VZ Ve +1) .
3e

b3ed + ) log (2 + VEVET+1)  pgelog (ot +1) 2N
3V2 e 3V 3e 6V2 ¢ - c N

6v2 22 2 3¢

Antiderivative was successfully verified.
[In] Int[(d + e*x)~2%(a + b*ArcTan[c*x~2]),x]

[Out] (-2xb*e~2*x)/(3*c) - (b*d~3*ArcTan[c*x~2])/(3*e) + ((d + e*x)”~3*(a + b*ArcT
an[c*x~2]))/(3xe) + (bx(3*c*d™2 - e~2)*ArcTan[1 - Sqrt[2]*Sqrt[c]*x])/(3*Sq
rt[2]1*%c”(3/2)) - (b*(3*%c*d™2 - e~2)*ArcTan[1 + Sqrt[2]*Sqrt[c]*x])/(3*Sqrt(
21*%c~(3/2)) - (b*(3*%c*d™2 + e~2)*Logl[l - Sqrt[2]*Sqrtlc]l*x + c*x~2])/(6*Sqr
t[2]1*c~(3/2)) + (bx(3*cxd~2 + e~2)*Logl[l + Sqrt[2]*Sqrtlcl*x + c*x~2])/(6*S
qrt[2]*c~(3/2)) - (bxd*exLogl[l + c~2*x~4])/(2xc)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l ¢tQb, 01)

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x™n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]
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Rule 631

Int[((a) + (b_.)*(x) + (c_.)*(x.)~2)~(-1), x_Symboll :> With[{q = 1 - 4*S
implify[ax(c/bp"2)]1}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b)
1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 649

Int[((d)) + (e_)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 1176

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 21}, Dist[e/(2*c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Distle
/(2xc), Int[1/Simpl[d/e - gq*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e”2, 0] && PosQ[dxe]

Rule 1179

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*c*q), Int[(q + 2*x)/Simpl[d/e - gq*x - x~2, x], x], x1] /; Fre
eQ[{a, c, d, e}, x] && EqQlcxd"2 - axe”2, 0] && NegQ[dxe]

Rule 1182

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
axc, 2]}, Dist[(dxq + axe)/(2%a*c), Int[(q + c*x"2)/(a + c*x74), x], x] + D
ist[(d*q - axe)/(2xa*c), Int[(q - c*x~2)/(a + c*x~4), x], x]1] /; FreeQl{a,
c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && NeQ[c*d"™2 - axe”2, 0] && NegQ[(-a)
*c]

Rule 1262

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*xx)~g*(a + c*x~2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]
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Rule 1294

Int [((£_)*(x_))"(m_.)*((d_) + (e_.)*x(x_)"2)x((a_) + (c_.)*(x_)"4)"(p_), x_
Symbol] :> Simp[e*xf*(f*x)"(m - 1)*((a + c*x"4)"(p + 1)/(cx(m + 4xp + 3))),

x] - Dist[f72/(cx(m + 4xp + 3)), Int[(f*x)"(m - 2)*(a + c*xx"4) “p*(axex(m -

1) - cxdx(m + 4xp + 3)*x"2), x], x] /; FreeQ[{a, c, d, e, f, p}, x] && GtQ[
m, 1] &% NeQ[m + 4xp + 3, 0] && IntegerQ[2*p] && (IntegerQ[p] || IntegerQ[m
1)

Rule 1845

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)~(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)
)/(c”ii*(a + b*x"n))), {ii, 0, n/2 - 1}1}, Int[v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 4980

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcTan[c*x"n])/(e*(m + 1))), x] - D
ist[b*xcx(n/(ex(m + 1))), Intlx"(n - 1)*((d + e*x)"(m + 1)/(1 + c™2xx~(2#*n))
), x], x]1 /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps
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d+ex)® (a+btan”" (cz®)) b [ retden? g

- ( T1ac2zE
/(d +ex)? (a+btan~" (cz?)) dz = % JE’)e
_ (d+ex)®(a+btan™" (cz?))  (2bc) / zl(frzmz); dz
B 3e 3e
z(d3+3de22?) z2 (3d2e+e322?)
_ (d+ex)’(a+btan" (cz?)) (2bc) [ < o e M W )
B 3e 3e |
_ (d+ex)’(a+btan™ (ca?)) (2be) [ = dlfgix dx  (2bc) /- (3103
3e 3e 3e
__2be’z N (d+ ex)? (a + btan™! (cz?)) N (2b) [ % dz (bc]
3c 3e 3ce
__2be’z N (d+ex)® (a+btan~" (cz?))  (bed®) Subst ([ 2z dz, 2
3c 3e 3e

_2be’z  bd’tan™! (cz?) N (d+ex)’ (a+btan™" (cz®))  bdelog (

3c 3e 3e :
2
2be’x  bd®tan~!(cz?) (d+ ex)®(a+ btan~! (cz?)) b(3cd” +
= — — + -
3c 3e 3e
2
2oe’r  bd3tan™! (cx?) (d+ ex)?(a+ btan~! (cz?)) b(3cd” -
=— — + +
3c 3e 3e
Mathematica [A]
time = 2.01, size = 252, normalized size = 1.01
N gﬁb(wussz:an(l - ﬁﬁz) - 2v2'b(3ed? — ¢?) A;c?m(w ﬁﬁr) - V2 b(3ed? + ¢?) 1og£1; VZ Ca+er?) . V2 b(3ed? + ¢) log E}: ﬁ\/Echz) - 6,,“101{(&5;,,4))

% <12m’11 - % + 12ades® + 4ae’z® + 4bx(3d” + 3dez + ¢*z?) ArcTan(cz?) +
Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~2%(a + b*ArcTan[c*x~2]),x]

[Out] (12%a*d~2%x - (8xb*e~2*x)/c + 12%axdxe*xx”2 + 4*xa*xe”2%x"3 + 4*b*x*(3%d"2 + 3
xdxe*xx + e"2xx"2)*ArcTan[c*x"2] + (2+Sqrt[2]*b*(3*xc*d"2 - e~2)*ArcTan[1l - S

qrt [2]*Sqrt [c]*x])/c~(3/2) - (2*Sqrt[2]*b*(3*c*d"2 - e~2)*ArcTan[1 + Sqrt[2
1*Sqrt[c]l*x])/c~(3/2) - (Sqrt[2]*b*(3*c*d"2 + e~2)*Log[1l - Sqrt[2]*Sqrt[c]*

x + ¢c*x72])/c”(3/2) + (Sqrt[2]*bx(3*xcxd™2 + e~2)*Logl[1l + Sqrt[2]*Sqrt[c]*x

+ ¢c*xx72])/c”(3/2) - (6%b*d*exLogl[l + c™2xx~4])/c)/12

Maple [A]
time = 0.44, size = 363, normalized size = 1.45
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method | result

bd3 arctan (c x2) _ 2be3q

default (em;i Yo b o (e=)2® | bearctan (cz?) 2?d + barctan (cz?) z d* + 3

3c

be?

+_

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) ~2*x(at+b*arctan(c*x~2)),x,method=_RETURNVERBOSE)

[Out] 1/3*%(e*x+d) "3*a/e+1/3*bxe"2%arctan(c*x~2)*x"3+b*exarctan(c*x~2)*x"2*xd+b*arc

tan(c*x~2) *x*d~2+1/3*b*d"3*arctan(c*x~2)/e-2/3*bxe”2*x/c+1/12*%b*xe”~2/cx(1/c”
2)7(1/4)*27(1/2)*1n((x~2+(1/c”2) " (1/4) *x*x2~ (1/2)+(1/c~2)~(1/2)) / (x~2-(1/c"2
)" (1/4)*xx27(1/2)+(1/c"2)~(1/2)))+1/6*b*e”2/cx(1/c~2) " (1/4)*2~ (1/2) *arctan(
27(1/2)/(1/c”2)"(1/4) *x+1)+1/6*xb*e”2/cx(1/c~2) " (1/4)*2~ (1/2) *arctan(2~(1/2)
/(1/c”2)"(1/4)*x-1)-1/3%b/excxd~3/(c"2) ~(1/2) *arctan(x"2*(c"2)~(1/2))-1/4%b
/c*xd”2/(1/c2)"(1/4)*2~(1/2)*1n((x"2-(1/c"2) ~(1/4) *xx2~(1/2)+(1/c"2)~(1/2))
/(x"2+(1/c”2) " (1/4) *x*27(1/2)+(1/c~2)~(1/2)) ) -1/2%b/c*d~2/(1/c”2) ~(1/4) *2~(
1/2)*arctan(2°(1/2)/(1/c”2) " (1/4) *x+1)-1/2xb/c*xd"~2/(1/c~2) " (1/4) %2~ (1/2) *ar
ctan(27(1/2)/(1/c”2) " (1/4)*x-1) -1/2*bxd*e*x1n(c"2*x~4+1) /c

Maxima [A]

time = 0.48, size = 323, normalized size = 1.29

- o[ FLVTE) | o (VeI
) (4 VEVE (ot ) | = V| ST BB V(T E)
(s T eret) Tl Awee)| o e - : o - = 7 o (2erortan o) g 2"+ e
El El 12 @ @ 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctan(c*x~2)),x, algorithm="maxima")

[Out] 1/3*%a*x"3%e”2 + axd*x~2%e - 1/4*(c*(2*sqrt(2)*arctan(1/2*sqrt(2)*(2*c*x + s

qrt (2)*sqrt(c))/sqrt(c))/c~(3/2) + 2xsqrt(2)*arctan(1/2*sqrt(2)*(2*c*x - sq
rt(2)*sqrt(c))/sqrt(c))/c~(3/2) - sqrt(2)*log(c*x~2 + sqrt(2)*sqrt(c)*x + 1
)/c”(3/2) + sqrt(2)*log(c*x~2 - sqrt(2)*sqrt(c)*x + 1)/c~(3/2)) - 4*x*arcta
n(c*x72))*bxd~2 + axd"2*x + 1/12*%(4*x"3*arctan(c*x~2) - c*(8*x/c”2 - (2*sqr
t(2)*arctan(1/2*sqrt(2) *(2*%cxx + sqrt(2)*sqrt(c))/sqrt(c))/sqrt(c) + 2x*sqrt
(2)*arctan(1/2*sqrt (2) *(2xc*x - sqrt(2)*sqrt(c))/sqrt(c))/sqrt(c) + sqrt(2)
*xlog(c*x™2 + sqrt(2)*sqrt(c)*x + 1)/sqrt(c) - sqrt(2)*log(c*x~2 - sqrt(2)*s
qrt(c)*x + 1)/sqrt(c))/c”2))*bxe”2 + 1/2%(2*c*x"2xarctan(c*x”~2) - log(c™2#*x
"4 + 1))*bxd*e/c

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 4652 vs.

2(196) = 392.
time = 1.43, size = 4652, normalized size = 18.61

Too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctan(c*x~2)),x, algorithm="fricas")

[Out] 1/12%(972*%a*b~4*c~5*d~9*x"2%e + 972%a*b~4*c~5*d~10*x + 216%axb~4*c”~3*d~5*x"~
2%e”5 + 216%axb~4*c”3*%d"6*x*e”4 - 4xsqrt(2)*c 7*sqrt((81*%b~2*%c"4*xd"8 + 18%b
“2%cT2%d"4%e”4 - 6%cT4*d"2xsqrt ((81*%b"4*c”4*d"8 + 18%b”4xc”2xd"4*e"4 + b74x
e"8)/c”6)*e"2 + b~ 2%e”8)/(81*b~2*%c"4*d"8 - 18%b"2*c”"2xd"4*e"4 + b~2%e"8))*(
(81%b~4xc~4%d"8 + 18%b~4*c~2*d"4*e"4 + b~4*e”8)/c”6)~(3/4)*sqrt ((81*%b~4*c~4
*d~8 - 18%b~4*c"2xd"4*e”4 + b~4*e”8)/c”6)*arctan((sqrt(2)*sqrt(6561*b~6xc~8
*d~16*x72 - 162*b~6%c”4*d"8*x"2%e”8 + b~6xx"2*e”16 + sqrt(2)*(729%b~5*xc”"7*xd
“12%x*e”2 - 81*%b~5*c"5*d"8*x*e"6 - 9*b"5*kc"3*d"4*x*e~10 + b~bxckx*e~14 + 3%
(81%b~3*c~9*%d~10%x - 18%b~3*c~7*d"6*x*e"4 + b 3*%c~5xd"2*x*e”8)*sqrt ((81*b~4
*C~4*d"8 + 18%b~4xc"2+%d"4*e"4 + b~4*e”"8)/c”6))*sqrt ((81*%b"2%xc~4*%d"8 + 18%b~
2xc"2xd"4*e"4 - 6%c”4*d"2xsqrt ((81*%b~4*c"4xd"8 + 18%b~4*c~2xd"4*e”"4 + b~ 4x*e
~8)/c”6)*e"2 + b"2%e”8)/(81*%b"2xc"4*d"8 - 18*%b~2*c"2*d"4*e”4 + b"2*e”8))*((
81%b~4*c"4*d"8 + 18%b~4*c~2xd"4*e"4 + b~4*e”8)/c”6) " (1/4) + (729%b~4*c~8*d~
12 - 81%b~4*c”6*d"8*%e~4 - 9%b~4xc”4*xd"4*e"8 + b~4*c"2%e~12)*sqrt ((81xb~4*c”
4xd~8 + 18%b~4*c"2xd"4*e”4 + b~4%e”8)/c”6))*(c"11*sqrt ((81*b~4*xc~4*d"8 + 18
*b~4*c”"2%d"4*xe"4 + b"4*e"8)/c”6)*sqrt ((81xb~4*c"4*d"8 - 18%b~4*c"2xd"4*e"4
+ b"4*e”8)/c”6)*e”2 + 3% (9xb"2xc"11*%d"6 + b~2*c"9*d"2%e~4)*sqrt ((81xb~4xc~4
*d"8 - 18%b~4*c"2xd"4*e”4 + b~4%e”8)/c”6))*sqrt ((81*xb~2*%c"4*d"8 + 18%b~2%c”
2xd"4*e"4 - 6%c”4xd"2*sqrt ((81xb~4*c~4*d"8 + 18*b~4*c~2*d"4*e”"4 + b"4x*e”8)/
c"6)*e"2 + b"2%e”8)/(81%b"2%c"4*d"8 - 18*%b~2*c”2*d"4*e”4 + b~ 2%e~8))*((81*Db
“4xc”4*%d"8 + 18%b~4xc”2*d"4*e"4 + b"4*e"8)/c”6)"(3/4) + sqrt(2)*((81%b~3*c”
15%d"8xx*e”2 - b~3*c”11xx*e~10)*sqrt ((81*xb~4*c~4*d"8 + 18%b~4*c~2xd"4*e"4 +
b~4%e~8) /c”6) *sqrt ((81*%b~4*c~4*d"8 - 18*b~4xc~2*%d"4*e"4 + b~4*e"8)/c”6) +
3% (729%b~5*c~15%d"14*x + 81xb~5*c~13*%d"10*x*e”4 - 9*b~5*c~11*d"6*x*xe”~8 - b~
Bkc~9xd"2*x*e~12) *sqrt ((81*%b~4*c~4*%d"8 - 18%b~4xc~2*%d"4*e"4 + b~4*e"8)/c”6)
) *sqrt ((81*%b~2xc~4*d"8 + 18%b~2xc~2*%d"4*e"4 - 6*c”4*xd"2*sqrt ((81*b~4*xc~4x*d"
8 + 18%b~4xc”2xd"4*e"4 + b~4*e"8)/c”6)*e"2 + b~ 2*e”"8)/(81*b~2*c"4*%d"8 - 18%
b~2%c"2*d"4*e"4 + b"2%e"8))*((81*%b"4*xc~4*d"8 + 18%b~4*xc”2*d"4*e"4 + b"4*e”8
)/c”6)”(3/4) + (6561*b~6xc"14xd"16 + 1458*b~6xc”~12*xd"12*xe”4 - 18*b~6*c~8*d~
4xe”12 - b~6*xc"6*e~16)*sqrt ((81xb~4*c~4*d"8 + 18*b~4*c~2*d"4*e”4 + b~4x*e”8)
/c”6)*sqrt ((81*%b~4*c~4%d"8 - 18%b~4*c~2+%d"4*e"4 + b~4*e~8)/c”6))/(531441xb~
10*%c™12xd"24 + 118098*b~10*c~10*d"20*e"4 - 6561*b~10%c"8*d"16*%e”8 — 2916%b~
10%c™6xd~12xe~12 - 81xb~10*c~4*d"8*e~16 + 18*b~10*c~2xd"4*e”20 + b~ 10%*e~24)
) - 4*xsqrt(2)*c”7*xsqrt ((81*xb~2%c™4*d"8 + 18%b~2%c~2xd"4*e”4 - 6xc~4*d”~2*sqr
t ((81%b~4xc~4*d"8 + 18*b~4*c™2*d"4*e~4 + b~4*e~8)/c”6)*e”2 + b~ 2*e~8)/(81*b
“2%c”4%d"8 - 18%b”"2%c”2xd"4*e”4 + b~2*%e”8))*((81*%b"4*c”4xd"8 + 18%b”4xc”2xd
“4xe~4 + b"4xe"8)/c”6) " (3/4)*sqrt ((81xb~4*c~4*d"8 - 18*b~4*c”"2*d"4xe"4 + b~
4xe~8)/c~6)*arctan((sqrt(2)*sqrt(6561*b~6*c~8*d~16*x"2 - 162%b~6%*c~4*d~8*x"
2%e"8 + b76*x"2%xe”16 - sqrt(2)*(729%b~5*c”T*d"12*%x*e”2 - 81%b~5*c~5*d"8*x*e
6 - 9*%b”5xc”3*d"4*x*e”10 + b bkcxx*e~14 + 3% (81*%b"3*%c"9*xd"10*x - 18%b~3*c”
7*d"6xx*e”4 + b~ 3*c”5*d"2xx*e”8) *sqrt ((81*%b~4*c~4*d"8 + 18%b~4*c~2xd"4*e"4
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+ b~4%e78)/c”6) ) *sqrt ((81*xb~2*%c"4*d"8 + 18%b~2kc"2xd"4*e”4 - 6%c”4*d"2*sqrt
((81*b~4*c~4%d"8 + 18%b~4*c”2xd"4*e”4 + b~4*e~8)/c”6)*e”2 + b~2*e~8)/(81xb~
2xCc"4*d"8 - 18*b"2xc"2*d"4*e”4 + b"2%e”8))* ((81xb~4*c~4*d"8 + 18*b~4*c~2*d”
4xe~4 + b~4%e”8)/c”6)"(1/4) + (729%b~4xc~8+d~12 - 81%b~4*c~6*d"8*e”4 — 9%b~
4xc”4xd"4*e"8 + b~4*xc"2%e”"12) *sqrt ((81*b~4*c~4*%d"8 + 18%b~4*c"2*xd"4*e”4 + b
~4xe~8)/c”6) ) *(c"11xsqrt ((81*%b~4*c~4*%d"8 + 18%b~4*c~2*d"4*e"4 + b~ 4*e”8)/c”
6) *sqrt ((81*b~4xc~4*d~8 - 18%b~4xc~2*d"4*e"4 + b~4*e"8)/c"6)*e”2 + 3*(9*b~2
*C"11%d"6 + b~2%c"9%d"2%e~4)*sqrt ((81*¥b~4*xc~4xd"8 - 18%b~4*c~2*d"4*e”"4 + b~
4xe~8)/c”6) ) *sqrt ((81*b~2*c~4*d"8 + 18*b~2%c~2*d"4*e”4 - 6xc~4*d"2*sqrt((81
*b~4*c"4xd"8 + 18%b~4xc"2*d"4*e"4 + b"4*e"8)/c"6)*e”2 + b"2%e~8)/(81%b"2*c”
4xd~8 - 18%b~2%c"2xd"4*e”4 + b~2%e”8))*((81*b~4xc”4*d"8 + 18%b~4*xc”2*d"4*e”
4 + b~4%e”8)/c”6)"(3/4) + sqrt(2)*((81xb~3*c~156xd"8*x*e"2 - b~3*c"11*x*e~10
) *sqrt ((81*%b~4xc~4+%d"8 + 18*b~4xc~2+*d"4*e"4 + b~ 4*e”8)/c”6)*sqrt ((81xb~4x*c™
4xd"8 - 18%b~4*c"2xd"4*e”4 + b~4%e”8)/c”6) + 3*%(729%b"5xc~15%xd"14*x + 81%b~
5xc~13*%d"10*x*e”4 - 9*b~5*kc~11xd~6*x*e”~8 — b~5*c~9*xd"2*x*e”~12) *sqrt ((81*b~4
*C~4*d"8 - 18%b~4xc"2+%d"4*e"4 + b~4*e”"8)/c”6))*sqrt((81*%b"2*xc~4*%d"8 + 18%b~
2xc"2xd"4*e"4 - 6%c”4*d"2xsqrt ((81*%b~4*c"4xd"8 + 18%b~4*c~2xd"4*e"4 + b~4x*e
~8)/c”6)*e"2 + b~2%e”"8)/(81*b~2*c"4*%d"8 - 18*b~2*c"2*d"4*xe"4 + b"2xe”8))*((
81*b~4*c~4xd"8 + 18*%b"4xc"2*d"4*e”4 + b"4%e"8)/c”6)"(3/4) - (6561xb~6*c”14%
d~16 + 1458*b~6*c~12+%d"12%e~4 - 18*b~6*c~8*d"4*e~12 - b~6*c”6*e~16)*sqrt ((8
1xb~4*c”™4*d"8 + 18%b~4*c"2xd"4*e”4 + b~4*e”8)/c”6)*sqrt ((81*%b~4*c~4xd"8 - 1
8xb~4*c~2*%d"4*e"4 + b"4xe”8)/c”6))/(531441%b"10*c~12+%d"24 + 118098*b~10*c~1
0*d~20*%e”"4 - 6561*b"10%c"8*d"16*%e”8 — 2916%b~10*c"6*%d"12*xe~12 - 81%b~10*c"4
*d"8*e~16 + 18*b~10*c”"2xd"4*e”20 + b~10%e”24)) + 12*axb~4*xcxd*x"2%e”~9 + 12%
a*b”4*xckd"2*x*e”8 + 4*(81*%b75*c”5*d"8%x"3%e”2 + 243%b~5*c”5*d"9*x"2xe + 243
*b~5*c”5*d"10*x + 18%b"5xc"3*d"4*x"3*e”6 + 54%*b...

Sympy [A]
time = 11.15, size = 403, normalized size = 1.61

ad’s + adea? + 52 4 bz atan (ca?) + bdea? atan (cz?) + CE 2 () - Ly

o + deat + 57) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**2*(at+b*atan(c*x**2)),x)

[Out] Piecewise((axd**2xx + akxdkexx**2 + ake**x2*x*x3/3 + bkxd**2kxx*atan(cxx**2) +
bxd*e*x**2*atan (c*x**2) + b¥xex*2xxx*3*atan(cxx**2)/3 - bxd**2xlog(x - (-1/c

*x*%2) %% (1/4)) / (cx(-1/c*x2)**(1/4)) + bxd**2xlog(x**2 + sqrt(-1/c**2))/(2xc*(
-1/c*x2)**(1/4)) - bxdx*2xatan(x/(-1/c**2)**(1/4))/(c*(-1/c*x*2)*x(1/4)) - b
xdxexlog(x**2 + sqrt(-1/c**2))/c - 2xb*e*x2+x/(3%c) - b*d**2*atan(c*x**2) /(
ckx2% (-1/cx*2)*x(3/4)) + b*d*exatan(cxx**2)/(c*x*2xsqrt(-1/c**2)) - b¥e**x2xa

tan (c*x**2) / (3xck*x2x (=1/c**2) **x (1/4)) + bre*x*2*xlog(x - (-1/c*x*2)*x(1/4))/(3
*xCx*3% (—1/c*x2) %% (3/4)) - brex*2xlog(x**2 + sqrt(-1/cx*2))/(6xcx*3*(-1/c**2
)*x(3/4)) - b¥exx2*atan(x/(-1/cx*2)*x(1/4))/(3xcx*3x(-1/c*x2)**(3/4)), Ne(c

, 0)), (ax(d**2%x + d*exx**x2 + exx2xx*x*x3/3), True))
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Giac [A]
time = 1.15, size = 308, normalized size = 1.23

Ml (€111, ) S ) S+ S o) st pts VEOVENI) 08 (2 g 8) VB (e ) on (18 (2 ) V) (a0 T et (4 V2 (20— ) VIT) R T s (2 S o)
12de g B

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(a+b*arctan(c*x~2)),x, algorithm="giac")

[Out] -1/2%b*d*exlog(c™2*x~4 + 1)/c + 1/3%(bxcxe”2xx"3*arctan(c*x~2) + akxcke 2%x"
3 + 3xbkxckdke*xx"2*arctan(c*x~2) + 3*xakckdkexx”2 + 3*bxcxd~2*x*arctan(cxx”2)

+ Jkakckd 2xx - 2kb*e”2*x)/c - 1/12*sqrt(2)*(3xbxc~2*xd"2 + bkxe 2*abs(c))*1
og(x~2 - sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/(c*abs(c)~(3/2)) - 1/6*sqrt(2)*
(3xb*xc~2*d"2xsqrt(abs(c)) - bxe~2*abs(c)~(3/2))*arctan(1/2*sqrt(2)*(2*x + s
qrt(2) /sqrt(abs(c)))*sqrt(abs(c)))/c™3 - 1/6%sqrt(2)*(3*b*c~2*d~2*sqrt (abs(

c)) - bxe"2*abs(c)~(3/2))*arctan(1/2*sqrt(2)*(2*x - sqrt(2)/sqrt(abs(c)))*s
qrt(abs(c)))/c™3 + 1/12*sqrt(2)*(3*xbxc~2*xd"2*sqrt (abs(c)) + b*xe~2*abs(c)~ (3
/2))*log(x~2 + sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c~3

Mupad [B]
time = 3.37, size = 419, normalized size = 1.68

T o) E stnfsor E ) (T sn(reer E) (T (e ) /Tt sofoee T ) T st (see T o) (I somfosery ) /T siafoee T

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x"2))*(d + e*x)~2,x)

[Out] (a*e™2%x7~3)/3 + a*d™2*x + (b*e~2*x~3*atan(c*x~2))/3 + akxd*e*x~2 - (3%b*d 2%
log(3*cxx*(11/(9%c))~(1/2) - 1)*(1i/(9%c))~(1/2))/2 + (3*b*d~2*log(3*c*xx*(1
i/(9%c))~(1/2) + 1)*(1i/(9%c))~(1/2))/2 - (b*d~2*log(3*c*x*(1i/(9%c))~(1/2)
+ 1i)*(11/(9%c))~(1/2)*3i) /2 + (b*d~2*log(ckx*(1i/(9*c))~(1/2)*3i + 1)*(1i
/(9%c))~(1/2)%3i) /2 - (2¥bxe~2%x)/(3%c) + b*d 2xx*atan(c*x~2) + (b*e~2xlog(
3xckx*k(11/(9%c))~(1/2) - 1)*(1i/(9%c))~(1/2)*1i)/(2%c) - (b*e~2xlog(3*cx*(
11/(9%c))~(1/2) + 1)*(1i/(9%c))~(1/2)*11)/(2xc) + (bke~2%log(3*ckx*(1i/ (9%*c
))7(1/2) + 11)*(11/(9%c))~(1/2))/(2%c) - (bxe~2¥log(ckx*(11/(9%c)) ™ (1/2)*31
+ 1)*(11/(9%c))~(1/2))/(2%c) + bxdxexx~2*atan(c*x~2) - (b*d*exlog(3*cxx*(1
1/(9%c))~(1/2) - 1))/(2%c) - (bkd*exlog(3*ckx*(1i/(9%c))~(1/2) + 1))/(2%c)
- (bxd*exlog(3*c*x*(1i/(9*c))~(1/2) + 1i))/(2%c) - (b*d*exlog(c*x*(1i/(9*c)
)~ (1/2)*31 + 1))/ (2%c)
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3.22 [(d + ex) (a + bArcTan(cz?)) dz

Optimal. Leaf size=192

_bd2ArcTan(c:c2)+(d +ex)(a+ bArcTan(ca:2))+bdArCTan<l — V2 \/ECC) _bdArCT&Il(l + 2 \/Ed))
2e 2e V2 /¢ V2 \/C

[Out] -1/2%b*d~2*arctan(c*x~2)/e+1/2* (e*xx+d) ~2*(a+b*arctan(c*x~2))/e-1/4*bxe*1n(c
~2xx74+1) /c-1/2*xb*d*arctan (-1+x*2~(1/2) *c~(1/2))*2°(1/2) /c~(1/2) -1/2*b*d*ar
ctan(1+x*2~(1/2)*c”~(1/2))*2~(1/2) /c~(1/2) -1/4*xb*d*1n(1+c*xx~2-x*%2~(1/2) *c~ (1
/2))%27(1/2)/c” (1/2)+1/4*%b*d*x1n (1+c*x~2+x%2~(1/2) *c~(1/2))*2~(1/2) /c~(1/2)

Rubi [A]

time = 0.13, antiderivative size = 192, normalized size of antiderivative = 1.00, number of

_ _ . e number of rules _
steps used = 16, number of rules used = 12, integrand size = 16, integrand size 0.750,

Rules used = {4980, 1845, 303, 1176, 631, 210, 1179, 642, 1262, 649, 209, 266}

(d + ex)? (a + bArcTan(cz?)) B bd? ArcTan(cz?) N bdArCTan(l — ﬂﬁz) B bdArcTan(ﬁ Ve + 1) B belog (2t + 1) B bdlog <czz - ﬁﬁz + 1) N bdlog <czz + ﬁﬁer 1)
2e 2e V2 /e V2 /e 4c 2v2' /e 2v2' /e

Antiderivative was successfully verified.
[In] Int[(d + e*x)*(a + b*ArcTan[c*x"2]),x]

[Out] -1/2%(bxd~2*ArcTan[c*x~2])/e + ((d + e*x)~2*(a + b*ArcTan[c*x"2]))/(2%e) +
(bxd*ArcTan[1 - Sqrt[2]*Sqrt[c]*x])/(Sqrt[2]*Sqrtlc]) - (bxd*ArcTan[l + Sqr
t[2]*Sqrt [c]*x])/(Sqrt [2]*Sqrt[c]) - (b*d*Log[l - Sqrt[2]*Sqrt[cl*x + c*x~2

1)/ (2*%Sqrt[2] *Sqrt[c]) + (b*d*Logl[l + Sqrt[2]*Sqrt[cl*x + c*xx~2])/(2*Sqrt[2
1*Sqrt[c]) - (b*exLogl[l + c~2*x"4])/(4%c)

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0]1)

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
& (LtQla, 0] || LtQ[b, 01)

Rule 266
Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 303



151

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/D,

211, s = Denominator[Rt[a/b, 211}, Dist[1/(2*s), Int[(r + s*x~2)/(a + b*x"4
), x], x] - Dist[1/(2*s), Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct [SumBaseQ, bl]))

Rule 631

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x72, x]1/b), x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Dist[e, Int[x/(a + c*xx~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[(-a)x*c]

Rule 1176

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e™2, 0] && PosQ[dxe]

Rule 1179

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2x(d/e), 21}, Distl[e/(2*c*q), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],

x] + Dist[e/(2%c*q), Int[(q + 2*x)/Simp[d/e - gq*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[dxel]

Rule 1262

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x)~g*(a + c*xx~2)7p, x], x, x72], x] /; FreeQ
[{a, c, d, e, p, q}, x]

Rule 1845
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Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]l*x~(n/2)
)/(c”iix(a + b*x"n))), {ii, 0, n/2 - 1}1}, Intlv, x] /; SumQ[vl] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 4980

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))*((d ) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcTan[c*x"n])/(ex(m + 1))), x] - D
ist[b*cx(n/(ex(m + 1))), Int[x"(n - 1)*((d + exx)"(m + 1)/(1 + c”2*x~(2*n))
), x], x] /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps

/(d + ez) (a+ btan™" (cz?)) dz = / (a(d + ex) + b(d + ex) tan™" (cz?)) dz

belog (1+ c*z )_|

4c

belog (1 + c*z*)

4c

bdlog (1 — V2

2v/2 /e

bdtan~! (1 -2

2
2
— % + b/ (dtan™" (cz®) + extan™" (cz?)) dz
2
- % + (bd)/tan_l (cz?) dz + (be)/wtan " (ca®) da
2
_ a(d;‘—:x) + bdz tan~" (ca?) + ;bex tan~" (cz?) — (2bcd) /
2
- % + bdz tan™" (cz”) + %bex2 tan™" (cz’®) —
2
— % + bdz tan™" (cz?) + %beac2 tan~" (cz?) —
2
- a(d—2i——eex) + bdz tan~" (cz?) + %ber tan™" (ca?) —
2
— % + bdz tan™" (cz?) + %ber tan~" (cz?) +

Mathematica [A]
time = 0.07, size = 153, normalized size = 0.80

bd(*?ArcTan(l - ﬁﬁz) + 2ArcTan<1 +v2' ﬁz) +log (1 -2 Ve'z+ cz’) —log (1 +v2' Vez+ cz2>> belog (1+ c2at)
2\/5\/; - 4c

1 1
adz + Eaez2 + bdzArcTan (c&r:?) + EbezzArcTa.n (czz) -

V2 Ve
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Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*(a + b*ArcTan[c*x~2]),x]

[Out] a*xd*x + (a*exx"2)/2 + b*d*xxArcTan[c*x~2] + (b*e*x~2xArcTan[c*x~2])/2 - (b*
dx(-2*ArcTan[1 - Sqrt[2]*Sqrt[c]l*x] + 2*ArcTan[1 + Sqrt[2]*Sqrt[c]l*x] + Log

[1 - Sqrt[2]*Sqrt[c]l*x + c*x~2] - Logl[l + Sqrt[2]*Sqrtlcl*x + c*x~2]))/(2*S
qrt[2]*Sqrt[c]) - (bxexLogl[l + c~2xx~4])/(4*c)

Maple [A]

time = 0.09, size = 168, normalized size = 0.88

method | result

2 (1)1 \/5 /1

e — 2z x + 2

bdV2 In ( )1 1 bd\/? arc
m2+(~12 4 ﬁ+\/ 2

C
()

barctan (c

default | a(iez?+dz) + ¢ + barctan (cz?) dz —

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(at+b*arctan(c*x~2)),x,method=_RETURNVERBOSE)

[Out] a*x(1/2%e*x~2+d*x)+1/2*b*arctan(c*x~2)*x"2*e+b*arctan(c*x~2) *d*x—-1/4*b*xd/c/ (
1/c72)"(1/4)*27(1/2) *1n((x"2-(1/c"2) " (1/4) *xx2~ (1/2)+(1/c~2)~(1/2)) / (x~2+(1
/c”2)~(1/4)*xx2~(1/2)+(1/c~2)~(1/2)))-1/2%b*d/c/(1/c~2) " (1/4) %2~ (1/2) *arcta
n(27(1/2)/(1/c”2)~(1/4) *x+1)-1/2%b*d/c/(1/c~2)~(1/4) *2~ (1/2) *arctan(2~(1/2)
/(1/c”2)~(1/4) *x-1)-1/4*b*e*1n(c"2*x"4+1) /c

Maxima [A]

time = 0.46, size = 170, normalized size = 0.89

2 ot 5 p2) 2 4
bt ade 1 22T arctdn(u)‘l log (%2 + 1))be
c

VE (2 VIVE) VI (2 VIVE)
Zﬁarctam( 2v/c ) 2ﬁardan< 2¢/c ) ﬁlog(&z+ﬁﬁz+l) ﬁlog(aﬁ—ﬁﬁz+l)
3 + T - 5 + 5 — 4z arctan (cz?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x~2)),x, algorithm="maxima")

[Out] 1/2*%axx"2%e - 1/4x(c*x(2*sqrt(2)*arctan(1/2*sqrt(2)*(2*c*x + sqrt(2)*sqrt(c)
)/sqrt(c))/c~(3/2) + 2*xsqrt(2)*arctan(1/2*sqrt(2)*(2*c*x - sqrt(2)*sqrt(c))
/sqrt(c))/c”(3/2) - sqrt(2)*log(c*x~2 + sqrt(2)*sqrt(c)*x + 1)/c~(3/2) + sq
rt(2)*log(c*x~2 - sqrt(2)*sqrt(c)*x + 1)/c~(3/2)) - 4*xx*xarctan(c*x”2))*bxd

+ axd*x + 1/4*(2xcxx"2xarctan(c*x”2) - log(c™2xx~4 + 1))*bxe/c

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 538 vs.
2(150) = 300.
time = 1.05, size = 538, normalized size = 2.80
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x~2)),x, algorithm="fricas")

[Out] 1/4*%(2*axb~4xc*d~4*x"2xe + 4*axb~4*c*d~b*xx + 4*sqrt(2)*(b~4xd~4/c”2)~(1/4)*
b~4*c*d"4*arctan(-(b"8*d"8 + sqrt(2)*(b~4*d~4/c~2)~(5/4)*b~3*c~3*%d"3*x - sq
rt(2)*sqrt (b~6+xd"6*x"2 + sqrt(2)*(b~4*d"~4/c~2)~(3/4)*b~3*cxd"3*x + sqrt(b~4
*d~4/c”2) *b~4*d"4) * (b~4*d"4/c~2)~(5/4) *c~3) /(b~8%d"8)) + 4*sqrt(2)*(b~4xd~4
/c”2)~(1/4)*b~4xc*d"4*arctan((b~8*d"8 - sqrt(2)*(b~4*d~4/c~2)~(5/4)*b~3*c~3
*d"3*x + sqrt(2)*sqrt(b"6*d"6+x"2 - sqrt(2)*(b~4*d~4/c~2)~(3/4)*b~3*cxd~3*x
+ sqrt(b~4*d~4/c~2)*b"4*d"4) * (b"4*d"4/c"2) " (5/4)*c~3) /(b™8*d"8)) + 2*x(b~5*
ckd"4*x"2%e + 2¥b~5*c*d”"b*x)*arctan(c*x~2) - (b"5xd"4*e - sqrt(2)*(b~4*d~4/
c”2)7(1/4)*¥b"4*xc*xd"4) *1log (b~ 6+d"6*x~2 + sqrt(2)*(b"4*d"~4/c”2) " (3/4)*b~3*c*xd
~3xx + sqrt(b"4*d~4/c”2)*b"4*d"4) - (b~5*d"4xe + sqrt(2)*(b~4xd~4/c"2)"(1/4
) *b~4*cxd~4) *Log (b~ 6*d"6*x~2 — sqrt(2)*(b~4*d~4/c”2) " (3/4)*b~3*c*d"3*x + sq
rt(b~4*d"4/c~2)*b~4*d"4) ) / (b~ 4*xcxd"4)

Sympy [C] Result contains complex when optimal does not.
time = 7.52, size = 1266, normalized size = 6.59

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*atan(c*x**2)),x)

[Out] Piecewise(((a - oo*Ix*b)*(d*x + exx**2/2), Eq(c, -I/x**2)), ((a + ooxIxb)x*(d
*xx + exxx*2/2), Eq(c, I/x*x2)), (ax(d*x + exx*x2/2), Eq(c, 0)), (2xaxc*x5xd
*xxxk5k (—=1/c**2) *x*x (11/4) / (2xcxkSkx*k*4x (—1/ck*2) **x (11/4) + 2*c*xx3x(—1/c**2) xx*
(11/4)) + axc*xbkxe*xxx*x6% (—1/c**2) **x(11/4)/ (2*cx*5*xxx*kd* (—-1/cx*x2) *x(11/4) +
2xckk3% (—1/cx*x2) % (11/4)) + 2kaxckx3kd*x*k(—1/c*%*2)**x(11/4) / (2*cx*5xx**x4d* (-1
/cxx2)xx (11/4) + 2kc**3x(—1/c**2)*x*x(11/4)) + a*xcx*k3*xexx* *2x(-1/cx*2)*x*x(11/4
)/ (2xckxBxxkkdx (—1/c**2) *k (11/4) + 2xckx*3x(—1/c**2)**x(11/4)) + 2%b*cx*5*xd*x
*x5% (—1/c*x2) %% (11/4) *atan (ckx**2) / (2xck*5xx**4x (=1/ckx*2) xx (11/4) + 2kc**3*
(—1/cx*2) *x (11/4)) + bxcx*kbxexx*x*x6x (—1/c**2)*x* (11/4) *atan (ckx**2) / (2xc*x*5xx
*xkdk(-1/c*x*%2) k% (11/4) + 2%kc*k*x3x(-1/c**2)*x*(11/4)) - 2xbxck*4dxd*kxk*kdx (-1/c**
2)*#x(5/2)*log(x — (-1/c**2)x*x(1/4))/(2*kcx*5*xx*x*4* (-1/cx*2)*x(11/4) + 2%c**3
*(-1/cx*2)**x(11/4)) + bxck*xdxd*xxk*d*(-1/c*x*2)*x*(5/2) *Llog(x**2 + sqrt(-1/c**
2) )/ (2xck*kbxxkkd* (=1/cx*2) *x (11/4) + 2xc**3x(-1/c*x*2)*x*x(11/4)) - 2¥bxck*4xd
*xxx*k4* (—1/c*x2) *x (5/2) *atan (x/ (=1/c**2) x* (1/4)) / (2kckxExxx*k4* (-1/c*x2) *x (11
/4) + 2%c*kx3%x(—1/cx*2)*xx(11/4)) - bxcxkdkexx*x*xdx(-1/c*x2)**(11/4)*Log(x**2
+ sqrt(-1/c**2) )/ (2kcx*5kxk*d* (=1/cx*2) *x (11/4) + 2%c**3*(-1/cx*2)*x(11/4))
+ 2¥bxck*3*kdkx* (—=1/c**2) ¥k (11/4) *atan (ckx**2) / (2kcx*x5xx*k*d* (=1/cx*2) ** (11/
4) + 2%cx*3*%(—1/c*xx2)**x(11/4)) + bxc**3xe*xxxx2% (—-1/c**2)**(11/4)*atan (ckx*x*
2)/ (2%ckx5xxkkdx (-1 /c**2) xk (11/4) + 2xckx*3x(—1/c**2)**x(11/4)) - 2¥b*cx*2*dx*
(-1/c**2)*xx(5/2) ¥*1log(x - (-1/c**2)**(1/4))/(2*ck*xb*x*k*x4*(-1/cx*2)*x(11/4) +
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2kcx*k3% (—1/c**2) **x (11/4)) + bkc*kx2*d* (-1/cx*2)*x(5/2) *1log(x**2 + sqrt(-1/c

*¥%2) )/ (2kckx5kxkkdx (—1/c*k*2) x*k (11/4) + 2kckx*x3x(—1/c**2)*x*x(11/4)) - 2¥b*c*x*2
*dx (=1/c**2) *x(5/2) *atan (x/ (-1/c**2) *x (1/4) ) / (2*cxx5xxk*4* (-1 /cx*2) ** (11/4)
+ 2kck*k3% (—1/c**2) **%(11/4)) - bkck*2xex(-1/cx*2)**(11/4)*Llog(x**2 + sqrt(-
1/cx*x2) ) / (2xcHx*5kx*x*x4* (=1/ck*2) %k (11/4) + 2xc**3*(-1/c**2)**x(11/4)) - 2xbxd
xxkxdkatan (Cxx**2) / (2xckxBxxk*kd* (—1/cx*x2) %% (11/4) + 2*c**4x(-1/c**2)*x(11/4
)) - 2xb*d*atan(c*xx*x*2)/(2%ck*x8xxkxkxdx (—1/c**2)*x*k(11/4) + 2xckx*x6x(—1/c**2)*x*
(11/4)) + bxexxkkd*(—1/cx*2)**(1/4)*atan (cxx**2) / (2kck*6*x**x4* (—=1/c**2) *x*x (1
1/4) + 2xcxx4x(-1/c**2)*%(11/4)) + bxex(-1/c**2)**x(1/4)*atan(cxx**2) /(2xc*xx*
Sxxkkdx (—1/c**x2)*xx(11/4) + 2xckx*x6*(-1/cx*2)**(11/4)), True))

Giac [A]
time = 0.59, size = 184, normalized size = 0.96

2
Ve Viel Vi
PYEH PYEH 4 4c

1
3 be” arctan (cz?) + 3 aex® + bdz arctan (cz?) + adz —

V2 bedarctan (gﬁ<21+ﬁl) JW) V2 bedarctan (%\/T(M—J@) \/W) (V2 bed 1T —bw) log <12+4‘%+ﬁ> (ﬁbcd\/ﬂ +bm) log (z?—l\/%h%)
_ 4 :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctan(c*x~2)),x, algorithm="giac")

[Out] 1/2*%b*exx”~2*arctan(c*x~2) + 1/2%a*e*x”2 + bkd*x*arctan(c*x~2) + a*xd*x - 1/2
*sqrt (2) *bxcxd*arctan(1/2*sqrt (2) *(2*%x + sqrt(2)/sqrt(abs(c)))*sqrt(abs(c))
)/abs(c)~(3/2) - 1/2*sqrt(2)*b*c*d*arctan(1/2*sqrt(2)*(2*x - sqrt(2)/sqrt(a
bs(c)))*sqrt(abs(c)))/abs(c)~(3/2) + 1/4*(sqrt(2)*bxcxd*sqrt(abs(c)) - bxcx
e)xlog(x~2 + sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c”2 - 1/4*(sqrt(2)*bxc*xd*sq
rt(abs(c)) + b*cxe)*log(x~2 - sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c"2

Mupad [B]
time = 2.53, size = 203, normalized size = 1.06

4o+ 57 | b dzan (e2?) beln(zv=cli =1) beln(zv=cli +1) beln (T Veli *1) beln (T Veli +1)  beafatan(ea?) _bdln(aV=cll ~1) V=eTi | bdln(av=cli +1) v=cTf bdln (T Veli *1) Veli +’”“" (7 Veli +1> Vveli
adz+ 25 +bdzatan(ca?) — - - - - -
; ) %c 3

4c 4c 4c 4c 2 2¢ 2¢c 2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x"2))*(d + e*x),x)

[Out] axd*x + (a*xe*x"2)/2 + bkxd*x*atan(c*x~2) - (bxexlog(x*(-cx1i)~(1/2) - 1))/(4
*xc) - (bxexlog(x*(-cx1i)~(1/2) + 1))/(4*c) - (b*exlog(x*(c*1i)~(1/2) - 1))/

(4%c) - (bxexlog(x*(cx1i)~(1/2) + 1))/(4xc) + (b*exx"2xatan(c*x~2))/2 - (b*
dxlog(x*(-c*x1i)~(1/2) - 1)*(-c*x1i)~(1/2))/(2*c) + (b*d*log(x*(-c*1i)~(1/2)

+ 1)*(-c*x1i1)7(1/2))/(2xc) - (bxdxlog(x*(c*1i)~(1/2) - 1)*(c*1i)~(1/2))/(2*c

) + (b*d*log(x*(cx1i)~(1/2) + 1)*(c*1i)~(1/2))/(2%c)
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f at+bArcTan (cx2) dr

3.23 d+ex

Optimal. Leaf size=501

b l e(l— \/4 —62 w) 1 (d ) b 1 e(l—i— \/4 —02 z) l (d )
clog | ———+ | log(a +ex clog | —— 77—+ ] log(d +ex
(a + bArcTan(cz?)) log(d + ex) N V—c? d+e N V—c? d—e

e 2V —c? e 2v—c%'e

[Out] (a+b*arctan(c*x~2))*1n(exx+d)/e+1/2xbxc*1ln(ex(1-(-c~2)~(1/4)*x)/((-c~2)~(1/
4)*d+e) )*1n(e*x+d) /e/(-c"2) " (1/2)+1/2%b*c*x1n(-e* (1+(-c~2) " (1/4)*x) / ((-c"2)~
(1/4)*d-e) ) *1n(e*xx+d) /e/(-c~2) ~(1/2)-1/2*b*c*1n(exx+d) *1n(ex (1-x* (- (-c~2) ~(
1/2))°(1/2))/(e+d*(-(-c~2)~(1/2))~(1/2))) /e/(-c~2)~(1/2) -1/2*b*cx1n (exx+d) *
In(—ex(1+x*x(-(-c~2)~(1/2))°(1/2)) / (me+d* (- (-c~2)~(1/2))~(1/2)))/e/(-c"2)~(1
/2)+1/2%b*c*polylog(2, (-c~2)~(1/4) *(exx+d) /((-c~2)~(1/4) *d-e)) /e/(-c"2)~(1/
2)+1/2*%bxcxpolylog(2, (-c~2)~(1/4)*(e*xx+d) / ((-c~2)~(1/4)*d+e)) /e/(-c~2)~(1/2
)-1/2%b*c*polylog(2, (e*xx+d)*(-(-c~2)~(1/2))~(1/2)/ (-e+d* (- (-c~2)~(1/2))~(1/
2)))/e/(-c~2)~(1/2)-1/2*xbxc*polylog(2, (exx+d) *(-(-c~2)~(1/2))~(1/2) / (e+d* (-
(-c=2)~(1/2))~(1/2)))/e/(-c"2)~(1/2)

Rubi [A]
time = 0.65, antiderivative size = 501, normalized size of antiderivative = 1.00, number of

number of rules _ 444
' integrand size ’

steps used = 19, number of rules used = 8, integrand size = 18
Rules used = {4976, 281, 209, 2463, 266, 2441, 2440, 2438}

= = s e ( \Lmj) (V,m,ﬂ)

VoF taren o | VoY= e S e Voo e —— (V=) s en) (V) (d-+ex)log | ~——x—L (d+ex) SRS §

(d -+ ex) (c?)) (77*) Vv ae (77*) V-v= e T By V-V are Vv aee
2-ce awoae e 2-ae e War - Ward Var

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTan[c*x"2])/(d + e*xx),x]

[Out] ((a + b*ArcTan[c*x~2])*Logl[d + exx])/e + (b*c*Logl[(ex(1 - (-c~2)~(1/4)*x))/
((-c~2)~(1/4)*d + e)]1*Logld + e*x])/(2%Sqrt[-c~2]*e) + (bxcxLog[-((ex(1 + (
-c"2)"(1/4)*x))/((-c~2)~(1/4)*d - e))]*Logld + exx])/(2*Sqrt[-c~2]*e) - (bx*
cxLog[(ex(1 - Sqrt[-Sqrt[-c~2]1#*x))/(Sqrt[-Sqrt[-c~2]]*d + e)]*Logld + ex*x]
)/ (2%Sqrt[-c~2]*e) - (b*c*Logl[-((ex(1 + Sqrt[-Sqrtl[-c~211#*x))/(Sqrt[-Sqrt[-
c~2]]1*d - e))]1*Logld + e*x])/(2xSqrt[-c~2]*e) + (b*c*PolyLog[2, ((-c~2)~(1/
4)*x(d + exx))/((-c”2)"(1/4)*d - e)])/(2*Sqrt[-c~2]*e) - (b*c*PolyLogl[2, (Sq
rt[-Sqrt[-c"211*(d + e*x))/(Sqrt[-Sqrt[-c~2]11*d - e)])/(2*Sqrt[-c~2]*e) + (
bxcxPolyLog[2, ((-c™2)7(1/4)*(d + e*x))/((-c™2)"(1/4)*d + e)])/(2xSqrt[-c"2
Ixe) - (bxcxPolyLog[2, (Sqrt[-Sqrt[-c~2]11*(d + e*x))/(Sqrt[-Sqrt[-c~2]]1*d +
e)])/(2xSqrt [-c~2] *e)

Rule 209
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 281

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, n]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*x(a + b*x~(n/k))"p, x], x, x
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] &% IntegerQ[m]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x1 /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_.)1*(b_.))/((£f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*xg))]l*((a + bxLoglc*(d + exx
)°nl)/g), x] - Dist[bxex(n/g), Int[Logl(ex(f + gxx))/(exf - d*xg)]/(d + ex*x)
, x]1, x]1 /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2463

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_.)]1*(b_.))"(p_.)*((h_.)*(x_))
“(m_.)*((£f) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLogl[cx(d + exx)"n])"p, (h*x) m*x(f + g*x"r)~q, x], x] /; FreeQ[{a, b, ¢
,d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[q]

Rule 4976

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[Logl[d + e*x]*((a + bxArcTan[c*x"n])/e), x] - Dist[b*c*(n/e), Int[x~
(n - D*(Logld + e*xx]/(1 + c™2*x~(2*n))), x], x] /; FreeQ[{a, b, c, d, e, n
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}, x] && IntegerQ[n]

Rubi steps

-1 2 -1 2
/a+ btan™' (cz )dm :/ LI btan™! (cx?) i
d+ex d+ex d+ex

1 (2
_ alog(d + ex) +b/ tan™! (cz )da:
e d+ex

Mathematica [C] Result contains complex when optimal does not.
time = 22.38, size = 326, normalized size = 0.65

Antiderivative was successfully verified.

[In] Integratel[(a + b*ArcTan[c*x~2])/(d + e*x),x]

[Out] (axLogld + exx])/e + (b*(2*ArcTan[c*x~2]*Log[d + e*x] + I*(Logl[d + e*x]*Log
[1 - (Sqrtlcl*(d + exx))/(Sqrtlcl*d - (-1)~(1/4)*e)] + Logld + exx]*Logl[l -
(Sqrt[cl*(d + e*x))/(Sqrtlcl*d + (-1)"(1/4)*e)] - Logld + exx]*Log[l - (Sq

rt[cl*(d + exx))/(Sqrtlcl*d - (-1)"(3/4)*e)] - Logl[d + e*x]*Log[l - (Sqrtlc

1x(d + exx))/(Sqrtlcl*d + (-1)~(3/4)*e)] + PolyLogl[2, (Sqrtlcl*(d + ex*x))/(

Sqrt[cl*d - (-1)~(1/4)*e)] + PolyLog[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d + (-
1)°(1/4)*e)] - PolyLogl[2, (Sqrtlcl*(d + exx))/(Sqrtlcl*d - (-1)~(3/4)*e)] -
PolyLog[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d + (-1)"(3/4)*e)])))/(2xe)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.12, size = 138, normalized size = 0.28

method | result

In(ez+d) In <M
y

be > "R

_RI:RootOf(02_24—4c2d_Z3+6c2d2_22 —4c2d3_Z+c2d4+e4)

aln(ezx+d) + bln(ex+d)arctan(ca?®)

default > - 2¢
ibln(ex+d) ln<e V.—UC —(eotd)cet Cd) ibln(ex+d) ln<e V.—UC +(eat ‘”’Hd> ibdilog(ev
isch ibIn(ez+d) In(—icx?+1) _ e\/—zc +ed _ e\/—ZC —cd _
T1sC 2e 2e 2e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctan(c*x~2))/(e*x+d),x,method=_RETURNVERBOSE)
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[Out] a*1ln(exx+d)/e+bx1n(e*x+d)/e*arctan(c*x~2)-1/2xb*e/c*sum(1/(_R172-2*% R1*d+d~
2)*(1n(e*x+d)*1n((-exx+_R1-d)/_R1)+dilog((-e*x+_R1-d)/_R1)), R1=Root0f(_Z"4
*xCT2-4%_Z73kcT2%d+6%_Z 2kcT2%d"2-4% _Z*xc"2*d"3+c”"2xd"4+e"4))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x~2))/(e*x+d),x, algorithm="maxima")

[Out] a*e~(-1)*log(x*e + d) + 2*bxintegrate(l/2*arctan(c*x”2)/(x*e + d), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x~2))/(e*x+d),x, algorithm="fricas")
[Out] integral((b*arctan(c*x~2) + a)/(x*e + d), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(c*x**2))/(exx+d),x)
[Out] Timed out

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x~2))/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctan(c*x~2) + a)/(exx + d), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

2
/a+batan(cx )dm
d+ex
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x~2))/(d + e*x),x)
[Out] int((a + b*xatan(c*x~2))/(d + e*x), x)



161

a+bArcTan (ch)
(d+ex)? dx

3.24 |

Optimal. Leaf size=328

b2d3ArcTan(ca?) a + bArcTan(cz?) by/c (cd® — €?) ArcTan(l —V2 \/Ea:> by/c (cd® — €?) ArcTan(
c@d+e) | ddten) VZ (@d+eh - VZ (@di 1

[Out] b*c~2*d"3*arctan(c*x"2)/e/(c"2*d"4+e~4)+(-a-b*arctan(c*x"2))/e/ (e*xx+d)-2xbx*
cxdxex1ln(e*xx+d)/(c"2*d"4+e"4)+1/2¥bxcxd*e*1ln(c~2*xx"4+1) /(c"2*xd"4+e"4)-1/2*b
*(c*d~2-e"2) *arctan (-1+x*27(1/2)*c~(1/2))*c~(1/2) / (c™2*d~4+e"4)*2~(1/2)-1/2

*b* (cxd~2-e”2) *arctan (1+x*2~(1/2)*c~(1/2))*c~(1/2) / (c~2*%d~4+e~4)*2~(1/2)-1/

4xbx (c*d~2+e”2) *1n(1+c*x"2-x*27 (1/2) *c~(1/2) ) *c~(1/2) / (c"2*d"4+e"4) %2~ (1/2)
+1/4*xb* (cxd™2+e"2) *1n (1+c*x~2+x*27(1/2)*c~ (1/2) )*c~(1/2) / (c"2*d~4+e"4) *2~ (1

/2)

Rubi [A]

time = 0.35, antiderivative size = 328, normalized size of antiderivative = 1.00, number of

steps used = 18, number of rules used = 13, integrand size = 18, humber of rules _ () 799
integrand size

Rules used = {4980, 6857, 1890, 1182, 1176, 631, 210, 1179, 642, 1262, 649, 209, 266}

a4 bArcTan(ea?) b ArcTan(ea?) | PVEArTan(1- V2 VCx) (o =) bVEArTan(VE Ve o +1) (o =) poelog (i 41)  2bedelog(d+ex) UVE (o +e)log (ca? = VIVET+1)  byE (e +¢*)log (ca? + VI VT +1)
o{d+ ex) c@dren T VT (@i ) - vz (@t o) AT Cr e R W (@1 o) * WZ (@1 o)

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTan[c*x~2])/(d + e*x)~2,x]

[Out] (b*c~2*d~3*ArcTan[c*x~2])/(ex(c"2%d"4 + e74)) - (a + bxArcTan[c*x~2])/(ex(d
+ exx)) + (b*Sqrtlc]*(cxd”2 - e~2)*ArcTan[1 - Sqrt[2]*Sqrt[cl#*x])/(Sqrt[2]
*x(c™2%d™4 + e74)) - (b*Sqrtlcl*(c*xd™2 - e~2)*ArcTan[1 + Sqrt[2]*Sqrt[c]*x])
/(Sqrt[2]*(c™2xd"4 + e"4)) - (2*b*c*d*exLogld + e*x])/(c"2*xd"4 + e74) - (bx
Sqrt[c]*(cxd~2 + e~2)*Logl[1l - Sqrt[2]*Sqrt[cl*x + c*x~2])/(2*Sqrt[2]*(c~2*d
“4 + e74)) + (bxSqrtlcl*(c*d™2 + e~2)*Log[1l + Sqrt[2]*Sqrtlcl*x + c*x~2])/(
2xSqrt [2] *(c™2*%d"4 + e~4)) + (b*cxdxexLogl[l + c™2%x74])/(2*(c”2*d"4 + e~4))

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2])]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0]1)

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)
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Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 631

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x72, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 649

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[(-a)x*c]

Rule 1176

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 21}, Dist[e/(2*c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Distle
/(2%c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d~2 - axe™2, 0] && PosQ[dx*el

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2x(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],

x] + Dist[e/(2*c*q), Int[(q + 2*x)/Simpl[d/e - gq*x - x~2, x], x], x]1] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d"2 - axe™2, 0] && NegQ[dxel

Rule 1182

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
axc, 2]}, Dist[(d*q + axe)/(2%a*c), Int[(q + c*x72)/(a + c*x74), x], x] + D
ist[(dxq - a*e)/(2*a*c), Int[(q - c*x~2)/(a + c*x~4), x]1, x]1] /; FreeQl{a,
c, d, e}, x] && NeQ[cxd~2 + a*e™2, 0] && NeQ[c*d™2 - axe™2, 0] && NegQ[(-a)
*c]
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Rule 1262

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x)~g*(a + c*xx~2)7p, x], x, x72], x] /; FreeQ
[{a, c, d, e, p, q}, x]

Rule 1890

Int[(Pq )/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = Sum[x~ii*((Coeff
[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2))/(a + b*x"n)), {ii, 0, n/2 - 1
}1}, Intlv, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && PolyQ[Pq, x] && IGtQ[n/2,
0] && Expon[Pq, x] < n

Rule 4980

Int[((a_.) + ArcTan[(c_.)*(x_ )" (n_)I*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcTan[c*x"n])/(ex(m + 1))), x] - D
ist[b*cx(n/(ex(m + 1))), Int[x"(n - 1)*((d + exx)"(m + 1)/(1 + c2*xx~(2*n))
), x], x] /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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a+ btan™! (cz?)

(d+ ex)?

Mathematica [A]
time = 0.47, size = 321, normalized size = 0.98

da(Cd 4+ ¢4 + (! + ¢ ArcTan(er?) + D7 (27 — VT e + VT

_ a+btan! (ca?)

2cx
bf (d+ex)(1+c2z4) dx
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e(d+ ex) e

a+btan! (cz?)  (2bc) ) S ey (ireen ¢
e(d + ex) e

_a+t btan~! (cz?) (2bc) [ ( (c2d4+ii)(d+ew) +© +C(2125410e4l§(ﬁ$§4?e . ) dzx

e(d + ex) e

a+btan”" (cz®)  2bcdelog(d + ex) N (2bc) [ 63+C2d3m_1ifzﬁz+czde2z3 dz
e(d + ex) c2dt + et e (c2d* + e*)

B2 d2ex? z(c2d3+c?de?x?)

a+ btan™! (cx?) _ 2bcdelog(d + ex) N (2bc) | < 1+ch4 1+ ) dx
e(d + ex) c2dt + et e(cd* +e)

a+btan~! (cz®)  2bcdelog(d +ex)  (2bc) = Iﬁzgiim dz N (2bc) f Ui;:; :
e(d+ ex) c2d* + et e (c2d* + e%) e(c2d* +e

a+btan”" (cz®)  2bcdelog(d + ex) N (bc)Subst (f T 5 du, v, ) (B
e(d + ex) c2dt + et e(ctd* +et)

a+btan”' (cz®)  2bcdelog(d + ex) (bc*d®) Subst ( [ 127z d, =, %) N (b’
e(d+ ex) c2d* + et e (c2d* + e*)

_ bPd*tan”! (ca®) a+btan”! (ca®)  2bedelog(d+ex) by/c (cd® + €?) log (]

e(cd* +e)

e(d + ex)

c2d* + et

2v2' (c?

_ b*d’tan”! (cz?)  a+btan”! (cz?) by/c (cd? — €*) tan™" (1 - V2 \/EQU) B 1

@) (d+ en)arcTan(1 - VI VEz) + 2yE (26 +

e(cd* +e)

VZabe = VT&) (d+ ex)ArcTan (1 + V2

e(d + ex)

V2 (c2dt + e4)

L@ e (At ex)

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTan[c*x"2])/(d + e*x)~2,x]

[Out] -1/4%(4*ax(c”2+%d"4 + e~4) + 4xbx(c”2*d"4 + e~4)*ArcTan[c*x~2] + 2xb*Sqrt[c]
*x(2%xc~(3/2)*%d"3 - Sqrt[2]*cxd~2*e + Sqrt[2]*e~3)*(d + e*x)*ArcTan[l - Sqrt[
2] *#Sqrt [c]*x] + 2*b*Sqrt[c]*(2xc~(3/2)*d"3 + Sqrt[2]*c*d~2*e - Sqrt[2]*e~3)
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*x(d + exx)*ArcTan[1 + Sqrt[2]*Sqrt([c]*x] + 8xbxc*d*e~2x(d + exx)*Logld + ex
x] + Sqrt[2]*b*Sqrt[cl*e*x(c*d™2 + e~2)*(d + exx)*Logl[l - Sqrt[2]*Sqrt[c]*x
+ c*xx”~2] - Sqrt[2]*bxSqrt[c]*ex(c*d™2 + e"2)*(d + e*x)*Logl[l + Sqrt[2]*Sqrt
[c]*x + c*x~2] - 2xb*c*d*e™2x(d + exx)*Logl[l + c™2*xx74])/(ex(c™2%d"4 + e”4)
*(d + exx))

Maple [A]
time = 0.18, size = 433, normalized size = 1.32

method | result

beQC(C%>ZII\/7 arctan(ﬁw+l) be%:(%z)zll\/? arctan(g/li
+ 2

T
1 \4
barctan (cx?) 2bcde In(ex+d) + (07>
2c2d%+4-2e

default a

" (ez+d)e (ex+d)e = c2di+et 2c2d%+4-2e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctan(c*x~2))/(e*x+d) ~2,x,method=_RETURNVERBOSE)

[Out] -a/(e*x+d)/e-b/(e*x+d)/exarctan(c*x~2)-2*b*c*xd*ex1ln(e*x+d)/(c"2*d"~4+e~4)+1/
2xb¥xe~2xc/ (c™2xd"~4+e~4)*(1/c~2) " (1/4)*2~(1/2)*arctan(2-(1/2)/(1/c~2)~(1/4) *
x+1)+1/2xb*e”2%c/ (c"2*%d"~4+e~4) *(1/c~2)~(1/4)*2~ (1/2) *arctan(2~(1/2) /(1/c~2)
~(1/4) *x-1)+1/4*xbxe~2xc/ (c~2*d"4+e"4) % (1/c”2) ~(1/4)*2~(1/2)*1n((x~2+(1/c"2)
~(1/4)*x*%27(1/2)+(1/c”2)~(1/2)) / (x"2-(1/c~2) " (1/4) *x*2~ (1/2)+(1/c~2) " (1/2))
)+b/exc”3/(c"2*%d"4+e"4)*d"3/(c"2) ~(1/2) *arctan(x~2*(c~2) ~(1/2))-1/4xbxc/ (c”
2%d~4+e"4)*d"2/(1/c”2) " (1/4)*2" (1/2) *1n((x"2-(1/c"2) " (1/4) *x*x2~(1/2)+(1/c"2
)= (1/2))/(x72+(1/c”2) " (1/4) *xx27(1/2)+(1/c~2) " (1/2) ) ) -1/2%b*c/ (c"2*d~4+e~4)
*d~2/(1/c~2)~(1/4)*2~(1/2)*arctan(2~(1/2)/(1/c~2) ~(1/4) *x+1)-1/2%b*c/ (c~2*d
~4+e~4)xd"2/(1/c~2)~(1/4) %2~ (1/2)*arctan(2~(1/2) /(1/c~2) ~(1/4) *x-1) +1/2%b*c
xdxe*x1n(c™2*x"4+1)/(c"2*d"4+e~4)

Maxima [A]
time = 0.48, size = 286, normalized size = 0.87

" . o \/Efz»nﬁ\/;/\
T T O R T e T A o B S J[ﬁ* z ]
8delog (ze +d) a B A - <

cdt et cAdle + e

+

1
1

- darctan () |,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x~2))/(e*x+d)~2,x, algorithm="maxima")

[Out] -1/4%((8*d*exlog(x*e + d)/(c”2xd"4 + e~4) - (sqrt(2)*(c*d"2*e + sqrt(2)*sqr
t(c)*d*xe”2 + e73)*log(c*xx"2 + sqrt(2)*sqrt(c)*x + 1)/sqrt(c) - sqrt(2)*(c*xd
“2xe - sqrt(2)*sqrt(c)*d*e”2 + e~3)*log(c*x"2 - sqrt(2)*sqrt(c)*x + 1)/sqrt
(c) - 2x(2%c™2xd"3 + sqrt(2)*c~(3/2)*d"2*e - sqrt(2)*sqrt(c)*e~3)*arctan(1l/
2xsqrt (2) * (2*c*x + sqrt(2)*sqrt(c))/sqrt(c))/c + 2x(2*c™2xd"3 - sqrt(2)*c~(
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3/2)*d"2xe + sqrt(2)*sqrt(c)*e~3)*arctan(1/2*sqrt(2)*(2xcxx - sqrt(2)*sqrt(
c))/sqrt(c))/c)/(c"2xd"4xe + e75))*c + 4*arctan(cxx~2)/(x*e"2 + d*e))*b - a
/(x*xe”2 + dxe)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x~2))/(e*x+d)~2,x, algorithm="fricas")
[Out] Timed out
Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atan(ckxx**2))/(e*xx+d)**2,x)
[Out] Timed out
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x~2))/(e*x+d)~2,x, algorithm="giac")
[Out] undef

Mupad [B]
time = 0.66, size = 883, normalized size = 2.69

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x~2))/(d + e*x)~2,x)

[Out] symsum(log((320*root(16*c~2*%d"4xe~4*z"4 + 16%e~8*z"4 - 32*bxcxd*e”~5*z"3 + 8
*b"2%xCc"2%d"2%e"2%z"2 + bT4*xc”2, z, k) T4*xc"8*%e"9%x - 128%root (16xc”2xd"4xe"4

*z"4 + 16%e”8%z"4 - 32%bxckd*e"5%z"3 + 8*bT2*%c"2%d"2%e"2%xz"2 + bT4*c"2, z,

k) "4*c~10*xd"5%e”4 + 16*%b~4*c”10*e*xx — 8*root(16*c™2*xd~4*xe"4*z"4 + 16%e”8%z"
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4 - 32xbxcxd*e~5%xz"3 + 8*b"2%c”"2xd"2*xe"2%z"2 + b~4*c”2, z, k) *b"3*%c"9*e”"3 +
384x*root (16*xc~2xd~4*e"4*z"4 + 16*%e”8*%z"4 - 32xbxcxd*e”5*z"3 + 8*b~2kc~2xd~
2%e”2%z"2 + b~4xc™2, z, k) “4*c"8*d*e”8 + 8*root(16*xc”2*xd"4*e"4*z"4 + 16%e”8
*z~4 - 32%bxckxd*xe”~5*z"3 + 8*b"2*c"2xd"2%e”2*z"2 + b~4*c”2, z, k)*b"3*c~11xd
~3*%x - 320*root(16*c”2xd~4*xe~4*xz~4 + 16*%e”8*z"4 - 32xbxckxd*xe~5xz~3 + 8*b~ 2%
CcT2%d"2%e"2%z"2 + bT4*xc”2, z, k) “3*b*c”9*d"2%e”5 - 192*xroot (16*%c”2*xd"4*e"4*
z74 + 16*%e”8%z74 - 32%bkckdke 5xz"3 + 8%bT2*kcT2*d"2%xe"2%z"2 + b"4*c"2, z, k
) 4xc~10*%d"4*e"5%x + 32*%root(16*xc~2*xd~4*e"4*z"4 + 16*%e”8*z"4 - 32xbxcxd*e”5
*z"3 + 8%b"2xc"2xd"2%e"2*xz"2 + b"4*c”2, z, k) " 3*bxc~11*d"5xe"2*x + 64*root(
16kc™2*%d"4*xe"4*z"4 + 16*%e”8%xz"4 — 32*b*c*d*e”5*xz"3 + 8xb"2*kc 2*d " 2xe"2%z"2

+ b"4xc”2, z, k)“2x%b"2%c”10*d"2%e"3*x - 416%root (16*%c"2*d"4*e"4*z"4 + 16*xe”
8*%z"4 - 32*xbxcxdxe~5xz~3 + 8*b"2%c”2xd"2%e"2*xz"2 + b~4*c”2, z, k) “3*b*xc~9*d
*e~6*x) /e”2)*root (16*%c™2xd"4*e" 4%z~ 4 + 16%e”8%z"4 - 32*b*c*d*e~5*xz"3 + 8xb~
2%cT2*%d"2%xe"2%z"2 + b"4xc"2, z, k), k, 1, 4) - a/(d*e + e"2*x) - (b*atan(cx*
x"2))/(d*e + e~2*x) - (2*bkcxd*exlog(d + exx))/(e”4 + c~2+d"4)
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3.25 [(d+ ex)(a+ bArcTan(cz?))’ dz

Optimal. Leaf size=1325

2(—1)3/*abdArcTan ((—1)**1/c z) (—1)3/4b2dArcT{:m((—1)3/4\/cﬁﬂlc)2 ie(a + bArcTan(cz?))” 1
+ + 4=
Ve N 2c

[Out] 1/2*e*x”2*(at+b*arctan(c*x~2)) 2-2x(-1)~(3/4)*a*bxd*arctan((-1)~(3/4)*x*c~ (1
/2))/c”(1/2)+2%(-1) " (3/4) *axb*d*arctanh ((-1) ~(3/4) *xxxc~(1/2)) /c~(1/2)+2* (-1
)~ (1/4)*b~2*d*arctan((-1) ~(3/4) *x*xc~(1/2))*1n(2/ (1-(-1)~(1/4) *x*c~(1/2))) /c
~(1/2)-2%(-1)~(1/4) *b~2xd*arctan((-1) " (3/4) *x*c~(1/2) ) *1n(2/ (1+(-1) ~(1/4) *x
xc~(1/2)))/c”(1/2)+2x(-1)~(1/4) *b~2*d*arctanh ((-1) ~(3/4) *x*c~(1/2) ) *1n(2/(1
-(-1)"(8/4)*x*xc~(1/2)))/c~(1/2)-2%(-1) "~ (1/4) *b~2*d*arctanh ((-1) ~(3/4) *x*c~ (
1/2))*1n(2/(1+(-1)~(3/4) *xxc~(1/2))) /c~(1/2) -I*axb*d*x*1n (1+I*c*x~2) +I*xa*xb*
d*x*1n(1-I*c*xx~2)+(-1)~(1/4) *b~2*xd*arctan((-1) " (3/4) *x*xc~(1/2) ) *1n(1-I*c*x"
2)/c”(1/2)-(-1)"(1/4)*b~2*d*arctanh ((-1) ~(3/4) *x*c~(1/2) ) *In(1-I*c*xx"2) /c~(
1/2)-(-1)"(1/4)*b~2xd*arctan((-1) ~(3/4) *x*c~(1/2) ) *1In(1+I*cxx"2) /c~(1/2)+(-
1)~ (1/4) *b~2xd*arctanh ((-1) ~(3/4) *x*xc~(1/2) ) *1n(1+Ixc*x~2) /c~(1/2)+(-1)~(1/
4)xb~2*xd*arctan((-1) ~(3/4) *xxc~(1/2))*1n (2" (1/2)*((-1)~(1/4) +x*c~(1/2) )/ (1+
(1)~ (1/4)*x*xc~(1/2))) /c”(1/2)+(-1)~(1/4) ¥b~2*d*arctanh ((-1) " (3/4) *x*c~ (1/2
))*1n(-27(1/2)*((-1)~(3/4) +x*c~(1/2)) / (1+(-1)~(3/4) *x*c~(1/2))) /c~(1/2)+(-1
)~ (1/4)*b~2*d*arctanh ((-1) ~(3/4) *x*c~(1/2) ) *1In((1+I)*(1+(-1)~(1/4) *x*c~ (1/2
))/(1+(=1)"(3/4) *x*xc™(1/2))) /c” (1/2)+(-1) " (1/4) ¥b~2xd*arctan((-1) ~(3/4) *x*c
~(1/2))*1n((1-I)*(1+(-1) ~(3/4) *x*c~(1/2) ) / (1+(-1) ~(1/4) *x*c~(1/2)) ) /c~(1/2)
+1/2*%Ixex(atb*xarctan(c*x~2))~2/c+(-1)~(1/4)*b~2*d*polylog(2,1-2/(1-(-1)~(3/
4)*x*xc~(1/2)))/c~(1/2)+(-1)~(1/4)*b~2*d*polylog(2,1-2/(1+(-1) " (3/4) *x*c~(1/
2)))/c”(1/2)+1/2¥b"2xd*x*1n (1-T*cxx"2) *1n(1+I*c*x~2)-1/2x(-1) " (3/4) ¥*b~2*d*p
olylog(2,1-27(1/2)*((-1)~(1/4)+x*xc~(1/2)) / (1+(-1)~(1/4) *x*c~(1/2))) /c~(1/2)
-1/2%(-1)~(1/4) *b~2*d*polylog(2,1+2~(1/2) *((-1)~(3/4) +x*c~(1/2)) /(1+(-1)~(3
/8)*xxc™(1/2))) /¢ (1/2)-1/2% (1)~ (1/4) ¥b~2*d*polylog (2, 1- (1+I) * (1+(-1)~(1/4
)xx*xc™(1/2))/(1+(-1)7(3/4) *xxc™(1/2)) ) /c™(1/2)-1/2% (1)~ (3/4) *b~2*d*polylog
(2,14 (-1+I)*(1+(-1) " (3/4) *x*c~(1/2) ) / (1+(-1) ~(1/4) *x*c~(1/2) ) ) /c~ (1/2) +b*e*
(at+b*arctan(c*x~2))*1n(2/ (1+I*c*xx"2))/c+(-1)~(3/4) *b~2*d*arctan((-1) ~(3/4) *
x*xc”(1/2))72/c~(1/2)-(-1)"(1/4) *b~2xd*arctanh ((-1) ~(3/4) *x*xc~(1/2))~2/c~(1/
2)+(-1)"(3/4) *b~2*d*polylog(2,1-2/(1-(-1)~(1/4) *x*c~(1/2))) /c~(1/2)+(-1)"(3
/4)*b~2*d*polylog(2,1-2/(1+(-1)~(1/4) *x*c~(1/2))) /c~ (1/2) +a~2*d*x+1/2*I*b"2
xexpolylog(2,1-2/ (1+I*c*x"2))/c-1/4*b~2xd*x*1n(1-I*c*x"2) “2-1/4*b~2xd*x*1n(
1+I*c*x"2) "2

Rubi [A]

time = 1.62, antiderivative size = 1325, normalized size of antiderivative = 1.00, number of

_ _ : S number of rules _
steps used = 77, number of rules used = 26, integrand size = 18, integrand size 1.444,

Rules used = {4982, 4932, 2498, 327, 209, 2500, 2526, 2520, 12, 5040, 4964, 2449, 2352, 212,

a’dr— e
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2636, 211, 5048, 4966, 2497, 214, 6139, 6057, 6131, 6055, 4948, 4930}

Antiderivative was successfully verified.
[In] Int[(d + exx)*(a + b*ArcTan[c*x~2])~2,x]

[Out] a~2*xd*x - (2x(-1)~(3/4)*axbxd*xArcTan[(-1)~(3/4)*Sqrt[c]l*x])/Sqrt[c] +
~(3/4)¥b~2xd*xArcTan[(-1) ~(3/4) *Sqrt [c]*x]~2) /Sqrt [c] + ((I/2)*ex(a + b*ArcT
an[c*x~2])72)/c + (exx"2%(a + b*ArcTan[c*x"2])72)/2 + (2%(-1)7(3/4)*a*xb*d*A
rcTanh[(-1)~(3/4)*Sqrt [c]*x])/Sqrt[c] - ((-1)~(1/4)*b~2*d*ArcTanh[(-1)~(3/4
)*Sqrt [c]*x]~2)/Sqrtc] + (2%(-1)~(1/4)*b~2xd*ArcTan[(-1)~(3/4)*Sqrt [c]*x] *
Log[2/(1 - (-1)~(1/4)*Sqrt[cl*x)])/Sqrtlc] - (2%(-1)~(1/4)*b~2*d*ArcTan[(-1
)~ (3/4)*Sqrt [c]*x]*Log[2/(1 + (-1)~(1/4)*Sqrtlcl*x)]1)/Sqrtlc] + ((-1)~(1/4)
*b~2xd*ArcTan[(-1)~(3/4) *Sqrt [c]*x] *Log[(Sqrt [2]1*((-1)~(1/4) + Sqrtlcl*x))/
(1 + (1)~ (1/4)*Sqrt[cl*x)]1)/Sqrtlc] + (2*(-1)"(1/4)*b~2xd*ArcTanh[(-1)~(3/
4)*Sqrt [c]*x]*Log[2/(1 - (-1)~(3/4)*Sqrt[cl*x)])/Sqrtlc]l - (2*%(-1)~(1/4)*b~
2xdxArcTanh [(-1)~(3/4) *Sqrt [c]*x] *Log[2/(1 + (-1)~(3/4)*Sqrt[c]l*x)])/Sqrtlc
1 + ((-1)"(1/4)*b~2*d*ArcTanh [(-1) " (3/4) *Sqrt [c]*x] *Log [- ((Sqrt [2]1*((-1)~(3
/4) + Sqrtlcl*x))/(1 + (-1)7(3/4)*Sqrt[c]*x))])/Sqrtlc] + ((-1)7(1/4)*b~2*d
*xArcTanh [(-1)~(3/4) *Sqrt [c]*x] *Log[((1 + I)*(1 + (-1)~(1/4)*Sqrtlcl*x))/(1
+ (-1)7(8/4)*Sqrt[c]*x)]) /Sqrtlc] + ((-1)~(1/4)*b~2*d*ArcTan[(-1)~(3/4)*Sqr
tlcl*x]*Log[((1 - I)*(1 + (-1)~(3/4)*Sqrtlcl*x))/(1 + (-1)~(1/4)*Sqrt[c]*x)
1)/Sqrt[c] + Ixaxbxdxx*Log[l - Ixc*x~2] + ((-1)~(1/4)*b~2xd*ArcTan[(-1)~(3/
4)xSqrt [c]*x]*Log[1 - I*c*x~2])/Sqrtlc] - ((-1)~(1/4)*b~2xd*ArcTanh[(-1)~(3
/4)*Sqrt [c]*x]*Log[1 - I*c*x~2])/Sqrtlc] - (b~2*d*x*Logl[l - Ixcxx~2]72)/4 +

(bxex(a + b*ArcTan[c*x~2])*Log[2/(1 + I*c*x~2)])/c - I*axbxd*x*Logl[l + I*c
*x~2] - ((-1)"(1/4)*b~2*d*ArcTan[(-1)~(3/4) *Sqrt [c]*x]*Log[1 + I*c*xx~2])/Sq
rtlc] + ((-1)~(1/4)*b"2xd*ArcTanh[(-1)~(3/4)*Sqrt [c]*x]*Log[1 + I*c*xx~2])/S
grtlc] + (b"2*d*x*xLog[l - Ixc*x~2]*Logl[l + I*c*x~2])/2 - (b~2*d*x*Log[l + I
xcxx~2]72) /4 + ((-1)"(3/4)*b~2*d*PolyLog[2, 1 - 2/(1 - (-1)~(1/4)*Sqrt[c]*x
)1)/Sqrtlc] + ((-1)"(3/4)*b~2*d*PolyLog[2, 1 - 2/(1 + (-1)~(1/4)*Sqrt[c]*x)
1)/Sqrtlc] - ((-1)7(3/4)*b~2*d*PolyLog[2, 1 - (Sqrt[2]1*((-1)"(1/4) + Sqrtlc
1*x)) /(1 + (-1)7(1/4)*Sqrt [c]*x)])/(2*xSqrt[c]) + ((-1)~(1/4)*b~2*d*xPolyLogl
2, 1 -2/(1 - (-1)7(8/4)*8qrt[c]*x)])/Sqrt[c] + ((-1)~(1/4)*b~2*d*PolyLog[2
,» 1 -2/(1 + (-1)7(3/4)*Sqrt [c]*x)]1)/Sqrt[c] - ((-1)~(1/4)*b~2xd*PolyLogl[2,

1 + (Sqrt[21*((-1)"(3/4) + Sqrtlcl*x))/(1 + (-1)~(3/4)*Sqrt[cl*x)]1)/(2*Sqr
tlc]) - ((-1)"(1/4)*b~2*d*PolyLog[2, 1 - ((1 + I)*(1 + (-1)~(1/4)*Sqrt[c]*x
))/ (1 + (-1)~(3/4)*Sqrt [c]*x)])/(2*Sqrt[c]) - ((-1)~(3/4)*b~2*d*PolyLog[2,
1 - (1 -I=*1 + (-1)7(3/4)*Sqrtlcl*x))/(1 + (-1)~(1/4)*Sqrt[cl*x)])/(2%Sq
rtlc]) + ((I/2)*b~2*exPolyLogl[2, 1 - 2/(1 + Ixc*x~2)])/c

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

((-1)
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Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*#Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*x(m + n*p + 1))), x] - Dist[
axcnx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2352

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2449

Int[Logl(c_.)/((d_ ) + (e_.)*(x_))1/((£_) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQ[c, 2*d] && EqQ[e~2xf + d~2xg, 0]

Rule 2497

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq~m*((1 - u)/
D[u, x1)1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
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x] [[2]], Expon[Pq, x]]

Rule 2498

Int[Log[(c_.)*((d)) + (e_.)*(x_)"(n_))"(p_.)], x_Symbol] :> Simp[x*Loglc*(d
+ exx"n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x™n), x], x] /; FreeQ[{c, d,
e, n, p}, x]

Rule 2500

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)1*(b_.))"(q_), x_Symbo
1] :> Simp[x*(a + b*Loglc*(d + e*x™n)~pl)~q, x] - Dist[b*e*n*p*q, Int[x"n*(
(a + bxLoglc*(d + e*x"n)"pl)~(q - 1)/(d + exx™n)), x], x] /; FreeQ[{a, b, c
, d, e, n, p}, x] && IGtQ[q, O] && (EqQ[q, 1] || IntegerQ[nl)

Rule 2520

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_)"(n_))~(p_.)I*(b_.))/((£f)) + (g_.)
*(x_)"2), x_Symbol] :> With[{u = IntHide[1/(f + g*x~2), x]}, Simp[u*x(a + bx*
Loglcx(d + exx"n)~pl), x] - Dist[b*e*n*p, Int[ux(x"(n - 1)/(d + e*x"n)), xI]
, x11 /; FreeQ[{a, b, c, d, e, f, g, n, p}, x] & IntegerQ[n]

Rule 2526

Int[((a_.) + Logl(c_.)*((d_) + (e_)*x(x_)"(m D))" (p_)1*(b_.))"(q_.)*(x_)"(m
_Ox((£) + (g_)*(x)"(s))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
*Log[c*(d + e*x™n)"pl)~q, x™m*(f + g*x~s)"r, x], x] /; FreeQ[{a, b, c, d, e
, f, g, m, n, p, q, r, s}, x] && IGtQ[g, O] && IntegerQ[m] && IntegerQl[r] &
& IntegerQ[s]

Rule 2636

Int[Log[v_J]*Logl[w_], x_Symbol] :> Simp[x*Logl[v]*Logl[w]l, x] + (-Int[Simplify
Integrand [x*Log[w]*(D[v, x]/v), x], x] - Int[SimplifyIntegrand [x*Log[v]*(D[
w, x]/w), x], x]) /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w,

x]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
- 1)/ + c"2*xx~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 1] || EqQlp, 11)

Rule 4932
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Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))"(p_), x_Symbol] :> Int[ExpandIn
tegrand[(a + (I*b*Logl[l - I*c*x"n])/2 - (I*b*Logl[l + I*c*x"nl)/2)"p, x], x]
/; FreeQ[{a, b, c}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rule 4948

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>

Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*ArcTan[c*x])~p, x],

X, x"n], x] /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 1] &% IntegerQ[Simplify
[(m + 1)/n]]

Rule 4964

Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcTan[c*x]) p)*(Log[2/(1 + ex(x/d))]/e), x] + Dist[bxcx(
p/e), Int[(a + bxArcTan[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c~2*x"2)),
x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d~2 + e~2, 0]

Rule 4966

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si
mp[(-(a + bxArcTan([c*x]))*(Log[2/(1 - I*c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 - I*xcxx)]/(1 + c™2*%x"2), x], x] - Dist[b*(c/e), Int[Logl[2*cx((d + e
*x)/((cxd + I*xe)*(1 - I*c*xx)))]/(1 + c™2*x~2), x], x] + Simp[(a + b*ArcTan[
c*x]) *(Log[2*xcx((d + exx)/((c*d + Ixe)*(1 - Ixcxx)))1/e), x]1) /; FreeQl{a,

b, c, d, e}, x] && NeQ[c™2*d"2 + e~2, 0]

Rule 4982
Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)]1*(b_.))"(p_)*((d_ ) + (e_.)*(x_))"(m_.),

x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x"n])~p, (d + exx)"m, x],
x] /; FreeQ[{a, b, c, d, e, n}, x] && IGtQ[p, 1] && IGtQ[m, 0]

Rule 5040

Int[(((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(-I)*((a + b*ArcTan[c*x])~(p + 1)/(b*ex(p + 1))), x] - Di
st[1/(c*d), Int[(a + bkArcTan[c*x])~p/(I - c*x), x], x] /; FreeQ[{a, b, c,
d, e}, x] & EqQ[e, c~2xd] && IGtQ[p, 0]

Rule 5048

Int[(((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*(x_)"(m_.))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTan[c*x], x™m/(d + exx~2), x], x]
/; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, 0])
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Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[b*c
x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Logl[2/(1 + e*x(x/d))]1/(1 - c™2%x"2
)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~2xd"2 - e~2,
0]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*x)]/(1 - c”2%x72), x], x] - Dist[b*(c/e), Int[Log[2*cx((d + exx
)/ ((cxd + e)*(1 + c*x)))]1/(1 - c™2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*%cx((d + exx)/((cxd + e)*(1 + c*x)))1/e), x]1) /; FreeQl{a, b, c, d,

e}, x] && NeQ[c™2*xd~2 - e~2, 0]

Rule 6131

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])~p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2#d + e, 0] && IGtQ[p, O]

Rule 6139

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*(x )" (m_.))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x~2), x],
x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, O]
)

Rubi steps
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/(d + ez) (a + btan™ (cac2))2 dr = / (az(d + ex) + 2ab(d + ex) tan~" (cz?) + b*(d + ex) tan ™ (cx2)2> ¢

= AT | (o) [(+ exytan (ca?) do 47 (04 exptan |
- % + (2ab) / (dtan™" (cz?) + extan™ (cz?)) dz + 62/ (d
— w + (2abd) /tan_1 (cz?) dz + (b*d) /tan_l (cx2)2 dz + (

2(d 2 :
— % + 2abdz tan™" (cz®) + abex® tan™" (cz?) + (b°d) / <_Z
» ; belog (1 + ¢
— % + 2abdz tan~" (cz?) + abezr” tan~" (cz?) — %

2 2
1

= % + 2abdx tan™! (cmZ) + abex? tan™? (cmZ) - szdx log? (1 :
2(d 2 1

= % + 2abdz tan~" (cz?) + abezr® tan™" (cz?) — Zdex log” (1 -

2 2 V2 abd tan™?

= % + 2abdz tan™! (ch) + abez? tan™? (ch) 4+ —

1 2(d + ex)? Vv

= —§b2ex2 + % + 2abdz tan~" (cz?) + abezr” tan~" (cz®) + —

1 a*(d + ex)?

= —4b%dx — 5526132 + + 2abdzx tan™! (C‘”Q) + abez” tan™" (C:

2e

= _1b2ex2 + a?(d + ex)? _ 2V/—1 b*dtan” ((_1)3/4\/81:) + (_1)3/4b
2 2e Ve
2 2 (=1)%*p?dtan! ((—1)%/4 j
_a (d + ex) + (=1) an” ((-1)**ve ) + 2abdz tan™" (cz?) -
2e Ve
9 9 —1)3/4p2d tan! ((—1)3/4 2
_a (d+ ex) + (=1) an” ((-1)**ve ) + 2abdz tan™* (Cz2) '
2e Ve
9 9 —1)3/4p2dtan! ((—1)3/4 2
_ a*(d+ ex) " (-1) an”! ((-1)'ve'z) + 2abdz tan™" (cz?) -
2e Ve

2 2 —1)3/4p2d tan"t ((—1)3/4 2
a(d:Lex) +( ) an ,_(( )iVee) + 2abdz tan~! (cx?) -
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Mathematica [B] Both result and optimal contain complex but leaf count is larger than
twice the leaf count of optimal. 5420 vs. 2(1325) = 2650.
time = 30.64, size = 5420, normalized size = 4.09

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(d + exx)*(a + bxArcTan[c*x"2])"2,x]
[Out] Result too large to show

Mabple [F]
time = 0.10, size = 0, normalized size = 0.00

/ (ez + d) (a + barctan (c :192))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)* (a+b*arctan(c*x~2))"2,x)
[Out] int((e*x+d)=*(atb*arctan(c*x~2))"2,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x~2))~2,x, algorithm="maxima")

[Out] 12xb~2%c~2*exintegrate(1/16*x~5*arctan(c*x~2)"2/(c™2*x"4 + 1), x) + b™2%c~2
xexintegrate(1/16*x~5%log(c™2*xx~4 + 1)72/(c™2*%x"4 + 1), x) + 12%b"2%c”2*xd*i
ntegrate(1/16*x~4*arctan(c*x~2)"2/(c"2*x"4 + 1), x) + 4%b~2%c"2*exintegrate
(1/16%x~5*log(c™2*x~4 + 1)/(c™2*x"4 + 1), x) + b™2xc"2xd*integrate(1/16%x"4
xlog(c™2*%x"4 + 1)72/(c™2*x"4 + 1), x) + 8%b~2*c~2*d*integrate(1/16*x~4x*log(
cT2%xx™4 + 1)/(c”2%x”4 + 1), x) + 1/2*%a~2*%x"2%e + 1/8x%b~2*xarctan(c*x"2) ~3xe/
c - 8xb~2xc*exintegrate(1/16*x~3*arctan(c*x~2)/(c"2*¥x"4 + 1), x) - 16%b~2xc
*xd*integrate(1/16*x~2*arctan(c*x~2)/(c™2*x"4 + 1), x) - 1/2x(c*x(2*sqrt(2)*a
rctan(1/2*sqrt(2) *(2¢cxx + sqrt(2)*sqrt(c))/sqrt(c))/c~(3/2) + 2*sqrt(2)*ar
ctan(1/2xsqrt (2) *(2*c*x - sqrt(2)*sqrt(c))/sqrt(c))/c~(3/2) - sqrt(2)*log(c
*x~2 + sqrt(2)*sqrt(c)*x + 1)/c~(3/2) + sqrt(2)*log(c*x~2 - sqrt(2)*sqrt(c)
*x + 1)/c”(3/2)) - 4xxxarctan(c*x~2))*axbxd + a"2xd*x + b~2*exintegrate(1/1
6*x*log(c™2*%x"4 + 1)72/(c”2%x"4 + 1), x) + 12%b~2xd*integrate(1/16*arctan(c
*x72)"2/(c”2*x"4 + 1), x) + b 2*d*integrate(1/16*log(c™2*x"4 + 1)72/(c™2%x"
4 + 1), x) + 1/8%(b72%x"2%e + 2%b~2xd*x)*arctan(c*x”2)72 + 1/2%(2xc*x~2*arc
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tan(c*x72) - log(c™2*x"4 + 1))*axb*e/c - 1/32x(b"2*xx"2%e + 2xb~2xd*x)*1log(c
“2%x74 + 1)72

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctan(c*x~2))~2,x, algorithm="fricas")

[Out] integral(a™2*x*e + a"2xd + (b~2*x*e + b~2%d)*arctan(c*x”2)"2 + 2x(a*b*xxe +
axbxd)*arctan(c*x~2), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + batan (cacQ))2 (d+ ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(a+b*atan(c*x**2))**2,x)
[Out] Integral((a + b*atan(cxx**2))**2x(d + exx), X)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctan(c*x~2))~2,x, algorithm="giac")
[Out] integrate((e*x + d)*(b*arctan(c*x~2) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a+ batan(cz2))2 (d+ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x"2)) "2%(d + e*x),x)

[Out] int((a + b*xatan(c*x"2))"2x(d + e*x), x)
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(a—i—bAI'CTal’l (cx2) > ?

d+ex

3.26 | dx

Optimal. Leaf size=23

d+ex

2112
Int ( (a 4 bArcTan(cz?)) ,x)

[Out] Unintegrable((atb*arctan(c*x~2))~2/(exx+d),x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

ArcT 2))?
/(a+b rcTan(cx?)) d

d+ex
Verification is not applicable to the result.
[In] Int[(a + bxArcTan[c*x~2])"2/(d + e*xx),x]
[Out] Defer[Int] [(a + b*ArcTan[c*x~2])"2/(d + e*xx), x]
Rubi steps

-1 212 2 -1 2 2 -1 2\2
/ (a+btan~! (cz?)) i =/ e 2abtan™" (cz?) + b tan™! (cz?) d
d+er d+ex d+ex d+ex
2 =1 (2 -1 (pp2)2
_a log(d + ex) + (2ab) / tan™! (cz?) dz + B2 / tan™! (cz?) s
e d+ex d+ex

Mathematica [A]
time = 47.02, size = 0, normalized size = 0.00

/ (a + bArcTan(cz?))?
d+ex

dz

Verification is not applicable to the result.

[In] Integrate[(a + b*ArcTan[c*x~2])"2/(d + exx),x]
[Out] Integrate[(a + b*ArcTan[c*x~2])"2/(d + e*x), x]
Maple [A]

time = 0.03, size = 0, normalized size = 0.00

2112
/(a+barctan (cx?)) i
exr+d
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x~2)) "2/ (e*xx+d),x)
[Out] int((at+b*arctan(c*x~2)) "2/ (e*xx+d),x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~2))~2/(e*x+d),x, algorithm="maxima")
[Out] a"2*e~(-1)*log(x*e + d) + integrate((b~2*arctan(c*x~2)~2 + 2*axb*arctan(c*x
~2))/(xxe + d), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x~2))~2/(e*x+d),x, algorithm="fricas")

[Out] integral((b~2*arctan(c*x~2)72 + 2*a*bk*arctan(c*x~2) + a~2)/(x*e + d), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atan(ckx**2))**2/(e*x+d) ,x)
[Out] Timed out

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x~2))~2/(e*x+d),x, algorithm="giac")

[Out] integrate((bxarctan(c*x~2) + a)~2/(e*x + d), x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

2112
/(a—l—batan(cx ) i
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x~2))"2/(d + e*x),x)
[Out] int((a + b*atan(c*x~2))"2/(d + e*x), x)
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(a—i—bAI'CTal’l (cx2) > ?

(d+ez)? dx

327 |

Optimal. Leaf size=23

(a + bArcTan(cz?))?
ot ( @+ ex)? ””)

[Out] Unintegrable((atb*arctan(c*x~2))~2/(exx+d)~2,x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _
integrand size 0.000

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

Y

dz

/ (a + bArcTan(cz?))?
(d+ ex)?

Verification is not applicable to the result.

[In] Int[(a + bxArcTan[c*x"2])"2/(d + e*x)~2,x]

[Out] Defer[Int] [(a + b*ArcTan[c*x"2])"2/(d + exx)~2, x]
Rubi steps



(a+ btan~! (cz?))?

2abtan~ (cz?) b2 tan™! (cz?)’

/

(d+ ex)?

dx:/ ((di@? +

(d+ ex)? (d+ ex)?
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)dx

a? tan™! (cz?) tan~! (cz?)’

SO PN i Caip M L i Gt
e(d+em)+(a)/ (d+ ex)? T / (d + ex)?

__d®  2abtan”'(cz?) L / tan~! (cz?)? (20b) | Grem s
e(d + ex) e(d + ex) (d + ex)? e

__d  2abtan”'(cz?) L / tan~! (cz2)’ (4abe) | Gremiizesy
e(d + ex) e(d + ex) (d + ex)? e

e3

_ a®>  2abtan”! (cz?) L / tan~! (cz?)’ (4abc) [ (_(02d4+i4)(d
e(d + ex) e(d + ex) (d+ ex)?

_a®>  2abtan”'(cz®) 4abedelog(d + ex) L / tan~! (cz?)’ i +
e(d + ex) e(d + ex) c2dt + et (d + ex)?

_ a®>  2abtan”!(cz?) 4abcdelog(d + ex) L / tan~" (cz?)’ i +
e(d+ ex) e(d+ ex) c2d* + et (d+ ex)?

_a®  2abtan”'(cz®) 4abcdelog(d + ex) L / tan~! (cz?)’ o +
e(d + ex) e(d + ex) c2dt + et (d+ ex)?

_ a®>  2abtan”!(cz?) 4dabcdelog(d + ex) L / tan~" (cz?)’ i +
e(d + ex) e(d + ex) c2dt + et (d + ex)?

_a®>  2abtan”'(cz®) 4dabcdelog(d + ex) L / tan~! (cz?)’ o +
e(d + ex) e(d + ex) c2dt + et (d+ ex)?

___a 2abc*d’ tan”" (cx?)  2abtan”'(cz®) d4abcdelog(d +ex)
e(d + ex) e(cd* +e) e(d + ex) c2d* + et

. a 2abc*d’® tan”" (cz?)  2abtan”! (cz?) V2 aby/c (cd® — &%) t:
e(d + ex) e (c2d* + e%) e(d + ex) c2d* -

Mathematica [A]

time = 44.47, size = 0, normalized size = 0.00

(a + bArcTan(cz?))?

/

Verification is not applicable to the result.

i

(d+ ex)?
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[In] Integrate[(a + bxArcTan[c*x"2])~2/(d + exx)~2,x]
[Out] Integratel[(a + b*ArcTan[c*x~2])~2/(d + e*x)~2, x]

Maple [A]
time = 0.22, size = 0, normalized size = 0.00

/ (a + barctan (cz?))” e
(ex + d)®

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x~2)) "2/ (e*xx+d)"2,x)

[Out] int((at+b*arctan(c*x~2))"2/(e*x+d)"2,x)

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*arctan(c*x~2))~2/(e*x+d)~2,x, algorithm="maxima")
[Out] Exception raised: RuntimeError >> ECL says: THROW: The catch RAT-ERR is und

efined.

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x~2))~2/(e*x+d)~2,x, algorithm="fricas")
[Out] integral((b~2*arctan(c*x~2)~2 + 2*axbkarctan(c*x~2) + a~2)/(x"2%e"2 + 2*d*x
*e + d72), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atan(cxx**2))**2/(e*xx+d)**2,x)

[Out] Timed out
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Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arctan(c*x~2))~2/(e*x+d)~2,x, algorithm="giac")
[Out] integrate((b*arctan(c*x~2) + a)~2/(exx + d)~2, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

/ (a + batan(cz?))’ i
(d+ex)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*xatan(c*x~2))~2/(d + e*x)~2,x)
[Out] int((a + b*atan(c*x~2))"2/(d + e*xx)~2, x)
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3.28 [(d + ex)? (a + bArcTan(cz?)) dx

Optimal. Leaf size=315

bdeArcTan(3/c'z) bd*ArcTan(cz?) N (d+ ex)? (a + bArcTan(cz?)) +bdeArcTan (ﬁ —2ve x) bdeAr
/3 3e 3e 2¢2/3

[Out] -bxd*e*arctan(c”™(1/3)*x)/c~(2/3)-1/3*bxd"3*arctan(c*x”3)/e+1/3*(e*x+d) ~3*(a
+b*arctan(c*x~3))/e-1/2*b*d*e*arctan(2xc”~(1/3)*x-37(1/2))/c~(2/3)-1/2*xbxd*e
*arctan(2+c”~(1/3)*x+37(1/2))/c~(2/3)+1/2%b*d"2*x1n(1+c~ (2/3)*x~2) /c~(1/3)-1/
4xb*d"2*x1n(1-c~(2/3)*x~2+c~(4/3)*x"4) /c~(1/3)-1/6%b*e"2*x1n(c"2*x"6+1) /c+1/2
*bxd~2xarctan(1/3*(1-2xc~(2/3)*x"2)*37(1/2))*37(1/2) /c~(1/3)-1/4*%b*d*e*1n (1
+¢c~(2/3)*x72-c~(1/3) *x*37(1/2) ) *37(1/2) /c~ (2/3) +1/4*b*d*e*1n(1+c”~(2/3) *x~ 2+
c~(1/3)*x*37(1/2))*37(1/2)/c~(2/3)

Rubi [A]

time = 0.50, antiderivative size = 315, normalized size of antiderivative = 1.00, number of

steps used = 24, number of rules used = 15, integrand size = 18, Bumber of rules _ 0.833,
integrand size

Rules used = {4980, 1845, 281, 298, 31, 648, 631, 210, 642, 301, 632, 209, 1483, 649, 266}

2 1=3500% s Y g y \ 2/3,2 y ) 2/352 y
(42 (0 + bAxeTanier) | VB b A"“"(T) bleArcTan(¥'2) beArcTan(V3 ~29s)  bdeAreTan (2067 + VF) i ArcTan(er?) | bilog (€747 +1) _ blog (¢4~ s+ 1) VEbielog (%57 = VB Yo +1) VB bdelog (97 + VB Vs +1)  petog(ad +1)
3¢ 28 - 27 - 3¢ 27 - - 17 - 4 - 6c

27 B = 2¢ 267 4c

Antiderivative was successfully verified.
[In] Int[(d + exx) 2%(a + bxArcTan[c*x~3]),x]

[Out] -((b*d*e*ArcTan[c~(1/3)*x])/c~(2/3)) - (b*d~3*ArcTan[c*x~3])/(3*e) + ((d +
exx) "3*%(a + bxArcTan[c*x"3]))/(3xe) + (bxdxexArcTan[Sqrt[3] - 2*c~(1/3)*x])
/(2xc~(2/3)) - (bxd*exArcTan[Sqrt[3] + 2xc~(1/3)*x])/(2*c~(2/3)) + (Sqrt[3]
*xbxd~2*%ArcTan[(1 - 2xc~(2/3)*x~2)/Sqrt[3]11)/(2%c~(1/3)) + (b*d"2*xLog[l + c~
(2/3)*x72])/(2%c~(1/3)) - (Sqrt[3]*b*d*exLog[l - Sqrt[3]*c~(1/3)*x + c~(2/3
)*x~2])/(4%c~(2/3)) + (Sqrt[3]*b*d*exLogl[l + Sqrt[3]*c~(1/3)*x + c~(2/3)*x~
21)/(4%c™(2/3)) - (b*d~2xLogll - c~(2/3)*x~2 + c~(4/3)*x~4]1)/(4*xc~(1/3)) -
(bxe~2%Log[1 + c~2*x~6])/(6%c)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)
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Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 281

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k = GCD[m
+ 1, nl]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], X, X
“k], x] /; k !'= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] &% IntegerQ[m]

Rule 298

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> Dist[-(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]1*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 312 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 301

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[a/b, nl]], s = Denominator[Rt[a/b, n]], k, u}, Simp[u = Int[(r*Cos[(2xk

- D*m*x(Pi/n)] - s*Cos[(2*%k - 1)*(m + 1)*(Pi/n)]*x)/(xr"2 - 2*r*s*Cos[(2xk -
D*(Pi/n)]*x + s72%x72), x] + Int[(r*Cos[(2*¥k - 1)*m*(Pi/n)] + s*Cos[(2xk

- 1)x(m + 1)*Pi/n)]*x)/(xr"2 + 2*r*s*Cos[(2xk - 1)*(Pi/n)]*x + s72%x~2), x]
; 2%(-1)"(m/2)*(r"(m + 2)/(a*xn*s™m) )*Int[1/(xr"2 + s8”2*%x"2), x] + Dist[2*(x~
(m + 1)/(a*n*s™m)), Sum[u, {k, 1, (n - 2)/4}]1, x1, x1] /; FreeQ[{a, b}, x]

&& IGtQ[(n - 2)/4, 0] && IGtQ[m, O] && LtQ[m, n - 1] && PosQ[a/b]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
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x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d)) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*xe)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2*c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 649

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x72), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && 'NiceSqrtQ[(-a)x*c]

Rule 1483

Int[(x_)"(m_.)*((a_) + (c_)*(x_)"(m2_.))"(p_.)*((d)) + (e_.)*x(x_)"(n_))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*x)~g*(a + c*x72)7p, x], x, x"n
1, x]1 /; FreeQ[{a, c, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[Simplify
[m - n+ 1], 0]

Rule 1845

Int [((Pq_)*((c_)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]*x~(n/2)
)/(c”iix(a + b*x"n))), {ii, 0, n/2 - 1}]1}, Intlv, x] /; SumQ[vl] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 4980

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)]1*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcTan[c*x"n])/(ex(m + 1))), x] - D
ist[b*xcx(n/(ex(m + 1))), Intlx"(n - 1)*((d + exx)"(m + 1)/(1 + c™2*xx~(2%n))
), x], x] /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps
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/(d +ez)? (a+btan~" (cz?)) dz = / (a(d + ex)® + b(d + ex)* tan™" (cz®)) dz

3
= @ + b/(d+ ex)’tan" (cz®) dz

3

_ od+er)” —?L-eez) + b/ (d*tan™" (cz®) + 2dez tan™" (cz®) + e’z tan™" (c
3

_ a(d —?)I—eez) n (bdz) /tan_l (0363) dz + (2bde) /wtan_l (cwg) dx +
3

_ Ud+ex)” —;—eex) + bd*z tan™" (cz®) + bdex® tan™" (cz®) + %be%?’ tan ™ (c

3 1
_ ald+ex)” ;—:x) + bd’ztan™" (cz®) + bdez® tan™" (cz®) + §b62x3 tan~" (c

d 3 bdetan™! (3
_ald+en)’ betan™ (Vew) o po o (ca®) + bdex? tan™ (ca
3e c2/3

= a(d + ex)’ _ bde tan”" (Ve'z) + bd’z tan™" (cz®) + bdex® tan™" (ca

3e c2/3
d 3 bdetan™! (¥
= a(d + ex) _ Jaetan (\/Ex) + bd?z tan™! (cx3) + bdex? tan™* (ca
3e c2/3

3 bdetan™! (¥
= a(d + ez) _ Jaetan (\/Ex) + bd?z tan™! (cx3) + bdex? tan™ ! (c:l
3e c2/3

Mathematica [A]
time = 102.00, size = 297, normalized size = 0.94

12acd’s + 12acdea’ + dace’s® — 125/ deArcTan (/2 z) + 4bex(34* + 3dex + ¢*2*) ArcTan(ca?) + sw?d(ﬁ\vzd + ;) ArcTan(VE = 297z) + 6097 d(VE V7 d - e) ArcTan(VE + 2/7z) + bt log (1+ x?) — BYPA(VEd+VEe)log (1= VB VE s+ E02) ~ 3650 d(Ve d = V) log (14 VE Tz + s = el log (1 + ')
T2

Antiderivative was successfully verified.

[In] Integrate[(d + exx)~2x(a + bxArcTan[c*x73]),x]

[Out] (12*a*c*d™2*x + 12*a*ckxdxexx”2 + 4xaxcxe”2*%x~3 - 12*xb*c~(1/3)*d*e*ArcTan[c”
(1/3)*x] + 4xbxcxx*(3*d"2 + 3*d*e*x + e 2*xx"2)*ArcTan[c*xx"3] + 6*bxc™(1/3)*
d*(Sqrt [3]*c~(1/3)*d + e)*ArcTan[Sqrt[3] - 2*c~(1/3)*x] + 6%b*c~(1/3)*d*(Sq
rt[3]1*c”(1/3)*d - e)*ArcTan[Sqrt[3] + 2*c~(1/3)*x] + 6%b*c”(2/3)*d"2*Log[1
+ ¢c7(2/3)*x72] - 3xb*c”(1/3)*d*(c~(1/3)*d + Sqrt[3]*e)*Log[l - Sqrt[3]*c~(1
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/3)xx + ¢~ (2/3)*x72] - 3*b*c”(1/3)*d*(c~(1/3)*d - Sqrt[3]*e)*Log[l + Sqrt[3
1xc~(1/3)*x + ¢c~(2/3)*x"2] - 2xbxe~2*Logl[l + c~2*x"6])/(12*c)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 517 vs.
2(244) = 488.
time = 9.23, size = 518, normalized size = 1.64

method | result

default | (cotdla 4 befarctan(eale 4 poorctan (cz®) 2?d + barctan (cz®) z d* + bd’ arctan(ca?)

becln <:p2— \/

3e 3 3e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2*(at+b*arctan(c*x~3)),x,method=_RETURNVERBOSE)

[Out] 1/3*%(e*x+d) "3*a/e+1/3*bxe"2*%arctan(c*x~3)*x"3+b*exarctan(c*x”3)*x~2*xd+b*arc

tan (c*x~3) *x*d~2+1/3*b*d"3*arctan(c*x~3) /e-1/4*xb*e*c*1n(x"2-3"(1/2)*(1/c"2)
~(1/6)*x+(1/c~2)~(1/3))*37(1/2)*(1/c~2)~(5/6) *d-1/4*b*xc*1n(x"2-3"(1/2)*(1/c
~2)7(1/6)*x+(1/c~2)~(1/3))*(1/c~2)~(2/3)*d"2-1/6*b*e~2/c*1n(x"2-37(1/2) *(1/
c"2)"(1/6)*x+(1/c~2)~(1/3))-1/2*b*e/c/(1/c"2) " (1/6) *arctan (2*x/(1/c~2)~(1/6
)-37(1/2))*d-1/2*b*c*x(1/c~2) ~(2/3) *arctan(2*x/(1/c~2)~(1/6)-3"(1/2))*3~(1/2
)*d"2-1/3*b/e*xcx(1/c~2) ~(1/2)*arctan(2*x/(1/c~2)~(1/6)-3"(1/2) ) *d~3+1/4*bx*e
*xcx1n(x~2+37(1/2)*(1/c~2)~(1/6) *x+(1/c~2) ~(1/3))*3~(1/2)*(1/c~2)~(5/6) *d-1/
4xbxcx1n(x~2+37(1/2) % (1/c”2)~(1/6) *x+(1/c~2)~(1/3))*(1/c~2)~(2/3)*d"2-1/6%*Db
*e~2/cxIn(x"2+37(1/2)*(1/c~2)~(1/6)*x+(1/c~2)~(1/3))-1/2%b*xe/c/(1/c~2)~(1/6
Yxarctan(2*x/(1/¢c”2)~(1/6)+37(1/2) )*d+1/2*b*c*(1/c~2) ~(2/3) *arctan(2*xx/(1/c
~2)"(1/6)+37(1/2))*3~(1/2)*d"2-1/3*b/e*xc*x(1/c~2) " (1/2) *arctan (2*x/(1/c~2) "~ (
1/6)+37(1/2))*d"3+1/2*b*cx1n(x"2+(1/c~2)~(1/3))*(1/c~2)~(2/3) *d"2-1/6*b*xe"2
/cx1n(x"2+(1/¢c72)~(1/3))+1/3*b/exc*(1/c~2) " (1/2)*arctan(x/(1/c~2)~(1/6) ) *d~
3-b*xe/c/(1/c”2)"(1/6)*arctan(x/(1/c~2)~(1/6))*d

Maxima [A]
time = 0.57, size = 280, normalized size = 0.89

3 artan ( Y24A) . \ i v el \ et () artan (2B
b [([7 VA arc ( - ) o (e imx“J 2 (Lr)] 4“"”1.\”‘\] trates (“'mmm +C[\/?]%, (,n,twm +1)Sesie- etri) 4 mm,ﬂ,,) e (‘,&f) 2uan (%)])M” (2t artan ) o+ 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctan(c*x~3)),x, algorithm="maxima")

[Out] 1/3*a*x"3*%e”"2 + axd*x"2*%e - 1/4*(cx(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*c~(4/3)

*x"2 - ¢7(2/3))/c”(2/3))/c”(4/3) + log(c~(4/3)*x"4 - c~(2/3)*x"2 + 1)/c~(4/
3) - 2%1log((c~(2/3)*x"2 + 1)/c~(2/3))/c”(4/3)) - 4xx*arctan(c*x~3))*b*d~2 +
a*d"2xx + 1/4*x(4*xx"2xarctan(c*x~3) + c*(sqrt(3)*log(c”(2/3)*x"2 + sqrt(3)*
c™(1/3)*x + 1)/c”(5/3) - sqrt(3)*log(c”(2/3)*x"2 - sqrt(3)*c~(1/3)*x + 1)/c
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~(5/3) - 4xarctan(c~(1/3)*x)/c~(5/3) - 2*arctan((2*c~(2/3)*x + sqrt(3)*c~(1
/3))/c~(1/3))/c~(56/3) - 2%arctan((2*c~(2/3)*x - sqrt(3)*c~(1/3))/c~(1/3))/c
~(5/3)))*bxd*e + 1/6%(2*c*x"3*arctan(c*x”~3) - log(c™2*x"6 + 1))*b*e~2/c

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctan(c*x~3)),x, algorithm="fricas")
[Out] Timed out

Sympy [A]
time = 28.54, size = 151, normalized size = 0.48

) )
“'+1)  otherwise

2.9 ) o ) ) . (o fore=0
ad’z + ade? + “53” — 3bed® RootSum (216£%¢" + 1, (¢ —» tlog (36£2¢* + 2%))) — 3bede RootSum (46656t°c® + 1, (¢ > tlog (77761°¢* + z))) + bdz atan (cz®) + bdea® atan (ca®) + be? ({ eatan (a))  log(ctat41) )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(a+b*atan(c*x**3)),x)

[Out] axd#*2kx + akdkexx**2 + ake**k2xx**3/3 - 3¥bkckd*x*2%RootSum(216% t**3kckx4d +

1, Lambda(_t, _t*log(36%_t**2xcx*2 + x*%*2))) - 3*b*c*d*e*RootSum(46656%*_tx*
*6xc*x10 + 1, Lambda(_t, _t*log(7776x_t**5*xc**8 + x))) + bkd*x2kx*atan(c*x*
*3) + bxd¥e*x**2*atan(c*x**3) + b*e*xx2*Piecewise((0, Eq(c, 0)), (x**3*atan(
c*x**3) /3 - log(cx*2xxx*6 + 1)/(6%c), True))

Giac [A]
time = 9.91, size = 318, normalized size = 1.01

iearcon (st) (Vtelel} u,,‘,mw,.((z,.ﬁ)w) (mwwm(r)m.,.((u h@‘)\,\{) (s Vbl 3ttt ~ 20 og (2 + ey 7)) (3 bllt + 3balff + 2t0e) o (2 i) (st ,,,,,;‘m(},ﬁ)
2 2& 12 - 1. 6t

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(a+b*arctan(c*x~3)),x, algorithm="giac")

[Out] 1/3*b*e~2*x"3*arctan(c*x~3) + 1/3*a*e”2%x"3 + b*d*exx~2*arctan(c*x~3)
*exx"2 + bxd"2*x*arctan(cxx”3) + axd”"2*%x - bxckd*exarctan(x*abs(c)~(1/3))/a
bs(c)~(5/3) + 1/2%(sqrt(3)*b*c*d~2*xabs(c)~(2/3) - bkckd*exabs(c)~(1/3))*arc
tan((2*x + sqrt(3)/abs(c)~(1/3))*abs(c)~(1/3))/c"2 - 1/2%(sqrt(3)*bxc*xd~2*a
bs(c)~(2/3) + b*ckdxexabs(c)~(1/3))*arctan((2*x - sqrt(3)/abs(c)~(1/3))*abs
(c)~(1/3))/c”2 + 1/12x(3*sqrt(3)*b*c*kd*e*abs(c)~(1/3) - 3*bxcxd 2*abs(c) (2
/3) - 2xbxc*xe”2)*log(x"2 + sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/c"™2 - 1
/12% (3*sqrt (3) xb*c*kd*e*xabs(c) ~(1/3) + 3*bkcxd"2*abs(c)~(2/3) + 2*xbxc*e~2)*1
0og(x~™2 - sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/c”2 + 1/6*(3*bxc*d~2*abs(
c)~(2/3) - bxcxe”2)*log(x~2 + 1/abs(c)~(2/3))/c"2

+ a*xd
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Mupad [B]
time = 0.52, size = 988, normalized size = 3.14

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x"3))*(d + e*x)~2,x)

[Out] atan(c*x~3)*((b*e~2*%x"3)/3 + b*d"2*x + bxd*exx~2) + symsum(log(x*(6*b~5*c~7
*d"2%e"8 - 162*b~5*c"9*d"8*e"2) + root(46656*a”6*c”"6 + 46656*a"5xb*xc 5*xe”2
+ 19440*%a"4%b"2xc"4*e"4 + 4320*%a"3*b"3*%c"3xe"6 - 11664*xa~3*b~3xc”5*xd"6 + 20
412%a”2*xb"4*%c"4*xd"6*%e”"2 + 540*a"2*¥b"4xc"2*%e"8 - 972*a*b"5*%c”3xd"6*e"4 + 36%
axb~5xcxe~10 — 54xb~6xc”2*%d"6*e”6 + T729*%b"6*c"4*xd"12 + b~6*e”12, a, k)*(x*(
486*%b~4*xc~10*%d"8 + 90*b~4*c”~8*d"2*%e”~6) - root(46656*a~6*c”6 + 46656%a " 5*xb*xc
“bxe"2 + 19440%a"4*xb"2*%c"4*xe"4 + 4320*%a"3*%b"3*kc”"3*%e”6 - 11664*a~3*xb"3*c"5*d
“6 + 20412%a"2xb"4*xc"4*%d"6xe"2 + 540*a"2*%b"4*cT2xe"8 - 972xaxb"5*kc"3*%d"6*e”
4 + 36%axb~bxc*ke"10 — 54*b~6*%c"2xd"6*%e”6 + T729*b"6*%c"4*xd"12 + b~"6*%e"12, a,
k) *(root (46656*xa~6*xc~6 + 46656*%a”~5*xb*c~5xe~2 + 19440*a~4*b~2%c"4*e”~4 + 4320
*¥a"3*%b"3*xc"3*%e”6 — 11664*a”~3*b"3*xc"5xd"6 + 20412*%a”~2*xb"4xc"4*d"6*%e”2 + 540x%
a"2xb"4*xc"2%e"8 - 972%axb"bkc"3*d"6*xe"4 + 36*a*b"bkxcxe”10 - 54*xbT6kc”2*d 6%
e”6 + 729*%b"6*c~4*d"12 + b~ 6*xe”~12, a, k)*(3888*%b~2xc~10*d"3*e + 3888*root (4
6656*a~6xc”6 + 46656*a " 5*b*c”bxe"2 + 19440*a”4*b"2xc"4*e"4 + 4320*a"3*xb"3*c
“3%e”6 - 11664%a"3*%b"3*%c"5xd"6 + 20412%a"2*%b"4*xc"4*xd"6*xe”2 + 540%a”2%b"4*c”
2%e”8 - 972*%a*xb~bxc~3xd"6*%e"4 + 36*a*xb"5*c*ke”10 — 54xbT6*xc”2*d"6*%e”6 + T729x%
b~6*%c”4*xd"12 + b~ 6*e"12, a, k)*b*xcT11xd"2*x + 648*%b~2xc~10*d"2*e”2*xx) + 972
*b"3*%c”"9*%d"3*%e”3 - 324*b"3*xc"9*xd"2*e"4*x)) - 243*%b"5*c”9*d"9*e + 9*b"H*c”T*
d~3*e”7)*root (46656*a~6*%c”6 + 46656%a~5xbxc~5xe”2 + 19440*a~4*b~2%c"4*xe~4 +
4320*%a"3*xb"3*c”"3*%e"6 - 11664*a~3*xb"3*%c"5*%d"6 + 20412*xa”"2*b"4*c"4*xd"6*e”2 +
540%a"2*¥b"4*c"2%e"8 - 972%a*b"5*xc"3*d"6*%e"4 + 36*a*b~5xcxe”10 - 54*b"6*kc”2
*d~6*xe”~6 + T29*b"6%c”4*%d~12 + b~6*e~12, a, k), k, 1, 6) + (axe”2*x"3)/3 + a
*d"2%x + axdxe*xx”2



191

3.29 [(d + ex) (a + bArcTan(cz?®)) dz

Optimal. Leaf size=285

beArcTan(v/c'z) bd?ArcTan(cz®) (d + ex)? (a + bArcTan(cz®)) beArcTan(\/g - 2{*/530) beArc”
2¢2/3 2e 2e 4¢*/3

[Out] -1/2*b*e*arctan(c”(1/3)*x)/c”(2/3)-1/2*xb*d"2*arctan(c*x~3)/e+1/2* (e*x+d) ~2x*
(atb*arctan(c*x~3))/e-1/4*xbxexarctan(2*xc~(1/3)*x-3"(1/2))/c~(2/3)-1/4*b*e*a
rctan(2*c”(1/3)*x+37(1/2))/c~(2/3)+1/2xb*d*1n(1+c~ (2/3)*x~2) /c~ (1/3) -1/4*b*
d*1n(1-c~(2/3) *x"2+c~(4/3)*x~4) /c~ (1/3)+1/2xbxd*arctan (1/3* (1-2*c~(2/3) *x~2
)*37(1/2))*37(1/2) /c~(1/3)-1/8*b*xex1n(1+c~(2/3) *x~2-c~(1/3) *x*3~(1/2) )*3~ (1
/2)/c~(2/3)+1/8xb*e*1n(1+c~(2/3) *x~2+c~ (1/3) *x*37(1/2) )*3~(1/2) /c~(2/3)

Rubi [A]

time = 0.40, antiderivative size = 285, normalized size of antiderivative = 1.00, number of

steps used = 22, number of rules used = 12, integrand size = 16, number of rules _ 0.750,
integrand size

Rules used = {4980, 1845, 281, 209, 298, 31, 648, 631, 210, 642, 301, 632}

(d+ex)? (a+ bArcTan(er®) V3 bdAreTen (TH(:& - ) beArcTan(y/2a) | beArcTan(VE = 2¢%'a)  beArcTan(20C'0+ V3)  ppArcTan(ca®) | balog (%2 +1)  balog (¢¥oxt — /a2 11)  VEbelog (%0? = VB Yea+1)  VEbelog (0 + VB ez +1)
+ - : + - . - + - - - + -
2% 2027 4 =g 2 e e B2l B2

Antiderivative was successfully verified.
[In] Int[(d + e*x)*(a + bxArcTan[c*x~3]),x]

[Out] -1/2*(b*exArcTan[c~(1/3)*x])/c~(2/3) - (b*d"2*ArcTan[c*x~3])/(2*e) + ((d +
exx) "2*(a + bxArcTan[c*x73]))/(2%e) + (bxe*ArcTan[Sqrt[3] - 2*c~(1/3)*x])/(
4xc~(2/3)) - (b*exArcTan[Sqrt[3] + 2xc~(1/3)*x])/(4*c~(2/3)) + (Sqrt[3]*b*xd
xArcTan[(1 - 2%c~(2/3)*x~2)/Sqrt[3]1]1)/(2*c~(1/3)) + (bxdxLogl[l + c~(2/3)*x~
2]1)/(2*c~(1/3)) - (Sqrt[3]*b*exLogl[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2])/(8
*c~(2/3)) + (Sqrt[3]*b*exLog[l + Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2])/(8*c~(2/

3)) - (b*dxLogll - c~(2/3)*x72 + c~(4/3)*x74])/(4xc™(1/3))

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 21*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 210
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 281

Int[(x_)~(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, n]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*x(a + b*x~(n/k))"p, x], x, X
“k], x] /; k !'= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 298

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symboll :> Dist[-(3*Rt[a, 3]1*Rt[b, 3]1)"(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rtl[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x1, x] /; FreeQ[{a, b}, xl]

Rule 301

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[a/b, n]], s = Denominator[Rt[a/b, nl]], k, u}, Simp[u = Int[(r*Cos[(2*k

- 1)*m*(Pi/n)] - s*Cos[(2xk - 1)*(m + 1)*(Pi/n)]1*x)/(r"2 - 2xrxs*xCos[(2*k -
1)*(Pi/n)]*x + s72%x"2), x] + Int[(r*Cos[(2%k - 1)*m*x(Pi/n)] + s*Cos[(2x%k

- D*x(m + 1)*x(Pi/n)]*x)/(x"2 + 2*r*s*Cos[(2xk - 1)*(Pi/n)]*x + s~ 2*x"2), x]
; 2%(-1)"(m/2)*(r"(m + 2)/(a*xn*s™m) )*Int[1/(xr"2 + 8”2*%x"2), x] + Dist[2*(x~
(m + 1)/(a*n*s”m)), Sum[u, {k, 1, (n - 2)/4}], x], x]1]1 /; FreeQ[{a, b}, x]

&& IGtQ[(n - 2)/4, 0] && IGtQ[m, O] && LtQ[m, n - 1] && PosQ[a/bl

Rule 631

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], X, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x72, x]1/b), x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]
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Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 1845

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]l*x~(n/2)
)/(c”iix(a + b*x"n))), {ii, 0, n/2 - 1}]1}, Intlv, x] /; SumQ[vl] /; FreeQ[{
a, b, ¢, m}, x] & PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 4980

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcTan[c*x"n])/(ex(m + 1))), x] - D
ist[b*xcx(n/(ex(m + 1))), Intlx"(n - 1)*((d + exx)"(m + 1)/(1 + c™2*x~(2%*n))
), x], x]1 /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

Rubi steps
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2 2
d+ex)?(a+btan' (ca®) b[5G da

/(d +ez) (a+btan™" (cz®)) dz = (

2e 2e
_ (d+ew) (atbtan” () (300) [ SEET do
2e 2e
_ (d+ex)®(a+btan (ca®)) (3bc) | (lj—czxﬁ + 12f§§z6 + 1+02z6> dz
B 2e 2e
_(d+ ex)? (a +btan™" (cz®)) (3bed) / z3 . (3bed?) [ 3%
2e 1+ 225 2e
(d+ex)?(a+btan™?! (ex?)) 1 T )
= % — 5(3b0d)SUbSt / m dl', Zz,T —
betan™! (v/c'z) bd*tan~!(cz®)  (d + ex)?(a +btan~! (cz?))
- - + +
2¢%/3 2e 2e

betan™' (/c'z) bd?tan' (cz®) = (d + ex)?(a+ btan~! (cz?))
- - + +
2c%/3 2e 2e

betan™' (/c'z) bd?tan' (cz®)  (d + ex)?(a+ btan~! (cz?))
- - + +
2c2/3 2e 2e

betan™' (/c'z) bd?tan' (cz®) = (d +ex)?(a+ btan~! (cz?))
=— - + +
2¢2/3 2e 2e

Mathematica [A]
time = 0.06, size = 310, normalized size = 1.09

1, beAwTan(yes) L beAnTan(VE ~20F7)  beAnTan(VE +20F7)  VBlbelog(1- VB 2+ @) VElelog (14 VE VT +
- e bazreTan(e?) + geatArcTun(ee’) + - 5

Antiderivative was successfully verified.

[In] Integrate[(d + exx)*(a + b*ArcTan[c*x~3]),x]

[Out] a*d*x + (axexx"2)/2 - (b¥e*ArcTan[c”(1/3)#*x])/(2*c~(2/3)) + b*d*x*ArcTan[c*
x73] + (b*exx~2xArcTan[c*x7"3])/2 + (b*exArcTan[Sqrt[3] - 2*c~(1/3)*x])/(4*c
~(2/3)) - (b*exArcTan[Sqrt[3] + 2xc~(1/3)*x])/(4xc~(2/3)) - (Sqrt[3]*b*e*Lo
gll - Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2])/(8%c~(2/3)) + (Sqrt[3]*b*exLogl[l +
Sqrt [31*c~(1/3)*x + ¢~ (2/3)*x~2])/(8%c~(2/3)) - (b*d*(-2%Sqrt[3]*ArcTan[Sqr
t[3] - 2%c~(1/3)*x] - 2*Sqrt[3]*ArcTan[Sqrt[3] + 2xc~(1/3)*x] - 2+Logl[l + c
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~(2/3)*x~2] + Logl[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2] + Logl[l + Sqrt[3]*c~
(1/3)*x + ¢~ (2/3)*x72]))/(4%xc~(1/3))

Maple [A]
time = 0.25, size = 315, normalized size = 1.11

method | result

barctan(cx3) b031n<x2_\/§ (12)6:1:_'_(12)3) (

default | a(iez®+dz) + fz% + barctan (cx3) dz — :

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(a+b*arctan(c*x~3)),x,method=_RETURNVERBOSE)

[Out] a*x(1/2%e*xx~2+d*x)+1/2*%b*arctan(c*x”3)*x " 2*%e+b*arctan(c*x~3) *xd*xx—1/4*xbxc~3%1

n(x"2-3"(1/2)*(1/c"2)~(1/6)*x+(1/c~2)~(1/3))*(1/c~2) ~(5/3) *d-1/8*b*c*1n(x"2
-37(1/2)*(1/c~2)~(1/6) *x+(1/c”2) " (1/3))*3~(1/2)*(1/c~2) = (5/6) *e-1/2*b*c~3*(
1/c~2)~(5/3)*arctan(2*x/(1/c~2)~(1/6)-3~(1/2))*3~(1/2)*d-1/4%b/c/(1/c"2)~ (1
/6)*arctan(2xx/(1/c~2)~(1/6)-3"(1/2)) *e+1/8*bxcx1n(x~2+3~(1/2)*(1/c~2)~(1/6
Yxx+(1/¢72)"(1/3))*37(1/2)*(1/c~2) " (5/6) *e-1/4*b*cx1n(x~2+3"(1/2)*(1/c~2)~(
1/6)*x+(1/c~2)~(1/3))*(1/c”2)~(2/3)*d-1/4*b/c/(1/c~2) " (1/6) *arctan(2*x/(1/c
“2)7(1/6)+37(1/2) ) *xe+1/2xb*xc*x(1/c~2) ~(2/3) *arctan(2*x/(1/c~2) " (1/6)+3~(1/2)
Y*x37(1/2)*d+1/2%b*xcx(1/c2) " (2/3) *d*1n(x"2+(1/c"2)~(1/3))-1/2%b/c*xe/(1/c”2)
~(1/6)*arctan(x/(1/c~2)~(1/6))

Maxima [A]
time = 0.47, size = 234, normalized size = 0.82

V3 (et .
% - ' 2 2 2 L 2 L ! 9 arctan [ 2eizt¥/8'ct arctan [ 2c3z=v/3'ct
1 L [ PR e ( ad log (ctot = cta? +1)  210g (£521) 1 V3 log (cha? + Vlckz +1) V3 log (cla? = Vlelz+1)  darctan (ch) 2 arctan (2 =3 ) 2 mm( = )
3 az’e — 1le - + - - < —4zarctan (ca®) | bd + adz + H 4z%arctan (o) + ¢ - - - - - - - - be
: & & & & ] & & &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctan(c*x~3)),x, algorithm="maxima")

[Out] 1/2*%a*xx"2*e - 1/4*(c*x(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*c~(4/3)*x"2 - c~(2/3)

)/c(2/3))/c”(4/3) + log(c™(4/3)*x74 - c~(2/3)*x72 + 1)/c”(4/3) - 2xlog((c”
(2/3)*x72 + 1)/c~(2/3))/c~(4/3)) - 4*x*arctan(c*x~3))*bxd + axd*x + 1/8%(4x
x"2xarctan(c*x~3) + cx(sqrt(3)*log(c~(2/3)*x"2 + sqrt(3)*c~(1/3)*x + 1)/c~(
5/3) - sqrt(3)*log(c~(2/3)*x"2 - sqrt(3)*c~(1/3)*x + 1)/c~(5/3) - 4xarctan(
c~(1/3)*x)/c~(5/3) - 2*xarctan((2*c~(2/3)*x + sqrt(3)*c~(1/3))/c~(1/3))/c~ (5
/3) - 2*arctan((2*c~(2/3)*x - sqrt(3)*c~(1/3))/c~(1/3))/c~(5/3)))*bxe

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: RuntimeError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*arctan(c*x~3)),x, algorithm="fricas")

[Out] Exception raised: RuntimeError >> no explicit roots found

Sympy [A]
time = 12.69, size = 104, normalized size = 0.36

__ 3bce RootSum (46656¢5c' + 1, (t — tlog (7776t°° + x)))
2

bez? atan (cz®)
2

2
adz + % — 3bed RootSum (216253'c4 +1, (t — tlog (36tzc2 + z2))) + bdzx atan (cxg) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(at+b*atan(c*x**3)),x)

[Out] a*d*x + axe*x**2/2 - 3xbxc*d*RootSum(216%_t**3*c*x4 + 1, Lambda(_t, _t*log(
36%_tk*k2kck*2 + xx*2))) — 33xb*ckexRootSum(46656* tx*6xc**x10 + 1, Lambda(_t,
_t*1og(T776%_t*x5xc*x8 + x)))/2 + bxdxx*atan(c*x**3) + b¥xe*x**2*atan (ckx**

3)/2

Giac [A]
time = 0.95, size = 250, normalized size = 0.88

bdlel} log (rz + ﬁ) p—y (2 VBbedll? = beelel?) arctan ((2: + [})\c\%) (2 Veall? + belel?) arctan ((2: - L(F})\rﬁ) (VB beelelt — 2bedel) og (17 + “/iY + ‘%) (VBbeelelt +2bedel?) og (z’ - L‘“Tr + ﬁ;{)

1 pea? () + L qea? 3
5 bea® arctan (ex”) + 5 aea® + bz arctan (er’) + ade + 3 ot = e + 3 ¥

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d)*(atb*arctan(c*x~3)),x, algorithm="giac")

[Out] 1/2xbke*x~2*arctan(c*x”3) + 1/2%axe*x”2 + bxd*x*arctan(cxx”3) + axd*x + 1/2
*bkd*abs (c) ~(2/3)*log(x~2 + 1/abs(c)”(2/3))/c - 1/2*bxc*exarctan(x*abs(c)~(
1/3))/abs(c)~(5/3) + 1/4*%(2*sqrt(3)*b*c*kd*abs(c)~(2/3) - bxcxexabs(c)~(1/3)
)*arctan((2*x + sqrt(3)/abs(c)~(1/3))*abs(c)~(1/3))/c”2 - 1/4*(2*sqrt(3) *b*
cxd*abs(c)~(2/3) + bxcxexabs(c)~(1/3))*arctan((2*x - sqrt(3)/abs(c)~(1/3))*
abs(c)~(1/3))/c”2 + 1/8%(sqrt(3)*b*xc*xexabs(c)~(1/3) - 2xbxcxd*abs(c)~(2/3))
*log(x~2 + sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/c”2 - 1/8*(sqrt(3)*b*cx
exabs(c)~(1/3) + 2xbxcxd*abs(c)~(2/3))*log(x"2 - sqrt(3)*x/abs(c)~(1/3) + 1
/abs(c)~(2/3))/c™2

Mupad [B]
time = 0.44, size = 485, normalized size = 1.70

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x~3))*(d + e*x),x)

[Out] atan(c*x~3)*(b*d*x + (b*exx~2)/2) + symsum(log(- root(4096*a~6*c~4 - 1024*a
“3*%b"3%c”3%d"3 + 576%a”2xb"4*c"2*%d"2%e"2 - 48%axb~5xckd*e”4 + 64*xb"6*c”2*d”
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6 + b"6%e”6, a, k)*(root(4096*a~6*%c”~4 - 1024*a”~3*xb~3*%c~3*%d~3 + 576*a"2%b " 4x*
c"2*%d"2%e"2 - 48*axb~5xckxd*e~4 + 64*b"6%c”2*d"6 + b~6xe~6, a, k)*(root (4096
*¥a"6*%c”4 - 1024*%a"3*b"3*xc"3%d"3 + 576*%a"2*%b"4*xc"2xd"2*%e"2 - 48xaxb"bkckd*e”
4 + 64*%b"6*%c”2*xd"6 + b~6*e”6, a, k)*(1944xb~2%c"10*d*e - 486*b~2*c”10*e”2*x
+ 3888*root (4096*a~6*xc~4 - 1024*a"3*b~3*%c"3*d"3 + 576*a"2%b"4*c”2*xd"2*e"2
- 48xaxb”5*c*d*e”4 + 64*b"6xc"2*d"6 + b~6*e”6, a, k)*bkcT11*d*x) - (243%b~3
*Cc"9%e"3)/2) - 486*%b~4xc”10*%d"4*x) - (243%b"5xc”9kd"4x*xe)/2 - (243*%b"5*xc”9*d
~3xe”~2%x) /4) *root (4096*a~6xc"4 - 1024*a”~3*b"3*%c"3*d"3 + 576%a~2xb"4*c”2*xd"2
*e”2 - 48%axb”bkcxd*xe~4 + 64*xb"6*%c”2*%d"6 + b"6*%e”6, a, k), k, 1, 6) + akxd*x
+ (axe*x~2)/2
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a+bArcTan (cx3)
3.30  [oraresanier) g,
Optimal. Leaf size=739
bel e(l— \/6 —c2 z) 1 (d ) bel e(1+ V6 —c? z) 1 (d )
clog | ———+ | log(d + ex clog | ——s——= | log(a + ex
(a + bArcTan(cz?)) log(d + ex) N 5 V—c? dte s B & V—c? d-e s
e 2v—c?e 2v—c? e

[Out] (atb*arctan(c*x~3))*1ln(e*x+d)/e+1/2xb*c*1ln(e*x(1-(-c~2)~(1/6)*x)/((-c~2)~(1/
6) *d+e) ) ¥1n(exx+d) /e/(-c~2) " (1/2)-1/2*b*c*1n(-e* (1+(-c~2) " (1/6) *x) / ((-c~2)~
(1/6)*d-e) ) *1n(exx+d) /e/(-c~2) " (1/2)+1/2*%b*c*1n(-e*x ((-1)~(1/3)+(-c~2)~(1/6)
*x)/ ((-c72) 7 (1/6)*d-(-1)"(1/3) *e) ) *1n(e*x+d) /e/ (-c™2) " (1/2) -1/2¥b*c*1n (-e*(
(-1)7(2/3)+(-c"2)"(1/6)*x) / ((-c"2) " (1/6) *d- (-1) " (2/3) *e) ) *1n(e*x+d) /e/ (-c~2
)~ (1/2)+1/2%bxc*x1n((-1) ~(2/3) *ex (1+(-1)~(1/3)*(-c™2) ~(1/6) *x) / ((-c~2)~(1/6)
*d+(-1)~(2/3) *e) ) *1n(e*x+d) /e/ (-c~2) " (1/2) -1/2*%bxc*1n((-1) ~(1/3) *ex (1+(-1)~
(2/3)*(-c72)~(1/6)*x) / ((-c~2) " (1/6) *d+(-1) " (1/3) *e) ) ¥1n(e*x+d) /e/(-c~2) " (1/
2)-1/2*%bxcxpolylog(2, (-c~2)~(1/6)*(e*xx+d) /((-c~2)~(1/6)*d-e))/e/(-c~2)~(1/2
)+1/2*%bxcxpolylog(2, (-c~2)~(1/6)*(e*x+d) /((-c~2)~(1/6)*d+e)) /e/(-c~2)~(1/2)
+1/2%b*c*polylog(2, (-c~2)~(1/6)*(exx+d)/((-c~2)~(1/6)*d-(-1)~(1/3)*e)) /e/ (-
c~2)~(1/2)-1/2*xb*c*polylog(2, (-c~2) ~(1/6) * (e*x+d) / ((-c~2)~(1/6) *d+(-1)~(1/3
Yxe))/e/(-c~2)~(1/2)-1/2xb*cxpolylog(2, (-c~2)~(1/6) * (exx+d) /((-c~2) ~(1/6) *d
-(-1)"(2/3)*e))/e/(-c~2)~(1/2)+1/2*b*c*polylog(2, (-c~2) " (1/6) * (exx+d) / ((-c~
2)7(1/6)*d+(-1)~(2/3)*e)) /e/(-c"2)"(1/2)

Rubi [A]
time = 0.93, antiderivative size = 739, normalized size of antiderivative = 1.00, number of

number of rules _ 444
' integrand size ’

steps used = 25, number of rules used = 8, integrand size = 18
Rules used = {4976, 281, 209, 2463, 266, 2441, 2440, 2438}

) ) ) o) vl s ()t (UT) strcon( T e (ST vt ( AT oo (HETED)

P Eer o W Ve Ve P Ve e W e WA

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTan[c*x"3])/(d + e*x),x]

[Out] ((a + b*ArcTan[c*x~3])*Logl[d + e*x])/e + (b*cxLogl[(ex(1 - (-c~2)~(1/6)*x))/
((-c™2)~(1/6)*d + e)]*Logld + exx])/(2*Sqrt[-c~2]*e) - (b*c*Log[-((ex(1 + (
-c72)7(1/6)*x))/((-c~2)~(1/6)*d - e))]*Logld + exx])/(2%Sqrt[-c~2]*e) + (bx
c*xLog[-((ex((-1)~(1/3) + (-c72)~(1/6)*x))/((-c~2)~(1/6)*d - (-1)~(1/3)*e))]
xLogl[d + exx])/(2xSqrt[-c~2]*e) - (b*c*Log[-((ex((-1)"(2/3) + (-c~2)~(1/6)*
x))/((-c”2)"(1/6)*d - (-1)"(2/3)*e))]*Logld + exx])/(2+Sqrt[-c~2]*e) + (b*c
*xLog [((-1)7(2/3)*ex(1 + (-1)~"(1/3)*(-c"2)~(1/6)*x))/((-c"2)~(1/6)*d + (-1)~
(2/3)*e)]*Logld + exx])/(2%Sqrt[-c~2]*e) - (b*cxLogl[((-1)~(1/3)*e*x(1 + (-1)
~(2/3)%(-c”2)"(1/6)*x)) / ((-c~2)~(1/6)*d + (-1)~(1/3)*e)]*Logld + exx])/(2%S
qrt[-c"2]*e) - (b*c*PolyLog[2, ((-c”2)~(1/6)*(d + e*x))/((-c"2)"(1/6)*d - e
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)1)/(2%Sqrt[-c~2]*e) + (b*c*PolyLog[2, ((-c~2)~(1/6)*(d + e*x))/((-c~2)~(1/
6)*d + e)])/(2*%Sqrt[-c~2]*e) + (b*cxPolyLogl[2, ((-c~2)~(1/6)*(d + exx))/((-
c™2)"(1/6)*d - (-1)~(1/3)*e)])/(2xSqrt[-c~2]*e) - (b*c*PolyLog[2, ((-c~2)~(
1/6)*(d + e*xx))/((-c72)~(1/6)*d + (-1)7(1/3)*e)])/(2*Sqrt [-c~2]*e) - (b*c*P
olyLogl[2, ((-c72)7(1/6)*(d + exx))/((-c”2)7(1/6)*d - (-1)~(2/3)*e)])/(2*Sqr
t[-c"2]*e) + (b*c*PolyLogl[2, ((-c”2)~(1/6)*(d + e*x))/((-c"2)"(1/6)*d + (-1
)~ (2/3)*e)])/(2+Sqrt [-c~2] *e)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 281

Int[(x_)~"(m_.)*x((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], X, X
“k], x] /; k != 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 2440

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + cxex(x/g)])/x, x], x, £ + g*x
1, x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - d*g, 0] && EqQlg + cx
(exf - dxg), 0]

Rule 2441

Int[((a_.) + Logl(c_.)*((d_)) + (e_)*(x_))"(n_.)1*(b_.))/((£f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[Loglex((f + g*x)/(exf - d*g))]*((a + bxLoglc*x(d + e*x
)°nl)/g), x] - Dist[bxex(n/g), Int[Logl(ex(f + gxx))/(exf - d*xg)]/(d + ex*x)
, x]1, x]1 /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2463

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))"(n_.)]*(b_.))"(p_.)*((h_.)*(x_))
“(m_.)*((£) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
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+ bxLoglcx(d + exx)"n])"p, (h*x) m*(f + g*x"r)"q, x], x] /; FreeQ[{a, b, ¢
,d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[q]

Rule 4976

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[Log[d + e*x]*((a + bxArcTan[c*x"n])/e), x] - Dist[b*c*(n/e), Int[x~
(n - 1)*(Logld + exx]/(1 + c~2*%x~(2*n))), x], x] /; FreeQ[{a, b, c, d, e, n
}, x] && IntegerQ[n]

Rubi steps

1 (3 —1 (3
/a+ btan™' (cz )dx :/ LI btan™! (cz?) s
d+ex d+ex d+ex

1 (3
_ alog(d + ex) +b/ tan™! (cz )da:
e d+ex

Mathematica [F]
time = 180.00, size = 0, normalized size = 0.00

$Aborted

Verification is not applicable to the result.

[In] Integrate[(a + b*ArcTan[c*x~3])/(d + e*x),x]
[Out] $Aborted

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.11, size = 172, normalized size = 0.23

method | result
be?
n(ez+d) bin(ea-+d) arctan(c2?) _RI:RootOf(_ZGC2—602d_Z5+15c2d2_Z4—2002d3_Z3+1502d4_ZZ—6c2d5_Z+c2d6-
aln(ex+ n(ex arctan(cz
default - + - - 5o
ib > <ln(ew+d) In (%
. h ib ln(ez_;'_d) ln(_ic Z3+1) _RI:ROOtOf(C_ZS—3_chd+3_ZC d2—cd3+e3 RcotOf(_Zz+1,indez=1)) —

T1SC. % - 2e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x~3))/(exx+d),x,method=_RETURNVERBOSE)
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[Out] a*1ln(exx+d)/e+bx1n(e*x+d)/e*arctan(c*x~3)-1/2xb*e"2/c*sum(1/(_R17°3-3*%_R172%
d+3*_R1*d"2-d"3)*(1n(e*x+d) *1n((-e*x+_R1-d)/_R1)+dilog((-e*x+_R1-d)/_R1)),_
R1=RootOf (_Z 6*c™2-6% Z Bkc 2xd+15% Z 4*c 2%d~2-20% Z~3%c~2%d"~3+15% Z 2xc~2

*d~4-6%_Z*c"2%d"5+c"2%d"6+e"6))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctan(c*x~3))/(e*x+d),x, algorithm="maxima")

[Out] a*e”(-1)*log(x*e + d) + 2*bxintegrate(l/2*arctan(c*x~3)/(x*e + d), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~3))/(e*x+d),x, algorithm="fricas")
[Out] integral((b*arctan(c*x~3) + a)/(x*e + d), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atan(cxx**3))/(exx+d),x)

[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~3))/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctan(c*x~3) + a)/(exx + d), x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

3
/a+batan(c:p )d:c
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atan(c*x~3))/(d + e*x),x)
[Out] int((a + b*atan(c*x~3))/(d + e*x), x)

202
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a+bArcTan (cx3)
(dtex)? dx

3.31 |

Optimal. Leaf size=906

B bc*/3dedArcTan(¥/c z) +bczd5ArcTan(cx3) _a+ bArcTan(cz?) +502/ 3d(\/§ cd® + e3> ArcTan<\/?7 -2
c2db + eb e (c2d® + €b) e(d + ex) 2 (c2d® + €f)

[Out] -b*c~(2/3)*d*e”~3*arctan(c”~(1/3)*x)/(c"2*d"6+e~6)+b*c~2*d"5*arctan(c*x~3)/e/
(c™2*d"6+e"6)+(-a-b*arctan(c*x~3))/e/ (e*x+d) +3*b*cxd~2*xe~2x1n (exx+d) / (c~2*d
“6+e”6)+1/2%bxc”(5/3) *d"4*x1n(1+c~(2/3) *x”2) / (c"2*d"6+e”6) —1/2*xb*c*d"2*e~2x1
n(c™2*xx~6+1)/(c"2%d"6+e"6)+1/2xbxc~(2/3) *d*arctan(2xc~ (1/3) *x+3~(1/2) ) *(-e~
3+c*d"3*%37(1/2))/(c"2*%d"6+e"6)-1/2*%b*c~ (2/3) *d*arctan (2*c~ (1/3) *x-3"(1/2) ) *
(e”3+c*d"3*37(1/2))/(c"2*%d"6+e”~6) -1/4*b*c” (2/3) *d*1n(1+c~ (2/3) *x~2-c~(1/3) *
x*¥37(1/2))*(c*d"3-e"3*x37(1/2) )/ (c"2*d"6+e"6)-1/4*b*c~(2/3) *d*1n(1+c~(2/3) *x
~2+c”(1/3) *x*x37(1/2) ) *(c*d~3+e"3%37(1/2) )/ (c"2*%d"6+e~6) -1/2*xb*c” (5/3) *ex1n(
(-c™2)~(1/6)+c~(2/3)*x) *(-e~3+d" 3% (-c~2)~(1/2) )/ (-c~2)~(2/3) / (c"2*d"6+e”6) +
1/4%b*xc~(5/3) *e*1n((-c~2)~(1/3)-c~(2/3) *(-c~2) " (1/6) *x+c~(4/3) *x~2) *(-e~3+d
3% (-c"2)"(1/2))/(-c"2)"(2/3) / (c~2*%d"6+e~6) -1/2*b*c~ (5/3) *e*arctan (1/3* (c~ (
4/3)+2*%(-c~2)~(5/6)*x)/c~(4/3)*37(1/2))*3~(1/2) *(-e~3+d"3*(-c~2)~(1/2))/(-c
~2)7(2/3)/(c”2%d"6+e~6)+1/2*b*c”~(5/3) *e*x1n((-c~2) ~(1/6)-c~(2/3) *x)* (e~ 3+d"3
*(-¢c"2)"(1/2))/(-c"2)~(2/3) / (c"2*d"6+e”6)-1/4%b*xc” (5/3) *ex1n((-c~2)~(1/3) +c
~(2/3)*%(-c”2) " (1/6) *x+c~ (4/3) *x~2) *(e"3+d"3* (-c~2) " (1/2) )/ (-c~2)~(2/3) / (c~2
*d~6+e”6)+1/2*bxc” (5/3) *exarctan(1/3* (1+2xc~(2/3)*x/(-c~2)~(1/6))*3~(1/2) ) *
37(1/2)*(e~3+d"3%(-c~2)"(1/2))/(-c~2)~(2/3) / (c"2*d"6+e"6)

Rubi [A]
time = 0.94, antiderivative size = 906, normalized size of antiderivative = 1.00, number
number of rules __

of steps used = 34, number of rules used = 15, integrand size = 18, integrand size

0.833, Rules used = {4980, 6857, 1890, 1430, 649, 209, 266, 648, 631, 210, 642, 1525, 298,
31, 1483}

Antiderivative was successfully verified.
[In] Int[(a + bxArcTan[c*x~3])/(d + e*x)~2,x]

[Out] -((b*c~(2/3)*d*e”3*ArcTan[c~(1/3)*x])/(c"2*xd"6 + e76)) + (b*c~2*d"5*ArcTan[
c*x~3])/(ex(c”2*xd™6 + e76)) - (a + bxArcTan[c*x~3])/(e*x(d + exx)) + (b*xc~(2
/3) *d* (Sqrt [3]*c*d~3 + e~3)*ArcTan[Sqrt[3] - 2*c~(1/3)*x])/(2%(c"2%d"6 + e~
6)) + (bxc~(2/3)*d*(Sqrt[3]*c*d~3 - e~3)*ArcTan[Sqrt[3] + 2xc~(1/3)*x])/ (2%
(c”2%d"6 + e76)) + (Sqrt[3]*bxc~(5/3)*ex(Sqrt[-c”2]*d"3 + e~3)*ArcTan[(1 +
(2%c™(2/3)*x) /(-c™2)~(1/6)) /Sqrt [3]11) /(2% (-c~2) " (2/3) *(c"2%d"6 + e76)) - (S
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qrt [3]*¥bxc~(5/3) *ex(Sqrt [-c"2]*d"3 - e~3)*ArcTan[(c~(4/3) + 2%(-c~2)~(5/6)*
x)/(Sqrt[31*c~(4/3))1)/(2%(-c"2)~(2/3)*(c"2*xd"6 + e76)) + (bxc~(5/3)*ex(Sqr
t[-c"2]*d"3 + e~3)*Log[(-c2)~(1/6) - c~(2/3)*x])/(2%x(-c~2)~(2/3)*(c"2*d"6
+ e76)) - (b*xc™(5/3)*ex(Sqrt[-c"2]*d"3 - e~3)*Logl[(-c"2)~(1/6) + c~(2/3)*x]
)/ (2% (-c"2)"(2/3)*(c"2%d"6 + e76)) + (3xbxc*d"2xe~2*xLogl[d + e*x])/(c”2%d"6
+ e76) + (b*c~(5/3)*d"4*Logl[1l + c~(2/3)*x72])/(2%(c"2%d"6 + e76)) - (bxc”(2
/3)*d*(cxd~3 - Sqrt[3]*e~3)*Logl[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2])/(4*(c
"2%d"6 + e76)) - (b*c~(2/3)*d*(c*d"3 + Sqrt[3]*e~3)*Logl[l + Sqrt[3]*c~(1/3)
*x + ¢c~(2/3)*x72])/(4%(c"2%d"6 + e76)) + (bxc~(5/3)*ex(Sqrt[-c~2]*d"3 - €73
)xLog[(-c~2)~(1/3) - c~(2/3)*(-c"2)"(1/6)*x + c~(4/3)*x~2])/(4*(-c~2)~(2/3)
*x(c"2xd"6 + e€76)) - (bxc~(5/3)*ex(Sqrt[-c”2]*d~3 + e~3)*Log[(-c~2)~(1/3) +
c(2/3)*(-c~2)"(1/6)*x + c~(4/3)*x72]) /(4% (-c"2)~(2/3)*(c"2%d"6 + e76)) - (
bxc*d~2*e"2xLog[1 + c™2*x76])/(2*%(c"2*%d"6 + e76))

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 298

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> Dist[-(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 312 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
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1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4xaxc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 649

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)~"2), x_Symbol] :> Dist[d, Int[1/(
a + c*x~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & !'NiceSqrtQ[(-a)*c]

Rule 1430

Int[((d)) + (e_.)*(x_)"3)/((a_) + (c_.)*(x_)"6), x_Symbol] :> With[{q = Rt[
c/a, 6]}, Dist[1/(3*a*q~2), Int[(q~2*d - exx)/(1 + q"2*x~2), x], x] + (Dist
[1/(6%a*q~2), Int[(2*%q~2*d - (Sqrt[3]*q~3*d - e)*x)/(1 - Sqrt[3]*q*x + q 2%
x72), x], x] + Dist[1/(6*a*q~2), Int[(2*q~2*d + (Sqrt[3]1*q~3xd + e)*x)/(1 +
Sqrt [3]1*g*x + q~2*x~2), x], x1)] /; FreeQ[{a, c, 4, e}, x] && NeQ[c*d~2 +
axe”2, 0] && PosQ[c/al

Rule 1483

Int[(x_)~(m_.)*((a_) + (c_.)*(x_)"(m2_.))"(p_.)*((d_) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*x)~g*(a + c*x72)7p, x], x, x"n
1, x] /; FreeQ[{a, c, d, e, m, n, p, q}, x] & EqQ[n2, 2*n] && EqQ[Simplify
[m-n+ 1], 0]

Rule 1525

Int [(CCE_D*(x_))"(m_.)*((d) + (e_)*x(x_)"(m )))/((a_) + (c_.)*x(x_)"(n2)))
, x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Dist[-(e/2 + c*(d/(2%q))), Int[(£fx*
x)°m/(q - c*x"n), x], x] + Dist[e/2 - c*(d/(2%q)), Int[(f*x)"m/(q + c*x"n),
x], x]]1 /; FreeQ[{a, c, d, e, £, m}, x] && EqQ[n2, 2*n] && IGtQ[n, 0]

Rule 1890
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Int[(Pq_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = Sum[x~ii*((Coeff
[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2))/(a + b*x"n)), {ii, 0, n/2 - 1
}1}, Intlv, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && PolyQ[Pq, x] && IGtQ[n/2,
0] && Expon[Pq, x] < n

Rule 4980

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)]1*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcTan[c*x"n])/(ex(m + 1))), x] - D
ist[b*xcx(n/(ex(m + 1))), Intlx"(n - 1)*((d + exx)"(m + 1)/(1 + c™2*x~(2%*n))
), x], x]1 /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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2
_a+btan”! (cz®) bJ (d+ea,-?)’g+c2a:6) dx

/a+ btan~! (cz?®) p

(d+ ex)? v e(d + ex) e
__a+btan™! (cz’) (3be) [ m dz
e(d + ex) e
2et (d—ex) (—e*+c?diz?+c2d?e?a?
_ _a+ btan! (cz®) (3be) [ ((02d6+deﬁ)(d+ez) + ((62d6+66)(1+02:c6) )> dzx
B e(d+ ex) e
—ex —64 C2 4z2 02 262Z4
__a+btan"!(cz®)  3bed’e?log(d + ex) N (3be) [ X L;ze L) da
e(d + ex) c2db + ef e (c2d® + €f)
—det—c2d4ers x(65+02d3e2$3)
__a+btan~' (cz®)  3bed’e’log(d + ex) N (3bc) [ ( TTcs T 1icas
e(d + ex) c2db + e e (c2dS + €9)
xr 65
__a+btan"! (cz®)  3bed’e?log(d + ex) (3bc) W dz N (3bc) [ =
e(d + ex) c2db + ef e (c2d® + €®) e (c%d

b s —2¢2/3det— (02d4e— ﬁcde4) x
_a+btan~! (cz®) | 3bed®e*log(d + ex) (bve) | 1-V3 /¢ atc2/3a2
e(d+ ex) c2ds + €8 2e (c*db + €5)

(

_a+btan”! (cz®) | 3bed’e®log(d + ex) (bc™Bd*) [ frags da N (bc3d®) Sut
e(d+ ex) c2ds + €8 c2dS + €b €

_ b*PdePtan™! (Vc'z)  be*dtan! (cz®)  a+btan!(cz?) bcs/3e( V—c
B c2db + e e (c2d® + €f) e(d + ex) 2

bc*3de® tan~! (/c'z)  bAdPtan~! (cz®) @+ btan! (czd) b02/3d<ﬁcc
c2db + e e (c2d® + €f) e(d + ex)

bc*2de® tan~! (v/c'z)  bAdtan~! (cz®) @+ btan! (cz®) b02/3d<\/§ cc
c2ds + eb e (c2db + €5) e(d+ ex)

Mathematica [A]
time = 10.00, size = 536, normalized size = 0.59

A VT) 6 oo 5+ 295) 1 00 i 0 4 ) 45 14 0) {08 T VTG 1) 0 oo (1 G 4 20 (4 T VT G740 ) g (14 VTS s ) OO 1+

Antiderivative was successfully verified.
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[In] Integrate[(a + b*ArcTan[c*x~3])/(d + e*x)~2,x]

[Out] (-4*xa*xc™(1/3)*(c™2%d"6 + e~6) - 4*bkckd*(c~(4/3)*d"4 - c~(2/3)*d"2*%e"2 + e~
4)x(d + exx)*ArcTan[c~(1/3)*x] - 4xb*c~(1/3)*(c"2*d"6 + e~6)*ArcTan[c*x"3]
- 2xbxc~(2/3)*(2*c~(5/3)*d"5 - Sqrt[3]*c~(4/3)*d"4*e + c*d"3*e”2 - c~(1/3)*
d*xe”4 + Sqrt([3]*e”~5)*(d + e*x)*ArcTan[Sqrt[3] - 2*c~(1/3)*x] + 2xbxc~(2/3)*
(2%c~(5/3)*d"5 + Sqrt[3]1*c~(4/3)*d"4*e + c*d"3*e”2 - c~(1/3)*d*e”"4 - Sqrt[3
1*e"5)*(d + exx)*ArcTan[Sqrt[3] + 2*xc~(1/3)*x] + 12%b*c~(4/3)*d"2*e”~3*(d +
exx)*Log[d + e*x] + 2*bxex(c™2xd~4 + c~(2/3)*e”4)*(d + e*x)*Logl[l + c~(2/3)
*x~2] - b*c”(2/3)*ex(c”(4/3)*d"4 - Sqrt[3]*cxd~3*e - Sqrt[3]*c~(1/3)*d*e”3
+ e74)*(d + exx)*Log[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x"2] - b*c~(2/3)*e*(c”
(4/3)*d"4 + Sqrt[3]*c*d~3*%e + Sqrt[3]*c~(1/3)*d*e”3 + e~4)*(d + e*x)*Logl[1
+ Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2] - 2xbxc~(4/3)*d"2*e~3%(d + e*x)*Logl[l +
c"2xx76]) /(4*c”(1/3)*ex(c”2*d"6 + e~ 6)*(d + exx))

Maple [A]
time = 0.40, size = 1220, normalized size = 1.35

method | result size
default | Expression too large to display | 1220

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctan(c*x~3))/(exx+d) 2,x,method=_RETURNVERBOSE)

[Out] -a/(e*x+d)/e+3*b*xcxd"2xe”2*1n(e*x+d)/(c"2*d"6+e~6)+b*xe”~4*c~3/(c"2*d"6+e"6) *
(1/c~2)"(4/3)*arctan(2*x/(1/c~2)~(1/6)-3"(1/2))*3~(1/2)-1/2*b*xe~3*c~3/ (c~2*
d~6+e"6)*(1/c~2)~(7/6) *arctan(2*x/(1/c~2)~(1/6)+3~(1/2) ) *d-b*e~3*xc~3/(c"2*d
~6+e~6)*(1/c~2)~(7/6)*arctan(x/(1/c~2)~(1/6))*d+1/2*b*xexc/(c"2*xd"~6+e~6) /(1/
c~2)~(1/6)*arctan(2*x/(1/c~2)~(1/6)-3"(1/2)) *d~3-1/2*xb*e~4*c/ (c~2*d~6+e”6) *
(1/c~2)~(1/3) *arctan(2*x/(1/c~2)~(1/6)-3"(1/2))*3~(1/2)+b/e*c~3/(c"2*d"6+e"
6)*(1/c”2) " (1/2)*arctan(2*x/(1/c”~2)~(1/6)-3"(1/2) ) *d~5+1/2*b*exc/(c"2*d"6+e
~6)/(1/c”2)"(1/6)*arctan(2*xx/(1/c~2)~(1/6)+3"(1/2) ) *d"3-1/2*b*xe"4*c/ (c~2*d~
6+e~6)*(1/c”2)~(1/3)*arctan(2*x/(1/c~2)~(1/6)+3~(1/2))*3~(1/2)+b/e*c~3/(c"2
*d~6+e”6)*(1/c"2) " (1/2)*arctan(2*x/(1/c~2)~(1/6)+37(1/2))*d"5-b/e*c~3/ (c"2x*
d~6+e"6)*(1/c”2)~(1/2)*arctan(x/(1/c”2)~(1/6))*d"5+b*exc/(c"2*d"6+e”6)/(1/c
~2)~(1/6)*arctan(x/(1/c"2)~(1/6))*d~3-1/2xb*xc~3/(c~2*xd"6+e~6)*(1/c~2) ~(2/3)
xarctan(2*x/(1/c~2)~(1/6)-37(1/2))*3~(1/2) *d~4+1/2xb*xc~3/ (c"2*xd"6+e"6) *(1/c
~2)~(2/3)*arctan(2*x/(1/c~2)~(1/6)+37(1/2))*3~(1/2) *d"4-1/2xb*e~3*c~3/(c~2*
d"6+e"6)*(1/c~2)~(7/6)*arctan(2*x/(1/c~2)~(1/6)-3"(1/2) ) *d+1/4*b*e~3*c~3/(c
~2xd"6+e”6) *1n(x"2-37(1/2)*(1/c”2)~(1/6)*x+(1/c~2)~(1/3))*3~(1/2)*(1/c~2) ~(
7/6) *d-1/4*xbxe~3xc~3/(c™2*%d"6+e"6) *1n(x"2+3"(1/2)*(1/c~2)~(1/6) *x+(1/c~2) ~(
1/3))*37(1/2)*(1/c~2) " (7/6) *d-1/4*b*e*xc~3/(c~2*d"6+e"6) *1n(x"2+37(1/2)*(1/c
~2)°(1/6)*x+(1/c~2)~(1/3))*3°(1/2)*(1/c~2) " (5/6) *d~3+1/4*b*xexc~3/(c"2*d"6+e
~6)*1n(x"2-37(1/2)*(1/c”2)~(1/6) *x+(1/c~2)~(1/3))*3~(1/2)*(1/c~2)~(5/6)*d"3
+1/2xbxe~4xc/(c~2*%d"6+e"6) *1n(x"2+(1/c"2)~(1/3))*(1/c~2)~(1/3) -1/2*b*e”2*xc/
(c™2%d"6+e"6) *1n(x"2+(1/c"2)~(1/3))*d"2-1/4%b*c~3/ (c"2*xd"6+e”~6) *1n(x~2-3" (1
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/2)%(1/c”2)"(1/6)*x+(1/c”2)~(1/3))*(1/c~2)~(2/3)*d"4-1/4%b*c"3/ (c"2*d"6+e”6
Y*In(x"2+37(1/2)*(1/c”2)~(1/6) *x+(1/c~2)~(1/3))*(1/c~2)~(2/3) *d~4+1/2%b*xc"3
/(c”2xd"6+e”6) *1n(x"2+(1/c”2)~(1/3))*(1/c~2)~(2/3)*d"4-1/4*b*e"4*xc/(c"2*d"6
+e76)*1n(x"2-3"(1/2)*(1/c"2)~(1/6) *x+(1/c~2)~(1/3))*(1/c~2)~(1/3)-1/2*b*e"2
*xc/(c™2%d"6+e"6)*1n(x"2-3"(1/2)*(1/c~2)~(1/6) *x+(1/c~2) ~(1/3) ) *d~2-1/4*bxe~
4xc/(c™2xd"6+e”6)*1n(x~2+3"(1/2)*(1/c~2) " (1/6) *x+(1/c~2)~(1/3))*(1/c~2)~(1/
3)-1/2xb*xe"2xc/ (c~2*d"6+e”6) *1n(x~2+3~(1/2)*(1/c~2) ~(1/6) *x+(1/c~2)~(1/3) ) *
d"2-b/ (exx+d) /e*arctan(c*x~3)

Maxima [A]
time = 0.49, size = 449, normalized size = 0.50

(omoriscdad)aniede) (VT esr08 F 00340 VT s (8B 3 (VT Sara0e-Fr0sitac VT (BT (VB dwisroec VT dasscd)e(dereVTebent) (ST daciacrioEdurde)u(diVFden)  a(decorosd)mlcdon)
1| | 12 tog(ze +a) ¥ - s = - 3 - o darctan(et) | o
T Travde |k

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x~3))/(e*x+d)~2,x, algorithm="maxima")

[Out] 1/4*((12%d"2%e"2*log(x*e + d)/(c”2%d"6 + e76) - (4*x(c~(8/3)*d"5 - c~2*d"3*e
"2 + c~(4/3)*d*e~4)*arctan(c”(1/3)*x)/c~(5/3) - 2*(sqrt(3)*c~(8/3)*d"4*e +
2%xc~3%d"5 + c~(7/3)*d"3*%e"2 - c~(5/3)*d*e”4 - sqrt(3)*c~(4/3)*e”5)*arctan((
2xc~(2/3)*x + sqrt(3)*c~(1/3))/c~(1/3))/c”2 + 2x(sqrt(3)*c~(8/3)*d"4*e - 2%
c™3%d”5 - c~(7/3)*d"3%e"2 + c~(5/3)*d*e”4 - sqrt(3)*c~(4/3)*e~5)*arctan((2x*
c~(2/3)*x - sqrt(3)*c~(1/3))/c~(1/3))/c”2 + (c(8/3)*d"4*e + sqrt(3)*c~(7/3
)*d"3%e”2 + 2xc~2xd"2xe”3 + sqrt(3)*c~(5/3)*dxe"4 + c”~(4/3)*e”5)*log(c”(2/3
)*x”2 + sqrt(3)*c~(1/3)*x + 1)/c”2 + (c~(8/3)*d"4*e - sqrt(3)*c~(7/3)*d"3*e
"2 + 2%c"2xd"2%e”3 - sqrt(3)*c”~(5/3)*d*e"4 + c~(4/3)*e"5)*log(c”(2/3)*x"2 -
sqrt(3)*c~(1/3)*x + 1)/c™2 - 2%(c~(8/3)*d"4xe - c~2xd"2xe"3 + c~(4/3)*e"5)
*log(c™(2/3)*x72 + 1)/c”2)/(c"2+d"6%e + e~7))*c - 4xarctan(c*x"3)/(x*e"2 +
dxe))*b - a/(x*e”2 + dxe)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctan(c*x~3))/(e*x+d)~2,x, algorithm="fricas")
[Out] Timed out

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*atan(c*xx**3))/(e*xx+d)**2,x)
[Out] Timed out
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctan(c*x~3))/(e*x+d)~2,x, algorithm="giac")
[Out] sageO*x

Mupad [B]
time = 0.78, size = 2105, normalized size = 2.32

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatan(c*x~3))/(d + e*xx)~2,x)

[Out] symsum(log((729%b~6*c~14*d*e”2 + 54432*root (64*c~2*d"6xe~6%z"6 + 64*e~12%z~
6 + 192%bxc*d"2%e"8%z"5 + 48%b"2%c"2xd"4*e"4*z"4 - 16%b"3*c*e"6%z"3 + 12%b”
4xc”2xd"2%e"2%z"2 + bT6*c”2, z, k)“6*c"12xe”15%x + 729xb"6*c”14%e"3xx - 311
04*root (64*c~2xd"6*%e~6%z"6 + 64*e~12%z"6 + 192%b*cxd~2%e~8%z~5 + 48%b~2%c~2
xd"4*xe~4*z"4 - 16%b~3*kcxe”6%z"3 + 12xb~4*c"2*d"2%e”2%xz"2 + b"6*c”2, z, k)76
*xC~14*%d"7*e”8 - 243*root(64*c~2*d"6%e”"6%z"6 + 64%e”~12*xz"6 + 192*bxc*d"2%e”8
*z"5 + 48%b72%c"2xd"4*e"4*z"4 — 16%b"3*c*ke"6%z"3 + 12%bT4xcT2%d"2%e"2%xz"2 +
b~6%c”2, z, k)*b~5%xc”156%d"5 + 62208*root (64*xc”2*d"6*e"6xz"6 + 64*e”12%z"6
+ 192%bxc*d"2%e"8%z"5 + 48%b"2%c"2xd"4*e"4*z"4 - 16%b"3*c*e"6%z"3 + 12%b"4x*
Cc"2xd"2%e"2*%z"2 + b~6*c"2, z, k) 6*c"12xd*e"14 + 5832*root (64*c”2*xd"6*e”6*z
"6 + 64%e712%z"6 + 192xbxcxd"2*e"8%z"5 + 48%b"2%c"2kd"4*xe"4*xz"4 - 16%b"3*c*
e"6%z"3 + 12*¥b~4*c”2xd"2*xe"2*z"2 + b~6*c"2, z, k) 2*b~4*c"14xd"3*e"4 - 1944
*root (64*c~2*%d"6*xe”6*z"6 + 64*xe”12*z"6 + 192*bxc*d"2*e”8*z"5 + 48%b~2xc”2*d
“4*xe~4xz"4 - 16%b”3*cxe”6xz"3 + 12%b"4*c"2xd"2xe”2%z"2 + b~6*c”2, z, k)“3*b
“3%c”15%d"7*e"2 + 15552*root (64*c”2*d"6%xe~6*%z"6 + 64*%e~12%z"6 + 192%b*cxd"2
*@"8%z"5 + 48%b"2xc”2*%d"4*e"4*z"4 - 16%b"3*kc*e”6%z"3 + 12%b"4*xc”2xd"2%e" 2%z
~2 + bT6*c"2, z, k)“4*b"2%c”"14*d"5*e"6 - 10692*root (64*c"2*d"6xe”6*z"6 + 64
*e712%z76 + 192%bxc*d"2%e"8*z"5 + 48%b"2%c"2xd"4*e"4*z"4 - 16%b"3*c*e"6%z"3
+ 12*%b~4*xc"2xd"2%e”"2%z"2 + b~6%c”2, z, k) " 3*xb"3*c"13xd*e”8 + 101088*root (6
4xc”2xd"6*e"6*%z"6 + 64*e”12*%z"6 + 192xbxcxd"2*e"8%z"5 + 48%b"2%kc"2xd"4*xe"4x*
Z74 - 16%b"3%c*xe”6*z"3 + 12%b"4xc”2*xd"2*e"2%z"2 + b~6*c”2, z, k) “5*b*c~13x*d
~3%e”10 - 3888*root (64*c”2xd"6*e"6*z"6 + 64*xe~12%z"6 + 192%bkcxd"2*xe”8*z"5
+ 48%b"2xc"2%d"4*e"4*xz"4 - 16%b " 3kc*ke”6%z"3 + 12%b74*kcT2*d"2%e"2%z"2 + b~6*
c"2, z, k)“5xb*c”156%d"9%e"4 - 12636*root (64*c"2*xd"6*e"6%z"6 + 64xe~12*xz"6 +
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192*b*kcxd~2*%e"8%z"5 + 48*b"2*xc”"2xd"4*e"4*xz"4 - 16*b"3xc*e"6xz"3 + 12*¥b"4x*cC
“2xd"2%e"2%z72 + bT6*c”2, z, k) "3*%b"3*xc"13*e”9*x - 38880*root (64*c”2*d"6xe”
6*%z"6 + 64%e"12*xz"6 + 192%b*c*d"2%e”8*z"5 + 48%b"2xc"2xd"4*e"4%z"4 - 16%b”3
*Cc*e"6%z"3 + 12%b"4*xc"2xd"2*%e"2%z"2 + b"6*c”2, z, k) “6*xc"14*d"6*e”9*x + 116
640*root (64*c~2*xd"6*e” 6%z~ 6 + 64*e”12%z"6 + 192*b*xcxd"2*e”8%z~5 + 48*b~2*c”
2%d~4*xe"4*z"4 - 16*b"3*c*e"6*z"3 + 12*%b"4*xc”2*%d"2*xe"2*z"2 + b~6*c”2, z, k)~
5%bxc”13*d"2%e"11*x — 11664*root (64*c~2*xd"6*%e” 6%z~ 6 + 64*e”12*xz"6 + 192xb*c
*d"2xe"8%z"5 + 48*%b"2*%c"2xd"4*e"4%z"4 - 16*b"3*c*e"6%z"3 + 12*¥bT4*xc”2*xd"2*e
“2xz"2 + b76*%c”2, z, k) “5xbxc”15%d"8*e"5*x + 11664*root (64*c”2*xd"6*e”6%z"6
+ 64%e”12%z76 + 192*bxc*xd"2*%e"8*z"5 + 48%b"2*%c"2xd"4*e"4*xz"4 - 16*%b"3*c*e”6
*z"3 + 12%b74*c”2*d"2%e"2*xz"2 + b"6*c”2, z, k) "2*xb"4*c”14*%d"2*xe”"5*x - 3888%
root (64*c”~2*d"6*%e"6*z"6 + 64*xe~12*z"6 + 192*bkc*d~2*e"8*z"5 + 48*b~2%c"2*d”
4xe~4xz"4 - 16%b"3xcxe”"6*z"3 + 12%¥b"4*c"2xd"2*e"2%z"2 + b"6*c”2, z, k) "3*b”
3*%c~15xd"6*e”3*x + 38880*root (64*c”2+*d"6*xe"6*z"6 + 64*xe”~12*%z"6 + 192*b*c*d”
2%e"8%z"5 + 48%b"2*xc”2xd"4*e"4*xz"4 — 16*¥b”"3kc*e"6*%xz"3 + 12¥b74*xc"2*d"2%xe 2%
Z72 + bT6%c”2, z, k) T4xb"2%c"14*d"4*xe"T*xx - 243%root (64*xc”2*xd"6*%e"6%z"6 + 6
4xe~12*%z"6 + 192xb*ckxd"2*¥e”"8*z"5 + 48%b~2xc"2*d"4*xe"4*z"4 - 16*b"3*kcxe"6*z”
3 + 12%b"4*xc™2xd"2*%e"2%z"2 + b"6*c”2, z, k)*b~Bxc~15xd"4*e*x)/e"4)*root (64x*
CT2%d"6*e”6*z"6 + 64*xe"12*xz"6 + 192%b*c*d"2%e”8*z"5 + 48%xb"2xc"2x%d"4*e"4*z"
4 - 16*b"3*kc*e”6%z"3 + 12*¥b~4xc"2xd"2%e"2*xz"2 + b~6*%c"2, z, k), k, 1, 6) -
a/(d*e + e”2xx) - (bxatan(c*x~3))/(d*e + e"2%x) + (3*bxc*d~2*e"2xlog(d + ex
x))/(e”6 + c~2xd"6)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:




222

4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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